
Vsolflqj rq Wuhhv= wkh Lwhudwhg Fdvh

Jhrujh Udkrqlv

+63 N|surx vw1 8:34< Shuhd +Wkhvvdorqlnl,/ Juhhfh/

judkrqlvCffi1dxwk1ju,

Devwudfw= Wkh forvxuh xqghu wkh vsolflqj rshudwlrq zlwk �qlwh dqg uhfrjql}deoh vhwv ri
uxohv/ lv h{whqghg wr wkh idplo| ri jhqhudol}hg v|qfkurql}hg iruhvwv1 Pruhryhu/ zh lqyhv0
wljdwh wkh dssolfdwlrq ri wkh lwhudwhg vsolflqj rq nqrzq idplolhv ri iruhvwv1 Lqwhuhvwlqj
surshuwlhv ri wklv rshudwlrq duh hvwdeolvkhg1

Nh| Zrugv= GQD Frpsxwlqj/ Wuhhv odqjxdjhv

Fdwhjru|= I1414/ I1713/ I1716

4 Lqwurgxfwlrq

O1 Dgohpdq lq klv vhplqdo sdshu ^Dgo1 <7` lq 4<<7/ jdyh eluwk wr d qhz gluhfwlrq

lq uhvhdufk/ dv zhoo dv wr d qhz zd| ri wklqnlqj rq frpsxwhu vflhqfh1 Fxuuhqwo|/

GQD frpsxwlqj lv rqh ri wkh prvw lqwhuhvwlqj uhvhdufk �hogv lq rughu wr frqvwuxfw

qhz w|shv ri frpsxwhuv1 Iurp wkh sudfwlfdo dqg dovr wkh wkhruhwlfdo srlqw ri ylhz/

fhqwudo uroh lq wkh GQD frpsxwlqj sod|v wkh vsolflqj rshudwlrq1Wklv rshudwlrq

kdv ehhq zlgho| vwxglhg iru irupdo odqjxdjhv ^Khdg hw do1 <:/ S�dxq hw do1 <;`1

Rq wkh rwkhu kdqg/ wkh lpsruwdqfh ri wkh wuhh vwuxfwxuh lq frpsxwhu vflhqfh lv

yhu| zhoo0nqrzq/ wkxv wkh lqyhvwljdwlrq ri vsolflqj0olnh rshudwlrqv rq wuhhv lv ri

juhdw lqwhuhvw1

Lq ^Er}1/ Udk1 <;`/ zh gh�qhg d vsolflqj rshudwlrq rq wuhhv dqg zh suryhg wkh

forvxuh ri wkh idplolhv UHF ri uhfrjql}deoh/ RFI ri rqh frxqwhu dqg DOJ ri

dojheudlf iruhvwv/ xqghu wklv rshudwlrq zlwk �qlwh dqg uhfrjql}deoh vhwv ri uxohv1

Lq wklv sdshu/ zh h{whqg wkh deryh uhvxow wr wkh idplo| JVW ri jhqhudol}hg

v|qfkurql}hg iruhvwv1 Qh{w/ zh gh�qh wkh lwhudwhg vsolflqj rq wuhhv zklfk kdv dq

xqh{shfwhg surshuw|= lw whuplqdwhv diwhu d �qlwh qxpehu ri vwhsv1 Wkh idplolhv

UHF> RFI> DOJ dqg JVW duh suryhg wr eh forvhg xqghu wklv rshudwlrq zlwk

�qlwh dqg uhfrjql}deoh vhwv ri uxohv1 Pruhryhu/ zh vkrz wkdw wkh khljkw dqg wkh

eudqfkhv ri hdfk iruhvw uhpdlq xqfkdqjhg xqghu lwhudwhg vsolflqj1

5 Suholplqdulhv

Zh dvvxph wkh uhdghu wr eh idploldu zlwk edvlfv rq irupdo odqjxdjhv ^Vdo1 :6`/

dv zhoo dv rq GQD frpsxwlqj ^Khdg hw do1 <:/ S�dxq hw do1 <;`/ dqg wuhh odqjxdjh

wkhru| ^Jìf1/ Vwh1 ;7/ Jìf1/ Vwh1 <:`1 Khuh/ zh uhfdoo vrph qrwdwlrqv dqg gh�ql0

wlrqv wkdw zloo eh xvhg lq wkh vhtxho1
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Wkh srzhu vhw ri d vhw Y / lv zulwwhq S +Y ,= Y
� ghqrwhv wkh iuhh prqrlg

jhqhudwhg e| Y dqg � lv wkh hpsw| zrug1 Li q lv d srvlwlyh qdwxudo qxpehu/ wkhq

^q` @ i4> ===> qj=

Zh zulwh 	 iru d �qlwh udqnhg doskdehw dqg zh ghqrwh e| 	q/ wkh vhw ri

v|perov ri 	 zkrvh udqn htxdov wr q1 D v|pero � 5 	 pljkw kdyh pruh wkdq

rqh udqnv1 Wkh ghjuhh ri 	 lv ghqrwhg e| ghj+	, dqg lv wkh pd{lpdo qxpehu q

vxfk wkdw 	q 9@ > dqg 	n @ > iru hdfk n A q1

Ohw [ @ i{4> {5> ===j eh d frxqwdeo| lq�qlwh vhw ri yduldeohv dqg [p @

i{4> ===> {pj> iru p � 3= Wkh vhw ri doo wuhhv ryhu 	/ lqgh{hg e| wkh yduldeohv

{4> ===> {p lv ghqrwhg e| W	+[p,= D iruhvw I lv d vhw ri wuhhv ryhu dq doskdehw

	/ srvvleo| zlwk yduldeohv/ wkdw lv I � W	+[p,/ p � 3=

Iru w 5 W	+[q, dqg w4> ===> wq 5 W	+[p,> zh zulwh w+w4> ===> wq, iru wkh uhvxow

ri vxevwlwxwlqj wl iru {l lq w1

Wkhuh lv dovr dqrwkhu frpprq zd| wr gh�qh wuhhv1 D wuhh grpdlq G ^Vdo1 <7`/

lv d vxevhw ri Q�

. +Q ghqrwhv wkh vhw ri qdwxudo qxpehuv,/ zklfk vdwlv�hv wkh

iroorzlqj frqglwlrqv=

+l, Li x 5 G wkhq  5 G iru hdfk suh�{  ri x1

+ll, Iru hdfk x 5 G/ wkhuh h{lvwv l 5 Q / vxfk wkdw xm 5 G iru hdfk m 5 ^l` +li

x kdv qr vrqv wkhq l @ 3,1

Iru d vhw Y / d Y�odehohg wuhh lv d pdsslqj w = G $ Y / zkhuh G lv d wuhh

grpdlq1 Zh fdoo wkh hohphqwv ri G wkh qrghv ri wkh wuhh dqg zh ghqrwh G e|

grp+w,= D qrgh x 5 G lv odehohg e| w+x, 5 Y= Li  lv d surshu suh�{ ri x 5 grp+w,>

wkhq x lv fdoohg d vxffhvvru ri  =

Lq wklv zd|/ hdfk wuhh w 5 W	+[, fdq eh frqvlghuhg dv d 	 ^[0odehohg wuhh

w = grp+w,$ 	^[> vxfk wkdw hdfk qrgh ri w odehohg e| dq hohphqw ri udqn q � 3>

kdv h{dfwo| q lpphgldwh vxffhvvruv +vrqv, dqg yduldeohv grq*w kdyh vxffhvvruv1

Wkh qrghv ri d wuhh w odehohg e| frqvwdqwv duh fdoohg ohdyhv/ dqg wkh vhw ri doo

ohdyhv ri d wuhh w lv ghqrwhg e| ohdi+w,=

Iru d Y 0odehohg wuhh/ d sdwk ri w lv d zrug

sdwk+w> xp, @ w+x4,===w+xp, 5 Y .

zkhuh x4 @ �/ xp 5 ohdi+w, dqg xl.4 lv dq lpphgldwh vxffhvvru ri xl/

l @ 4> ===>p� 4= Wkhq

sdwk+w, @ isdwk+w> x, @ x 5 ohdi+w,j=

Ohw qrz/ 	> � eh udqnhg doskdehwv dqg ghj+	, @ q= Dvvxph wkdw iru hdfk

n 5 ^q`/ wkhuh lv d pdsslqj kn = 	n $ W� +[n,= Wkhq wkh pdsslqjv kn/ n 5 ^q`

duh rujdql}hg lqwr d wuhh krprprusklvp k = W	 $ W� > gh�qhg lqgxfwlyho| e|=

k+�+w4> ===> wn,, @ kn+�,+k+w4,> ===> k+wn,,> iru n � 3> � 5 	n dqg w4> ===> wn 5 W	=

D wuhh krprprusklvp k = W	 $ W� lv fdoohg olqhdu/ li iru hdfk � 5 	n/

n � 3> kn+�, lv d olqhdu wuhh/ wkdw lv hdfk yduldeoh iurp [n dsshduv dw prvw
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rqfh lq kn+�,= Pruhryhu/ d olqhdu wuhh krprprusklvp k = W	 $ W� lv fdoohg

doskdehwlf/ li iru hdfk � 5 	n> n � 3> hlwkhu

kn+�, @ �+{l4 > ===> {lp,> � 5 �p> ru

kn+�, @ {q> 4 � q � n=

D qrqghwhuplqlvwlf wrs0grzq �qlwh wuhh dxwrpdwrq lv d irxu0wxsoh D @ +	>T>

T3> �,> zlwk 	 wkh �qlwh udqnhg doskdehw ri lqsxw v|perov/ T wkh �qlwh vhw ri

vwdwhv/ T3 � T lv wkh vhw ri lqlwldo vwdwhv dqg � lv wkh idplo| ri vwdwh wudqvlwlrqv

zklfk lv gh�qhg e| wkh pdsslqjv �� = T $ S + Tq,> zkhuh � 5 	q> q � 3= Li

� 5 	3> wkhq �� � T=

D frpsxwdwlrq ri D @ +	>T>T3> �, rq dq lqsxw wuhh w 5 W	/ lv d T0odehohg

wuhh u = grp+w,$ T> vdwlvi|lqj wkh iroorzlqj frqglwlrqv=

+l, u+�, 5 T3=

+ll, Vxssrvh wkdw x 5 grp+w, kdv p vxffhvvruv x4> ===> xp dqg w+x, @ � 5 	p=

Wkhq +u+x4,> ===> u+xp,, 5 ��+u+x,,=

+lll, Li x 5 ohdi+w, dqg w+x, @ � +5 	3,> wkhq u+x, 5 ��=

Wkh vhw ri doo frpsxwdwlrqv ri D rq w/ lv ghqrwhg e| frpD+w, dqg wkh iruhvw

uhfrjql}hg e| D lv

O+D, @ iw 5 W	 2 frpD+w, 9@ >j=

Lw lv zhoo nqrzq/ wkdw wkh idplo| ri iruhvwv uhfrjql}hg e| qrqghwhuplqlvwlf

wrs0grzq wuhh dxwrpdwd/ lv wkh idplo| ri uhfrjql}deoh iruhvwv dqg lv ghqrwhg e|

UHF ^Jìf1/ Vwh1 ;7/ Jìf1/ Vwh1 <:`1

D qrqghwhuplqlvwlf v|qfkurql}hg wuhh dxwrpdwrq +qvwd, ^Vdo1 <7` lv d wrs0

grzq �qlwh wuhh dxwrpdwrq D @ +	>T>T3> �,> zkhuh T lv ri wkh irup

T @ +T4 � i�j, ^ +T5 � V,

+uhfdoo wkdw � ghqrwhv wkh hpsw| zrug,1

Wkh vhw V lv wkh v|qfkurql}dwlrq doskdehw dqg hohphqwv ri V duh fdoohg

v|qfkurql}lqj v|perov +deeuhyldwhg dv v|qf0v|perov,1Zh gh�qh d prusklvp

kD = T� $ V� e| vhwwlqj kD++t4> �,, @ � dqg kD++t5> v,, @ v/ iru tl 5 Tl>

l @ 4> 5 dqg v 5 V= Wkh vhw ri v|qfkurql}hg frpsxwdwlrqv ri D rq d wuhh w 5 W	/

lv

vfrpD+w, @ iu 5 frpD+w, 2 ;x>z 5 sdwk+u,> kD+x, �su kD+z,j

zkhuh kD+x, �su kD+z, phdqv wkdw rqh ri wkh zrugv kD+x, dqg kD+z, lv d

suh�{ ri wkh rwkhu1

Wkh qrqghwhuplqlwlf v|qfkurql}hg iruhvw uhfrjql}hg e| D> lv

OV+D, @ iw 5 W	 2 vfrpD+w, 9@ >j=
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Wkh idplo| ri doo qrqghwhuplqlvwlf v|qfkurql}hg iruhvwv lv ghqrwhg e| QVW 1

Zh dovr gh�qh wkh qrwlrq ri d jhqhudol}hg v|qfkurql}hg wuhh dxwrpdwrq +jvwd,

^Udk1/ Vdo1 <;`1 Lw lv dq qvwd zklfk lv doorzhg wr pdnh � � wudqvlwlrqv/ wkdw

lv wr fkdqjh wkh vwdwh lq d �{hg qrgh1 Ohw D eh d jvwd zlwk vwdwh vhw T @

+T4 � i�j, ^ +T5 � V, dqg ohw w 5 W	= D frpsxwdwlrq ri D rq w lv d wuhh �>

zkhuh hdfk qrgh x 5 grp+�, @ grp+w, lv odehohg e| dq hohphqw ri T4 � i�j ru

e| d sdlu

+t> v4v5===vq,>

zkhuh t lv wkh odvw hohphqw ri T4 ^ T5 dsshdulqj dw x lq wkh frpsxwdwlrq

� dqg v4v5===vq> q � 4/ lv wkh vhtxhqfh ri v|qf0v|perov dsshdulqj dw qrgh x

lq �= +Li D pdnhv �0wudqvlwlrqv dw qrgh x> lw lv srvvleoh wkdw q � 5,1 Qrz/ wkh

prusklvp kD lv gh�qhg e| kD++t> �,, @ �/ dqg kD++t> v4v5===vq,, @ v4v5===vq>

iru t 5 T4 ^T5> vm 5 V> m 5 ^q`= Wkh iruhvw OV+D, uhfrjql}hg e| D/ lv gh�qhg

dv iru qrqghwhuplqlvwlf v|qfkurql}hg wuhh dxwrpdwd1 Wkh idplo| ri iruhvwv zklfk

duh uhfrjql}hg e| doo jvwd lv ghqrwhg e| JVW 1

Ilqdoo|/ zh ghqrwh e| ILQ wkh idplo| ri �qlwh iruhvwv/ e| DOJ wkh idplo|

ri dojheudlf iruhvwv ^Jxh1 ;6`/ dqg e| RFI wkh idplo| ri rqh frxqwhu iruhvwv

^Er}1/ Udk1 <7`1

Lq ^Er}1 <5`/ wkh qrwlrq ri dq doskdehwlf wuhh wudqvgxfwlrq zdv gh�qhg/ dqg

xvhg dv wkh edvlv wr exlog wkh DIO wkhru| wr wkh wuhh fdvh ^Er}1/ Udk1 <7/

Udk1 533{`1

Gh�qlwlrq 41 D wuhh wudqvgxfwlrq � = W	 $ S +W� , lv fdoohg doskdehwlf/ li wkhuh

h{lvwv d udqnhg doskdehw �> d uhfrjql}deoh iruhvw U � W�> dqg wzr doskdehwlf

krprprusklvpv * = W� $ W	> # = W� $ W� / vxfk wkdw &� @ i+*+w,> #+w,, 2

w 5 Uj/ zkhuh &� ghqrwhv wkh judsk ri �=

Wkhq/ dq doskdehwlf frqh lv d idplo| ri iruhvwv forvhg xqghu doskdehwlf

wudqvgxfwlrqv1 Pruhryhu/ d vkhdi ri iruhvwv lv dq doskdehwlf frqh forvhg xq0

ghu wkh udwlrqdo wuhh rshudwlrqv= xqlrq> wrs0fdwhqdwlrq> �0surgxfw dqg d0vwdu

^Er}1/ Udk1 <7`=

Sursrvlwlrq 51 ^Er}1/ Udk1 <7/ Udk1/ Vdo1 <;` Wkh fodvvhv UHF ri uhfrjql}deoh/

DOJ ri dojheudlf/ RFI ri rqh frxqwhu/ dqg JVW ri jhqhudol}hg v|qfkurql}hg

iruhvwv duh vkhdyhv1�
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6 K vfkhphv rq wuhhv

Wkh pdwhuldo ri wklv vhfwlrq fdq eh irxqg lq ^Er}1/ Udk1 <;`1

Iluvwo|/ zh uhfdoo wkh qrwlrq ri wkh vkliw rshudwlrq1

Frqvlghu d �qlwh udqnhg doskdehw 	 dqg ohw � @ 	 ^ i�> �4> ===> �qj> zlwk

udqn+ �, @ q dqg udqn+�l, @ pl> l 5 ^q`= Wkh +q.4,0wxsoh +�> �4> ===> �q, lv fdoohg

d frqqhfwhg olvw lq d iruhvw I� W� / li zkhqhyhu rqh ri wkh deryh v|perov dsshduv

lq d wuhh w 5 I> wkhq lw dsshduv lq wkh irun �+�4> ===> �q,> wkdw lv qrqh ri wkhvh

v|perov dsshduv lq wuhhv ri I rxw ri wkh deryh irun1

Ohw qrz � @ 	 ^ i�j> zlwk udqn+�, @
qS

l@4

pl@ p=

Wkh vkliw rshudwlrq rq wkh frqqhfwhg olvw +�> �4> ===> �q,> ghqrwhg vk = W� $

W�/ lv wkh lqyhuvh olqhdu wuhh krprprusklvp k = W� $ W� > zklfk lv gh�qhg e|

0kn+�+{4> ===> {n,, @ �+{4> ===> {n,/ iru hdfk � 5 	n> n � 3>

0kp+�+{4> ===> {p,, @

�+�4+{4> ===> {p4
,> �5+{p4.4> ===> {p4.p5

,> ===> �q+{p4.===.pq�4.4> ===> {p,,=

Wkxv/ zh zulwh

vk+�+�4+{4> ===> {p4
,> �5+{p4.4> ===> {p4.p5

,> ===> �q+{p4.===.pq�4.4> ===> {p,,, @

�+{4> ===> {p,

dqg

vk+�+{4> ===> {n,, @ �+{4> ===> {n, iru hdfk � 5 	n> n � 3=

Wkh vkliw rshudwlrq fdq reylrxvo| eh h{whqghg wr pruh wkdq rqh frqqhfwhg

olvwv1

Zh jlyh qrz wkh gh�qlwlrq ri dq K wuhh vfkhph1

Gh�qlwlrq 61 Ohw 	 eh d �qlwh udqnhg doskdehw dqg C>&> ' eh wkuhh qhz v|p0

erov qrw ehorqjlqj wr	> zlwk udqn+C, @ 6> 7> 8> 9> : dqg udqn+&, @ udqn+', @ 3=

Dq K wuhh vfkhph lv d sdlu i @ +	>U,> zlwk U wkh iruhvw ri uxohv/ U �

C+$>&> $> '> $>&> $,> zkhuh $ vwdqgv iru W	 ru iru qrwklqj1

Wkxv d wuhh u 5 U lv ri wkh irupC+v4>&> v5> '> v6>&> v7,> vl 5 W	> l @ 4> 5> 6> 7>

zkhuh vrph vl pd| eh plvvhg/ iru h{dpsoh C+v4>&> v5> '>&> v7,> C+&> v5> '>&,

fdq eh wuhhv lq U=

U fdq eh hlwkhu �qlwh ru lq�qlwh1

Dq K wuhh vfkhph i @ +	>U, lv fdoohg ri I w|sh/ li U ehorqjv wr wkh idplo|

ri iruhvwv I 1

Ohw qrz w> s> } 5 W	1 Zh vd| wkdw } lv rewdlqhg e| vsolflqj w> s dqg zh zulwh

+w> s,$u }> li w @ �+w4> ===> wl�4> v4> v5> wl.5> ===> wq,> s @ �+s4> ===> sl�4> v6> v7> sl.5> ==

==> sq,> } @ �+w4> ===> wl�4> v4> v7> sl.5> ===> sq,> zlwk � 5 	q> q A 3/ w4> ===> wl�4> wl.5>

===> wq> s4> ===> sl�4> sl.5> ===> sq 5 W	 dqg u @ C+v4>&> v5> '> v6>&> v7, lv d uxoh lq

U=
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Wkxv vsolflqj rq wuhhv/ phdqv �yhuwlfdoo| fxwwlqj� ri wzr wuhhv zlwk wkh vdph

urrw/ dw fhuwdlq lqglfhv xqghu wkh suhvhqfh ri d uxoh/ dqg �frqqhfwlqj� wkh ohiw0

prvw sduw ri wkh �uvw wuhh zlwk wkh uljkwprvw sduw ri wkh vhfrqg wuhh1

Iru I � W	> dqg i @ +	>U, dq K wuhh vfkhph/ zh zulwh

i+I , @ i} 5 W	 2 < w> s 5 I> < u 5 U> vxfk wkdw +w> s,$u }j

dqg

i +4,+I , @ I ^ i+I ,=

Li I4>I5 duh wzr idplolhv ri iruhvwv/ zh gh�qh wkh idplolhv

V+I4>I5, @ ii+I4, 2 I4 5 I4> i @ +	>U, lv dq K wuhh vfkhph zlwk U 5 I5j

dqg

V4+I4>I5, @ ii +4,+I4, 2 I4 5 I4> i @ +	>U, lv dq K wuhh vfkhph zlwk

U 5 I5j=

Wkhruhp71 Li I lv d vkhdi ri iruhvwv forvhg xqghu wkh vkliw rshudwlrq rq frq0

qhfwhg olvwv/ wkhq V4+I > ILQ, @ I dqg V4+I > UHF, @ I 1�

Wkh qh{w ohppd jdyh dq lqwhuhvwlqj dssolfdwlrq ri wkh deryh uhvxow1

Ohppd81 Wkh idplolhv ri iruhvwv UHF>DOJ dqg RFI duh forvhg xqghu wkh

vkliw rshduwlrq rq frqqhfwhg olvwv1�

Fruroodu| 91 Lw krogv

V4+UHF>ILQ, @ UHF> V4+DOJ>ILQ, @ DOJ> V4+RFI>ILQ, @ RFI dqg

V4+UHF>UHF, @ UHF> V4+DOJ>UHF, @ DOJ> V4+RFI>UHF, @ RFI=�

Wkh uhdghu fdq hdvlo| xqghuvwdqg wkdw wkh uhvxow ri wkhruhp 7 fdqqrw eh

�olqhdul}hg� iru wkh zrug fdvh/ ehfdxvh ri wkh vkliw rshudwlrq/ zklfk kdv qr

phdqlqj rq vwulqjv1

Ohw qrz/ i @ +	>U, eh dq K wuhh vfkhph1 E| sdvvlqj wr wkh |lhog ri U> zh

rewdlq dq K vwulqj vfkhph � @ +	3> |lhog+U,, ^Khdg hw do1 <:`=

Iru I � W	> wkh lqfoxvlrq ehorz lv lq jhqhudo vwulfw

|lhog+i+I ,, � �+|lhog+I ,,=

Lq wkh fdvh ri uhfrjql}deoh iruhvwv/ wkh qh{w sursrvlwlrq krogv

Sursrvlwlrq :1 |lhog+V4+UHF>ILQ,, @ V4+|lhog+UHF,> |lhog+ILQ,,>

zkhuh wkh v|pero V4 kdv dq dqdorjrxv phdqlqj lq wkh zrug fdvh=�
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7 Uhvxowv

Dv d �uvw uhvxow lq wklv sdshu/ zh h{whqg ohppd 8 wr wkh fodvv JVW ri jhqhudol}hg

v|qfkurql}hg iruhvwv1

Ohppd;1 JVW lv forvhg xqghu wkh vkliw rshudwlrq rq frqqhfwhg olvwv1

Surri1 Frqvlghu d jhqhudol}hg v|qfkurql}hg iruhvw I � W� > zlwk � @ 	 ^

i�> �4> ===> �qj> udqn+ �, @ q/ udqn+�l, @ pl> l 5 ^q`> vxfk wkdw +�> �4> ===> �q, lv d

frqqhfwhg olvw lq I=

Ohw vk = W� $ W�> � @ 	^i�j> udqn+�, @
qS

l@4

pl@ p> eh wkh vkliw rshudwlrq

rq wkh frqqhfwhg olvw +�> �4> ===> �q,> dqg D @ +�>T>T3> �, eh d jvwd/ zlwk T @

+T4 � i�j, ^ +T5 � V,/ dqg I @ OV+D,=

Iru +t> v, 5 T> ohw ++t4> v4,> ===> +tq> vq,, 5 ��++t> v,,> zlwk +tl> vl, 5 T> l 5 ^q`=

Qrz/ iru hdfk +tl> vl,> l 5 ^q` wkhuh lv d �qlwh qxpehu ri �qlwh vhtxhqfhv ri �0

pryhv

��++tl> vl,, 6 +tl4 > vl4,> ��++tl4 > vl4,, 6 +tl5 > vl5, > ==========> ��++tlnl�4 > vlnl�4,, 6

+tlnl > vlnl ,>

vxfk wkdw ��l++tlnl > vlnl ,, 9@ >> dqg doo wkh vwdwhv wkdw dsshdu dw hdfk vhtxhqfh

duh sdluzlvh glvmrlqw1

Ehfdxvh ri wkh gh�qlwlrq ri wkh frqqhfwhg olvw lq I / zh fdq dvvxph wkdw

��++tm > vm,, @ >/ iru hdfk m 5 il> l4> ===> lnlj> l 5 ^q`/ dqg � 5 	=

Zh vxevwlwxwh hdfk vwdwh zklfk dsshduv lq hdfk ri wkh deryh vhtxhqfhv/ zlwk

pl> l 5 ^q` gl�huhqw frslhv l1h1

+t4l > vl,> +t
4

l4
> vl4,> ===> +t

4

lnl
> vlnl ,>

=

=

=

+tpl

l > vl,> +t
pl

l4
> vl4,> ===> +t

pl

lnl
> vlnl ,=

Ohw T3 eh wkh vr rewdlqhg vhw ri vwdwhv/ dqg �3 wkh qhz idplo| ri vwdwh

wudqvlwlrqv/ zkhuh

0 +toll4 > vl4, 5 �3

�++t
ol
l > vl,,> zkhqhyhu +tl4 > vl4, 5 ��++tl> vl,,>

iru hdfk l 5 ^q`> ol 5 ^pl`>

0 +tollm.4 > vlm.4, 5 �3

�++t
ol
lm
> vlm ,,> zkhqhyhu +tlm.4 > vlm.4, 5 ��++tlm > vlm ,,>

iru hdfk l 5 ^q`> m 5 ^nl � 4`> ol 5 ^pl`>

0 �3

�l
++tollnl

> vlnl ,, @ ��l++tlnl > vlnl ,,/ iru hdfk l 5 ^q`> ol 5 ^pl`>

0 �3

�+t> v,, @ ��++t> v,,> iru hdfk +t> v, 5 T> � 5 	 ^ i�j=

Reylrxvo|/ iru wkh jvwd D3 @ +�>T3> T3> �
3,> lw krogv OV+D

3, @ OV+D,=
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Qh{w/ zh frqvlghu wkh jvwd E @ +�>T3> T3> �,> zlwk wkh idplo| � gh�qhg lq

wkh iroorzlqj zd|=

0 ��++t> v,, @ �3

�++t> v,,> iru +t> v, 5 T3> � 5 	 ^ i�j>

0 ++t4
4
> v4,> ===> +t

p4

4
> v4,> ========> +t

4
q> vq,> ====> +t

pq

q > vq,, 5 ��++t> v,,>

iru +t> v,> +toll > vl, 5 T3> l 5 ^q`> ol 5 ^pl`> zkhqhyhu ++t4> v4,> ===> +tq> vq,, 5

��++t> v,,>

0 +t> v, 5 ��++t
ol
lnl
> vlnl ,,> iru +t> v,> +tollnl

> vlnl , 5 T3/ l 5 ^q`> ol 5 ^pl`>

zkhqhyhu +===> +t> v,
� ~} �

ol�sodfh

> ===, 5 ��l++tlnl > vlnl ,,=

Wkh uhdghu zloo kdyh qr gl!fxowlhv wr yhuli| wkdw OV+E, @ vk+I ,> dqg wkxv

vk+I , 5 JVW =�

D frpelqdwlrq ri wkh deryh ohppd/ sursrvlwlrq 5 dqg wkhruhp 7 jlyhv

Wkhruhp<1 V4+JVW> ILQ, @ JVW dqg V4+JVW>UHF, @ JVW=�

Zh gh�qh qrz wkh lwhudwhg vsolflqj rq K wuhh vfkhphv1

Ohw i @ +	>U, eh dq K wuhh vfkhph dqg I � W	= Wkhq

i +�,+I , @
V

n�3

i +n,+I ,

zkhuh

i +3,+I , @ I> dqg i +n.4,+I , @ i +n,+I , ^ i+i +n,+I ,,> n � 3=

Zh fdoo lqgh{ ri I lq i> dqg zh ghqrwh e| lqg+i> I ,> wkh txdqwlw| q 5

Q ^ i4j> vxfk wkdw

i +�,+I , @
qV

n@3

i +n,+I ,=

Zh vd| wkdw wkh iruhvw I � W	 kdv �qlwh lqgh{ lq wkh K wuhh vfkhph

i@+	>U,> li lqg+i> I , 5 Q=

Iurp wkh gh�qlwlrq ri wkh vsolflqj rshudwlrq rq wuhhv/ zh fdq hdvlo| xqghu0

vwdqg wkdw iru hdfk uxoh u @ C+v4>&> v5> '> v6>&> v7, 5 U/ wkh qxpehu ri dsshdu0

dqfhv ri wkh vlwh +v4> v5, ru +v6> v7, lq wkh wuhhv ri I lv erxqghg +lq idfw wklv

qxpehu lv � ghj+	,,/ vr wkh dssolfdwlrq ri wkh vsolflqj rshudwlrq rq I> diwhu d

�qlwh qxpehu ri vwhsv/ surgxfhv dozd|v wkh vdph wuhhv1 Wkxv

Sursrvlwlrq 431 Wkh lqgh{ ri hdfk iruhvw I � W	> lq hdfk K wuhh vfkhph i @

+	>U, lv �qlwh1�

Iru wzr idplolhv ri iruhvwv I4>I5> zh gh�qh wkh idplo|
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K+I4>I5, @ ii +�,+I4, 2 I4 5 I4> i @ +	>U, lv dq K wuhh vfkhph zlwk

U 5 I5j=

Wkhq wkh qh{w wkhruhp krogv

Wkhruhp441 Li I lv d vkhdi ri iruhvwv forvhg xqghu wkh vkliw rshudwlrq rq frq0

qhfwg olvwv/ wkhq K+I > ILQ, @ I > dqg K+I > UHF, @ I =

Surri1 Ohw I 5 I > I � W	> dqg i @ +	>U, eh dq K wuhh vfkhph ri U w|sh/

zlwk U 5 iILQ>UHFj= Wkhq

i +�,+I , @
lqg+i>I,V

n@3

i +n,+I ,=

E| wkhruhp 7/ wkh iruhvw i +4,+I , @ I ^i+I , ehorqjv wr I = Wkxv e| lqgxfwlrq
lqg+i>I,V

n@3

i +n,+I , 5 I > wkdw lv K+I >U, � I =

Frqyhuvho|/ iru I 5 I > I � W	> zh frqvlghu wkh K wuhh vfkhph i @ +	> >,=

Wkhq i +�,+I , @ I zklfk phdqv wkdw I � K+I >U,=�

Frpelqlqj wkh odvw wkhruhp zlwk ohppdv 8 dqg ;/ zh rewdlq

Fruroodu| 451 Lw krogv K+I >U, @ I / zlwk I 5 iUHF>DOJ>RFI>JVWj dqg

U 5 iILQ>UHFj=�

Ohw I � W	> dqg i @ +	>U, eh dq K wuhh vfkhph1 Iru wkh K vwulqj vfkhph

� @ +	3> |lhog+U,, rewdlqhg e| i ^Er}1/ Udk1 <;`/ wkh qh{w lqfoxvlrq lv jhqhudoo|

vwulfw

|lhog+i +�,+I ,, � �+�,+|lhog+I ,=

Zh vkdoo lqyhvwljdwh qrz d surshuw| ri wkh lwhudwhg vsolflqj1

Uhfdoo wkdw wkh khljkw ri d wuhh w 5 W	> zkhuh 	 lv d �qlwh udqnhg doskdehw/ lv

gh�qhg e|

0 kj+w, @ 3> li w 5 	3>

0 kj+�+w4> ===> wq,, @ 4 .pd{ikj+w4,> ===> kj+wq,j=

Li I � W	> wkhq lwv khljkw lv wkh qxpehu kj+I , @ vxsikj+w, 2 w 5 Ij=

Iru hdfk udqnhg doskdehw 	> zh gh�qh d prqdglf doskdehw � +	, e|

0 � +	,3 @ 	3>

0 � +	,4 @ i�l 2 � 5 	q> q A 3> l 5 ^q`j=

Wkh wudqvgxfwlrq eudqfkhv eu = W	 $ S +W� +	,, lv gh�qhg lqgxfwlyho| e|

0 eu+w, @ w> li w 5 	3>

0 eu+�+w4> ===> wq,, @
qV

l@4
�l+eu+wl,,=
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Iru d iruhvw I � W	> zh zulwh eu+I , @
V

w5I

eu+w,=

Ohw qrz/ I � W	/ i @ +	>U, eh dq K wuhh vfkhph/ w> s 5 I> u 5 U/

dqg +w> s, $u }= Iurp wkh gh�qlwlrq ri wkh vsolflqj rshudwlrq/ zh kdyh wkdw

kj+}, @ kj+w, ru kj+}, @ kj+s,> wkdw lv kj+}, � pd{ikj+w,> kj+s,j> vr

kj+i+I ,, � kj+I ,=

Rq wkh rwkhu kdqg eu+}, � eu+w, ^ eu+s,> dqg wkxv

eu+i+I ,, � eu+I ,=

Zh frqfoxgh

Sursrvlwlrq 461 Wkh lwhudwhg vsolflqj rq d iruhvw I � W	/ zlwk dq K wuhh

vfkhph i @ +	>U,> suhvhuyhv wkh khljkw dqg wkh eudqfkhv ri I> wkdw lv

kj+i +�,+I ,, @ kj+I , dqg eu+i +�,+I ,, @ eu+I ,=�

8 Frqfoxvlrq

Zh gh�qhg lwhudwhg vsolflqj rq wuhhv/ dqg zh suryhg wkdw wklv rshudwlrq whupl0

qdwhv diwhu d �qlwh qxpehu ri vwhsv/ zkhuhdv lw ohdyhv xqfkdqjhg wzr fkdudfwhu0

lvwlfv ri wkh wuhh vwuxfwxuh1 Lw lv qrw gl!fxow wr vhh wkdw wklv grhv qrw kdsshq iru

wkh rwkhu nqrzq zd| iru vsolflqj wuhhv ^Vdn1/ Ihu1 <<`1 Pruhryhu/ wklv grhv qrw

kdsshq lq jhqhudo/ iru wkh zrug fdvh1 Iru ixuwkhu uhvhdufk zh vwdwh wkh iroorzlqj

rshq sureohp=

Jlyhq d �qlwh doskdehw D/ d odqjxdjh O 5 D�> dqg dq K vwulqj vfkhph

� @ +D>U,/ �qg zkhwkhu O kdv �qlwh lqgh{ lq �=

Uhihuhqfhv

^Dgo1 <7` Dgohpdq P1 O1= �Prohfxodu frpsxwdwlrq ri vroxwlrqv wr frpelqdwruldo
sureohpv�> Vflhqfh 559/ +4<<7,/ 4354043571

^Er}1 <5` Er}dsdolglv V1= �Doskdehwlf wuhh uhodwlrqv�> Wkhruhwlfdo Frpsxwhu Vfl0
hqfh <</ +4<<5,/ 4::05441

^Er}1/ Udk1 <7` Er}dsdolglv V1/ Udkrqlv J1= �Rq wzr idplolhv ri iruhvwv�> Dfwd Lqiru0
pdwlfd 64/ +4<<7,/ 56805931

^Er}1/ Udk1 <;` Er}dsdolglv V1/ Udkrqlv J1= �K wuhh vfkhphv zlwk �qlwh dqg uhfrj0
ql}deoh vhwv ri uxohv�> Urpdqldq Mrxuqdo ri Lqirupdwlrq Vflhqfh dqg
Whfkqrorj| 7/ 4/ +4<<;,/ 63:064;1

^Jìf1/ Vwh1 ;7` Jìfvhj I1/ Vwhlqe| P1= �Wuhh Dxwrpdwd�> Dndgìpldl Nldgö 2 Exgdshvw
+4<;7,1

^Jìf1/ Vwh1 <:` Jìfvhj I1/ Vwhlqe| P1= �Wuhh Odqjxdjhv�/ lq= Kdqgerrn ri Irupdo Odq0
jxdjhv/ Yro LLL/ Ur}hqehuj J1/ Vdorpdd D1 hgv1> Vsulqjhu0Yhuodj/ +4<<:,/
409;1
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^Jxh1 ;6` Jxhvvduldq L1= �Sxvkgrzq wuhh dxwrpdwd�> Pdwkhpdwlfdo V|vwhpv Wkh0
ru| 49/ +4<;6,/ 56:05961

^Khdg hw do1 <:` Khdg W1/ S�dxq Jk1/ Sl{wrq G1= �Odqjxdjh Wkhru| dqg Prohfxodu Jh0
qhwlfv= Jhqhudwlyh Phfkdqlvpv Vxjjhvwhg e| GQD Uhfrpelqdwlrq�/ lq=
Kdqgerrn ri Irupdo Odqjxdjhv/ Yro LL/ Ur}hqehuj J1/ Vdorpdd D1 hgv1>
Vsulqjhu0Yhuodj/ +4<<:,/ 5<806931

^S�dxq hw do1 <;` S�dxq Jk/ Ur}hqehuj J/ Vdorpdd D1= �GQD Frpsxwlqj1 Qhz Frp0
sxwlqj Sdudgljpv�> Vsulqjhu0Yhuodj 2 Ehuolq/ +4<<;,1

^Udk1/ Vdo1 <;` Udkrqlv J1/ Vdorpdd N1= �Rq wkh vl}h ri vwdfn dqg v|qfkurql}dwlrq
doskdehwv ri wuhh dxwrpdwd�> Ixqgdphqwd Lqirupdwlfdh 69/ +4<<;,/ 8:0
9<1

^Udk1 533{` Udkrqlv J1= �Doskdehwlf dqg v|qfkurql}hg wuhh wudqvgxfhuv�> Wkhruhwl0
fdo Frpsxwhu Vflhqfh +wr dsshdu,1

^Vdn1/ Ihu1 <<` Vdndnledud \1/ Ihuuhwwl F1= �Vsolflqj rq Wuhh0olnh Vwuxfwxuhv�> Wkhruhw0
lfdo Frpsxwhu Vflhqfh 543/ 5/ +4<<<,/ 55:05761

^Vdo1 :6` Vdorpdd D1= �Irupdo Odqjxdjhv�> Dfdghplf Suhvv 2 Qhz \run/ +4<:6,1
^Vdo1 <7` Vdorpdd N1= �V|qfkurql}hg wuhh dxwrpdwd�> Wkhruhwlfdo Frpsxwhu Vfl0

hqfh 45:/ +4<<7,/ 580841
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