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Abstract: We construct a minimal automaton for an output-incomplete Moore au-
tomaton. The approach is motivated by physical interpretation of seeing deterministic
finite automata as models for elementary particles. When compared to some classical
methods our minimal automaton is unique up to an isomorphism and preserves also
the undefined or unspecified behaviour of the original automaton.
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1 Introduction

In recent years theoretical physics has found finite deterministic automata as
alternative, discrete models for particle behaviour, see [7, 9, 13, 16, 14, 5, 15, 2].
Incomplete automata seem to capture the natural behaviour of particles even
better. Incomplete automata have also turned out to be interesting from the
point of view of dynamical systems, giving the possibility to extend the notion
of computational complementarity of discrete models to sofic shifts, see Calude
and Lipponen [3].

Several authors, such as Ginsburg [8] and Mikolajczak [11] (for an extensive
list of references, see Reusch and Merzenich [12]), have tackled the problem of
finding minimal realizations for incomplete Moore or Mealy automata. Solutions
to this problem depend on the precise definition of minimal realization. If the
purpose is to find an automaton which produces the same outputs for the given
input sequences, then instead of obtaining one minimal automaton, the method
usually induces a family of automata each of which represents the original one.

Our approach is to find a minimal automaton which has the same behaviour
compared to the original one. By the same behaviour we mean that also the
undefined or unspecified behaviour — which plays a crucial part in quantum
physics — is preserved, not only the responses. This guarantees that minimiza-
tion loses as little information of the original automaton as possible. Another
important factor is to consider the total responses, the outputs produced by all
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the states visited in the complete computation of the input instead of only the
final responses, the outputs of the final states.

In Calude and Lipponen [4] we considered Moore automata that are input-
incomplete but output-complete, meaning that all the states in the automaton
emit an output but for some pairs of states and inputs the transition to the next
state is undefined. We proved that the factor automaton M (A) (with respect to
the equivalence relation between the states) simulates the original automaton A,
i.e., produces the same outputs for the same input sequences and nothing more.
This automaton was showed to be minimal, that is, to have the least number
of states among all the automata that simulate A, and to be unique up to an
isomorphism. Furthermore, M (A) is natural from the point of view of dynamical
systems [3] since it generates exactly the same sofic shifts as A.

In Section 2 we will extend our results to output-incomplete Moore automata.
It turns out that, in contrast to the classical models, our model is a natural
extension from that of the complete automata (where all the transitions and
outputs are defined). So the minimal complete automaton (as well as the minimal
output-complete automaton) is obtained by exactly the same method.

Section 3 compares our method to one of the recent models by Mikolajczak
[11], by means of an example. We explain why the classical minimal model does
not satisfy the properties we set to the minimal automata though it usually has
less states and is clearly optimal in another context.

2 Minimality

If S is a finite set, then |S| denotes the cardinality of S. A partial function

f: A > Bis a function defined for some elements from A. In case f is not
defined on a € A we write f(a) = co. Let D(f) = {a € A| f(a) # oo} denote
the domain of f. If D(f) = A, we say that f is total. Two partial functions f
and g are equal, f = g, if D(f) = D(g) and f(a) = g(a), for every a € D(f). If ¥
is a finite set, called alphabet, then X* stands for the set of all finite words over
X and the empty word, denoted by A. By w* we mean all nonempty powers w’
of the word w € X'* whereas w* includes also w, the empty word. The length
of a word w is denoted by |w|. For further details, see Hopcroft and Ullman [10].

A deterministic (finite) Moore automaton over the alphabets X' (input
symbols) and O (output symbols) is a system A = (Sa, A4, F4), where Sy is
the (finite and nonempty) set of states, A4 is the transition table, from
Sa x X to the set of states S4, and F is the output mapping from the set of
states S4 into the output alphabet O.

If both the transition table and the output mapping are total then the cor-
responding automaton is said to be complete. If they are partial we can distin-
guish two types of incompleteness. We say that A is input-incomplete if the
transition mapping A, is partial and output-incomplete if the output map-
ping F4 is partial. If in the first case there is no transition from a state p labelled
by a, we write A4(p,a) = 0o, and if in the second case the output of the state p
is not specified, we write Fi4(p) = 2 where 2 is a new symbol, 2 ¢ O. Thus we
extend the partial function F4 : S4 — O to a total function Fiy : S4 — OU {12}
which may have unspecified outputs. With this in mind, the following definitions
are extensions of the ones presented in Calude and Lipponen [4].
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The transition diagram can be naturally extended to a partial function A4 :
Sa x X* 3 Sy, as follows: for every s € Sy, w € ¥* and o € ¥,

AA(sa )‘) =S,

_ JAs(Aa(s,0),w),if Aa(s,o) # oo,
Aa(s,ow) = {oo, otherwise.

We say that a word w € X* is applicable to the state p € S4 if the transition
As(p,w) is defined. The set of all applicable words to p is denoted by Wa(p),
and hence

Wa(p) ={w € X" [ Aa(p,w) # oo}

consists of all words leading to complete computations on the state p.

If some of the outputs are unspecified we can set a further restriction to
applicable words. Following Mikolajczak [11], a word w € X* is said to be
admissable for a state p € S4 if w is applicable to p and the output of the
last state of the complete computation of w is specified. A set of all admissable

words for a state p is denoted by W (p),

Wa(p) = {w € Z* | w € Wa(p) and Fa(A4(p,w)) # 2}.

For any state p € S4 the applicable words of p have always the property that
if uv is applicable for p then also u is applicable for p. This is not the case for

admissable words. Indeed, it is possible that uv € WA(p) but u ¢ Wa (p), see
Example 1. However, the following properties are straight consequences of the
definition.

Lemmal. Let A = (Sa,Aa, Fa) be an incomplete automaton.

1) For allp € Sa and u,v € X*, if uv € Wa(p) then v € Wa(Aa(p,u)).
2) Forallp e Sa, A € Wa(p) iff Fa(p) # £2.

The responses of an automaton A = (S4, Aa, Fa) to an input signal w € X*
are defined as follows:

o]

— The total response of A is the partial function R4 : S4 x ¥* — (OU{2})*
such that

Ra(s,A) = Fa(s), and

RA(s,Ul .. .Un) = FA(S)FA(AA(S,Jl))FA(AA(S,0102)) ..
... Fa(Aa(s,01...00)),

for s € Sy, 01...0, EWy(s),0;€ ¥,n>1land 1 <i<n.

— The final response of A is the partial function f4 : S4 x ¥* 3 O U {2}
such that fa(s,w) = Fa(Aa(s,w)), for all s € S4 and w € Wx(s).
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Thus, the total response is a sequence of outputs emitted by all the states that
are visited in the complete computation of the input, whereas the final response
is the output emitted only by the last state. Notice that D(R4) = D(fa) and
always |R4(s,w)| = |w| + 1 with the convention that || = 1.

If A is output-incomplete then the computation of the applicable word may
visit states whose outputs are not specified. The physical interpretation of such
unspecified behaviour lies in quantum physics. Say, we know that an electron
goes through one of the two holes but we do not know which one. By Heisen-
berg’s uncertainty principle any apparatus to determine the exact behaviour will
disturb the electron enough to destroy the interference pattern (see, for instance,
Feynman [6] for further details). To preserve this unspecified behaviour we will
use the symbol 2 like any other output symbol and require that if two states
respond in the same way for a given input then the unspecified outputs appear
in the corresponding places of the output sequences.

Ezample 1. Let ¥ = {a,b}, O = {0,1} and consider the three-state output-
incomplete automaton A presented below.

The state p emits an output 0, Fia(p) = 0, the state r emits an output 1,
F4(r) =1, and the output of the state g is not specified, Fa(q) = £2.

The words a, aba’b, i > 0, are admissable for the state p, the words ba’b, ba’ba
for the state r and the words a’b, a’ba for the state g, respectively. On the other
hand, the word ab is applicable to the state p but not admissable, ab € W4 (p) \
Wa (p), whereas the word b is not applicable to the state p since A4 (p,b) = co.

By definition, R4(p,aba) = 010262, Ra(q,aba) = 24201, and R4(r,aba) =
oo. We also have f4(p, aba) = £2, fa(g,aba) =1, and fa(r,aba) = co.

In Calude and Lipponen [4] we defined in what conditions an automaton
simulates the behaviour of another automaton, that is, responds in exactly the
same way to the same input sequences. We used the abbreviation S—simulation
instead of behavioral simulation. Formally, we say that the automaton A =
(Sa,Aa, Fy) is f—simulated by the automaton B = (Sp, Ap, Fi) if there is
a mapping h : S4 — Sp such that for all s € S4 and w € X*, Ra(s,w) =
Rp(h(s),w). If A and B both S-simulate each other, then they are said to be
[—equivalent. Furthermore, if the mapping A : Sy — Sp is one-to-one and
onto, and for all s € S4 and 0 € Wa(s) N X, h(Aa(s,0)) = Ap(h(s), o), then
A and B are isomorphic. An automaton A is minimal if every automaton B
which is f—equivalent to A has at least as many states as A, |Sa| < |SB|-

In order to obtain the minimal automaton we first define how two states can
be distinguished by means of a “measurable experiment”, i.e., by the responses
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of the automaton to an input w € X*. Following Calude and Lipponen [4], we
say that the experiment is not relevant if it is applicable to neither p nor g;
hence, another experiment is required. On the other hand, if the experiment is
relevant then we have three further possibilities: w is applicable to either p or ¢
but not to both, or w is applicable for both p and ¢ and Ra(p,w) # Ra(q,w)
or Ra(p,w) = Ra(q,w). In the first two cases w distinguishes between p and g,
and in the third case w cannot distinguish between p and ¢.2
Consequently, two states p,q € S are indistinguishable, p =; g, iff

fa(p,w) = fa(q,w) for all w e X*.

If p and ¢ are not indistinguishable we say that they are distinguishable. In
the same way we can define the relation =g by using the total response R4.
Notice that this relation, in a sense, reflects B-simulation; in other words, A is
(B-simulated by B iff for every state p € S4 there is a state h(p) € Sp such that
p and h(p) are indistinguishable.

The following properties show that the relations =; and =g hold simultane-
ously (hence we will simply use = in the sequel) and are well-behaved, that is,
the transition function preserves indistinguishability.

Lemma?2. Let A = (Sa,A4,F4) be an incomplete automaton. Then for all
P, q € Sa,

1) p=rqiff P=rq
2) z.fp = q then Ax(p,w) =f Aa(g,w) for all w € Wa(p),
3) if p=y q then Fa(p) = Fa(q).

Proof. 1) If p =g ¢ then p =; ¢ by definition. So assume that p =¢ ¢. First,
Ra(p,A) = Fa(p) = fa(p, A) = fa(g,A) = Fa(q) = Ra(q,\). Assume now that
R4(p,w) = Ra(g,w) for all words w whose length is at most n. Then for any
o€l

Ra(p,wo) = Ra(p,w)Fa(Aa(p,wo))
= Ra(p,w) fa(p,wo)
= Ra(g,w)fa(q,wo)
= Ra(g,w)Fa(Aa(g,wo))
= Ra(q,wo),

if wo € Wa(p); otherwise, Ra(p,wo) = 0o = Ra(q, wo).

2) Let w € Wa(p) = Wa(q) and denote r = As(p,w) and s = Ax(g,w).
The applicable words of r and s can be obtained from the applicable words of p
and ¢,

Walr) ={u|wu e Wa(p)} and Wa(s) ={u]|wu € Wy(q)}-

Since W4 (p) and Wy (q) are equal, also the sets W4(r) and Wa(s) are equal.
On the other hand, for any w € Wa(r),

fa(r,u) = falp,wu) = falg,wu) = fa(s,u).

8 From the mathematical point of view this describes exactly the behaviour of two
partial functions.
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Thus r and s are indistinguishable, too.
3) The statement follows from the fact that Fs(p) = fa(p,A) = fa(g,A) =
Fy (q) O

Notice that the similar proof as in Lemma 2 shows that we can define §—
simulation equivalently in terms of final responses instead of total responses.

Indistinguishability is an equivalence relation since it is reflexive, symmetric
and transitive; hence, we can construct a factor automaton M (A) for any given
automaton A = (S4, A4, Fa). Let [s] denote the equivalence class of the state
s € 5S4, [s]={p € Sa | s =p}. The following algorithm shows how these classes
can be found.

Algorithm
1. Let Sa = {q1,¢2,---,qr}- Construct an empty table
qz
qs
qr—1
qk
q1|q2|" - *|9k—2 |9k —1

2. If the states ¢; and g;, ¢ < j, have different outputs or exactly one of the
transitions A4(g;,a) and Aa(gj,a) is defined and the other one is not de-
fined, for some a € X, then the states are distinguishable and we place x in
the entry (g;, g;)-

3. If the states g; and g¢; have exactly the same transitions and outputs, then
they are indistinguishable and we place V in the entry (g;, g;).

4. For any entry (g;,¢;) which is still unmarked, we place all the pairs (s;, s;),

i # j, where s; = Aa(gi,a) and s; = Aa(gj,a) for a € Wa(g;) N X.

. If any of the entries (s;, s;) contains x, we place x in the entry (g;, g;).

. If all the entries (s;, s;) contain V, we place V in the entry (g;,q;).

. After repeating 5 and 6 (at most £ — 1 times), we place V in the remaining

entries.

~J O Ot

A closer look at the previous procedure shows that it follows naturally from
the definition of indistinguishability. In Step 2 the states ¢; and g; are distin-
guishable either by the empty word, fa(g;, \) = Fa(q:) # Fa(gq;) = fa(gj, A), or
by the word w = a for which A4(g;,a) = oo and A4(g;,a) # oo (or vice versa).
In Step 3 the states are indistinguishable if they have the same outputs and the
transitions to the next states are exactly the same. In Step 5 the states ¢; and
g; are distinguishable if at least one of the pairs s; and s; are distinguishable
because of Lemma 2. On the other hand, in Step 6 where all the pairs (s;, s;)
are indistinguishable, also g; and g; are indistinguishable since the possibility of
having different outputs and transitions has already been excluded in Step 2.
Finally, after repeating the two previous steps and no other entries can be filled,
all the remaining unmarked pairs have to be indistinguishable. This is because
we have not found any word that distinguishes them and by the result in Calude
and Lipponen [4], to test the condition R4(g;,w) # Ra(g;,w) it is sufficient to
consider all the words of length |S4| — 1.
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Define a new automaton M (A) = (Srr(a), Anm(a), Fara)) such that Spra) =
{[s] | s € Sa}, and for all [s] € Srr(a),

Fray([s]) = Fa(s),

Ax(s,w)], if w e Wa(s),
Apra)([s],w) = {<[>o, (5, w)] otherwise.( :

Because of Lemma 2, we have indeed a well-defined automaton which is minimal
and unique up to an isomorphism. Before proving the main theorem, we want
to point out that if S4 = {s1, s2,...,sn} then for each class [s], s € S4, we can
fix a unique representative of the class to be the state s, having the minimum
index between all the states in the same class. This means that

a) there is rep € {1,2,...,n} such that s,e, = s, and
b) for all s; € S4 for which s; = s we have rep < j.

Lemma3. Let A = (Sa,A4,F4) and B = (S, Ap, Fp) be two incomplete
automata. If Wa(p) = Wg(q) for some p € S4 and q € Sp, then

Wa(Aa(p,w)) = Wa(Ap(g, w))
for all w € Wa(p).

Proof. Assume that there is a word u such that u € W4(A4(p,w)) but u &
Wpg(Ap(g,w)). By definition, this implies that wu € W4 (p) \ Wg(q), a contra-
diction. O

Theorem 4. For every incomplete automaton A,

1) M(A) and A are B-equivalent.

2) M(A) is minimal.

3) If B and A are S—equivalent and B is minimal, then M (A) and B are iso-
morphic.

Proof. 1) We split the proof in two parts and first prove that M(A) is B-
simulated by A via a mapping h : Sy;(a) — Sa, where h([s]) = s7¢p. The map-
ping h is well defined since for any p,q € Sa and [p] = [g], we have prep = greps
so h([p]) = h([q]). Furthermore, h verifies the definition for S—simulation. In-
deed, for all [s] € Syr(a) and w € X%, farca)([s],w) = Far(ay(Ama([s],w)) =
Fara)([Aa(s,w)]) = Fa(Aa(s,w)) = fa(s,w) = fa(h([s]),w). For the other
part, let g : Sa — Saz(a) be a mapping such that g(s) = [s]. Then for all p € Sa
and w € X, fa(p,w) = Fa(Aa(s,w)) = far(a)(g(p),w) which shows that A is
(B—-simulated by M (A).

2) To prove that M(A) is minimal, let B be any automaton which is 8-
equivalent to A via the mappings i : S4 — Sp and j : Sp — S4. We will show
that M (A) has fewer states than B by showing that the mapping/: Sp — Sas(a)
defined by [(s) = [j(s)] is an onto function. Indeed, for any [g] € Sas(a), there
is a state i(q) € Sp such that (i(¢)) = [j(i(¢))] = [g]. This is because for all
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s € Sa, we have s = j(i(s)), and for all t € Sp, we have t = i(j(¢)). So I is
an onto function from the finite set Sp to another finite set Sys(4), and hence,
|Sam(ay| <S8l

3) Let A and B be [—equivalent via the mappings ¢ : S4 — Sp and j :
Sp — Sa. We will show that the mapping [ : Sp — Spa), used in 2) is an
isomorphism between B and M (A). By minimality of M(A), |Saa)| < |SB|,s
and by minimality of B, |Sg| < |Sas(a)l, 50 [Sm(a)| and |Sp| are equal. Since
we have an onto mapping between two finite sets with the same cardinality, it
follows that [ is also one-to-one.

To conclude the proof we have to show that for all s € Sp and ¢ € X,
I(AB(s,0)) = Ap(ay(l(s),o) Since M(A) is minimal, it is sufficient to prove
that the states are indistinguishable in M (A). First we notice that

fB(S,’LU) :fM(A)(l(s)aw) (1)

since according to the definition of I, fis(a)(I(s),w) = farca)([j(s)],w) and by
s

)
the construction of M (4), fa(s,w) = fa(j(s),w) = far(a)([F(s)],w).
Next we notice that

War(a)(An(ay (U(s),0)) = War(a)([(AB(s, 0))).

Indeed, by equation (1), we have Wy (4)(I(s)) = Wg(s) which, by Lemma 3
implies that WM(A)(AM(A) (I(s),0)) = Wg(Ag(s,0)), for all o € WM(A) (1(s)),
and again by equation (1), Wg(Ap(s,0)) = Wara)(I(AB(s,0))).

Finally, [(Ap(s,0)) and Apza)(l(s),0) are indistinguishable in M (A) since
for all w € Wi (a)(I(AB(s,0))),

fM(A)(l(AB(Sva))vw) = fB(AB(s,0),w)

= Fp(Ap(s,ow))

= fB(s,o0w)

= fua)(l(s),ow)
(Apray(s), ow))
= Fyrca)(Amay(Ana)U(s),0),w))
= fucay(Anra)l(s), o), w).

= Fuya

a

Corollary 5. For any two minimal incomplete automata A and B the following
are equivalent:

1) A and B are S—equivalent.
2) A and B are isomorphic.

Since {2 has been treated just as an output symbol, the whole concept of
output-incomplete Moore automaton can actually be embedded into an output-
complete automaton studied in Calude and Lipponen [4]. For each output-
incomplete automaton A there is a corresponding output-complete automaton
A° (where the symbol {2 is replaced by some specified symbol z ¢ O) such that
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A is minimal iff A° is minimal over the alphabet O U {z}. On the other hand,
every output-complete or complete automaton can be regarded as a subcase
of the output-incomplete automata since a total function is a special case of a
partial function. The minimal complete automaton obtained in this way is ex-
actly the same as the one obtained in Calude, Calude and Khoussainov [1]. This
guarantees that our model is consistent.

In Calude and Lipponen [4] we also proved that every finite class of pairs
of input-incomplete automata and initial states (A;, ¢;) can be embedded into a
finite class which has a unique minimal universal input-incomplete automaton
(without initial states). By universal automaton we mean an automaton Uc
whose behaviour, in a way, represents the behaviour of the class C' = {(4;,¢)}-
By this we mean that for each state p € Sy there is an initial state ¢; € Sy,
such that p and ¢; are indistinguishable, and vice versa, for each initial state ¢;
there is a corresponding state p € Sy. We can prove that this kind of minimal
universality can be obtained also for output-incomplete Moore automata.

3 Two models of minimal automata

In this section we will discuss some major differences between the model of min-
imal automaton presented in the previous section and the model in Mikolajczak
[11]. To this aim we construct both the minimal automaton M (A) and the min-
imal cover A,,;, for an automaton A = (S4, A4, Fs) presented in Figure 1.

a b c¢ d |output
|92 - O3 - | Q
a Q| A2 - Q4 Q4 1
3| d2 - Os U5 | O
Qs - Op O3 - 0
Os| 92 - Q6 Us 1
Og| - Cp Q3 - 0
dz| - d1 92 O3 0

Figure 1: Automaton A and its transition table A4

Minimal automaton M (A)

We will first construct the equivalence classes using the results and the algorithm
of the previous section. If we go through the states S4 = {q1, 92, q3, 44, g5, 6, g7}
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we notice that Step 2 places x to the entries (q1,¢2), (q1,¢3), (q1,44), (q1,5),
(91,96), (q1,97), (92, 93), (92, 94), (a2, 96), (92, 97), (43, 95), (94, 95); (45, 96), (g5, q7)
because of the difference between the outputs, for instance, F4(q1) = {2 and
Fa(gs) = 1, and to the entries (g3, g4), (3, 96), (g3, q7), (4, 97), (g6, g7) because of
the difference between the transitions that are defined or undefined, for instance,
Aus(gs,b) = 0o and Aa(gr,b) = ¢1. Step 3 places V in the entry (qa,qs). Step 4
assigns the pair (qgu, gs) to the remaining entry (gs, ¢s), and by Step 6, we place
V in the entry (go, ¢s) since the entry (g4, ¢s) contains V. We have obtained the
following table where each entry containing x contains, for clarification, also
the word which distinguishes between the states unless the word is empty (the
outputs of the states are different) in which case we do not write anything.

qz2| X
q3| X X
w=a
qa| X X X
(g4, g6)
qs| X \Y, X X
w=a
qs| X X X \VAR %
w=alw=d [w=d
qr| X X X X x| x
qi| Q2 g3 q4 |95| e

According to the table only the pairs (¢2,¢5) and (g4, gs) are indistinguishable.
Hence we have five equivalence classes, denoted by p1 = [q1], p2 = [¢2] = [g5],
ps = [g3], P+ = [qa] = [¢6] and ps = [gr]- The automaton M (A) which by
Theorem 4 is unique up to an isomorphism is presented in Figure 2.

a b c¢ d |output
PPz - P3- | Q

P2| P2 - Pg Py
P3| P2 - Psg Ps
Pa| - P1 P3 -
Ps| - P1 P2 Ps3

O O ok

Figure 2: Minimal automaton M (A)

Minimal cover A,,in

We will next construct the minimal cover A,,;, following the method in Miko-
lajczak [11] but without going very deeply into the details.
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Two states p,q € S4 are said to be incompatible iff there is a (possibly
empty) word w € W4 (p) N Wa(q) such that f4(p,w) # fa(g,w). If p and q are
not incompatible then they are said to be compatible. Notice that this relation
is both reflexive and symmetric but not transitive so it cannot be an equivalence
relation, and hence, does not generate a factor automaton. However, the relation
induces a maximal cover on the set of states. The following table shows which
states in A are compatible (V) and which are incompatible (x). If an entry (p, q)
contains a pair of states (r,s) then this means that p and ¢ are incompatible
only if r and s are incompatible.

(q37q4)
Q| Vv
(Q3aQ4)
Q| Vv X
Q4 V X V
(g3, 96)|(g4, g6)
gs V V X X
(Q3,Q4)
qe V X \Y V| X
qr| X X X X | x|x
q1 qz 93 |q94|95|96

The maximal set of compatible states T,,,; is a subset of the state set
Sa such that every pair of its states is compatible, and adding an extra state s
to the set T4, results that the set T, U {s} is not compatible. The maximal
set of compatible states of A is

Tmaz = {(qla q27q5)7 (qla q37q47q6)7 q7}

We can now construct the family A,,;, = {A;} with minimal number of states.
Let s; represent the states (qi,¢2,q5), s2 the states (qi1,¢s,q4,qs), and s3 the
state g7, respectively. The transition table A,,;, is defined from A4 as follows:

la b c d|output
81|81 — 82 82 1
S2(81 51/52 S92 81 0
83—81/82 S1 S2 0

Since there are two transitions where the next state has two possible out-
comes, such as A(s2,b) = s; or A(s2,b) = s; and the automaton is determin-
istic, we have altogether 2 x 2 = 4 three-state automata in the family A,,;,
and each Ay, k = 1,...,4, represents the automaton A. By our interpretation
this means that for any state q; € S4 and admissable word w € Wa (g;) there
is a state s; such that fa(g;,w) = fa,(s;,w), and vice versa, for any state s;
and an input w € Wx(s;), there is a state ¢; € Sa such that w € WA(qi) and
fAk(Sj,w) = fA(Qiaw)-

Contrasting the models
The main differences between M (A) and A,,;, can be found in the way they

preserve the total responses and the undefined or unspecified behaviour of A4, in
other words, how much information we lose in the minimization process.
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By Lemma 2, we may use equivalently total responses and final responses
in constructing the minimal automaton M (A). The minimal cover A,,;, has no

such property. Each automaton Ay, k = 1,...,4, represents the automaton A
with respect to final responses but not with respect to total responses. Assume
that the transitions of automata Ay, ¥ = 1,...,4, are the same as in A,,;,

except that

Ay, (82,b) = 51 = Ay, (s3,b),
Ay, (s2,b) = 51, Aa,(s3,b) = s2,
Ap,(s2,b) = 59, Aa,(ss,b) = s1,
Ay, (82,b) = 59 = Ay, (ss3,b).

The response of the state ¢7 to an input w = be is R4(q7,bc) = 0£20 while the
responses of s3 in automata Ay are

Ry, (s3,b) = 010 = Ry, (s3,b),
R, (s3,b) = 000 = Ry, (s3,b).

So the unspecified output is interpreted into both 0 and 1. This is because the
state g1 with unspecified output is represented by both s; which emits an output
1 and ss which emits an output 0.

We also notice that the automaton Ay, can respond to a given input sequence
in the way that is not possible in the automaton A if we consider total responses.
For instance, R4, (s2,cdc) = 0000 but

0010,
0o = Ra(gs, cdc),

RA( ) =
Ra(q2,cde) =
R4(gs, cde) = oo,
R 4(q4,cdc) = 0010 = R 4(gs, cdc),
R 4 (g7, cde) = 0100.

If we consider the uniqueness of the two models we first notice the following
result which is a straight consequence of Theorem 4.

Corollary 6. Two incomplete automata A, and As are B—equivalent iff their
minimal automata M (A1) and M(As) are isomorphic.

The result for the minimal cover A,,;, is much weaker. Indeed, the automaton
B presented in Figure 3 has exactly the same minimal cover as the automaton
A if we denote that s; represents the states (qi,¢2), sz the states (¢1,¢3) and
s3 the state g4, respectively. Because of this A and B produce the same final
responses for the words that are admissable for both of them but we cannot
say anything about other words. For instance, w = dddd is admissable for the
state go in B since Ap(g2,w) = g2 but w is not admissable for any state in A,
Aus(gi,w) = oo for all i = 1,...,7. We also notice that the minimal automata
M(A) and M(B) = B are not isomorphic. Hence if we consider any of the
automata Ay, we cannot recover many features of the original automaton A.

The following result shows the relation between indistinguishability and com-
patibility.



a b c¢ d |output

|92 - O3 - | Q
d2| 92 - O3 O3
3| 92 d1 93 Q2
s - Q1 92 O3

O O

Figure 3: Automaton B whose cover By, is isomorphic to Apin

Lemma'7. Let A be an incomplete automaton. For any states p,q € Sa, if p
and q are indistinguishable then they are compatible, and if there is a third state
r € S such that q and v are compatible then also p and r are compatible.

Proof. For the first part, assume that p and ¢ are incompatible. Then there is a
word w € Wa(p) N\Wa(q) such that fa(p,w) # fa(g, w). But this means that w
distinguishes between p and gq.

For the second part, assume that p and ¢ are indistinguishable and ¢ and r are
compatible. This means that for any word w € Wa(g) N W4(r), the responses
fa(g,w) and fa(r,w) are equal. But since p = ¢, the sets WA(p) and WA(q)
are the same and the responses are the same. Hence w € Wy (p) N Wa (r) and

O

falp,w) = fa(r,w).

Lemma 7 implies that our method shortens the algorithm to construct the
minimal cover A,y

Theorem 8. The minimal cover Ani, 18 isomorphic to the minimal cover
M(A)min.

Proof. By Lemma 7, the number of states in A,,;, is exactly the same as the
number of states in M (A),in, since any time p is represented by some state s of
Ay, also g is represented by s. So the pair (p,q) can be replaced everywhere by
the class [p] without affecting the number of the elements in the maximal set of
compatible states T},4,. On the other hand, since p and ¢ are indistinguishable,
they respond in exactly the same way for all input sequences. Hence the transi-
tions of the states in A,,;, are isomorphic to the transitions in M (A) - a

To illustrate the previous proof, consider the automaton M (A) in Figure 2.
Then
Thee = {(plap2)a (plap3ap4)ap5}a
and the transition table of M (A),in is exactly the same as A,,;, if we let
s1 represent the states (pi,p2), s2 the states (p1,ps,ps), and s3 the state ps,
respectively.
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