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Abstract: A study of the classes of finite relations as enriched strict monoidal cate-
gories is presented in [CaS91]. The relations there are interpreted as connections in
flowchart schemes, hence an “angelic” theory of relations is used. Finite relations
may be used to model the connections between the components of dataflow networks
[BeS98, BrS96], as well. The corresponding algebras are slightly different enriched strict
monoidal categories modeling a “forward-demonic” theory of relations.

In order to obtain a full model for parallel programs one needs to mix control and
reactive parts, hence a richer theory of finite relations is needed. In this paper we (1)
define a model of such mixed finite relations, (2) introduce enriched (weak) semiringal
categories as an abstract algebraic model for these relations, and (3) show that the
initial model of the axiomatization (it always exists) is isomorphic to the defined one
of mixed relations. Hence the axioms gives a sound and complete axiomatization for
the these relations.
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gal category; abstract data type;
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1 Introduction

Powerful algebraic representations for logics are well-known; see, e.g., [Rud74].
In computer science, such a stage is still a desiderata. This paper is included in
a series [Ste96a, Ste96b, Ste96c, GSBI8, GBSSIS] aiming to contribute to the
algebraic theory of distributed computation. The key problem in understanding
Multi-Agent Systems is to find a theory which integrates the reactive part and the
control part of such systems. The claim of this series of papers is that the mixture
of the additive and multiplicative network algebras (MixNA) will contribute to
the understanding of distributed computation.
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The aim of the present paper is to give an algebraic presentation for finite re-
lations suited to be used for modeling the interface changing connections between
the statements/modules of parallel program schemes. The model for parallel pro-
grams we are using is MixNA, a mixture of additive and multiplicative network
algebras presented in [Ste96al.

An extensive study of the classes of finite relations as enriched strict monoidal
categories is presented in [CaS91]. The view taken in [CaS91] is to see relations
as connections in (sequential) flowchart schemes, hence an “angelic” theory of
relations is actually used there. Finite relations may be used to model the connec-
tions between the components of (parallel) dataflow networks [BeS98, BrS96], as
well. The corresponding algebras are slightly different enriched strict monoidal
categories modeling a “forward-demonic” theory of relations. Similar algebraic
structures where recently used in [Gib95] to handle acyclic graphs, or in [BGM98]
to get a unifying framework for representing “concurrent and distrbuted sys-
tems.”

In order to obtain a full model for parallel programs one needs to mix control
and reactive parts, hence a richer theory of finite relations is needed. We intro-
duced enriched (weak) semiringal categories as an algebraic model for relations
in this mixed setting.

The main result of the paper consists of presenting the mixed relations as
an initial model in the category of enriched semiringal categories. The relations
corresponding to a particular choice (z1,z2,z3,24) with z; € {a,b,c,d}, are
called 1 xox324-relations. As a consequence of this result we get axiomatizations
for most of the resulting 256 types of interface-changing relations. (Some cases
with z4 € {¢,d} are open).

2 Preliminaries

In this section we present the definition of symmetric semiringal categories. This
structure was introduced, e.g., in [Ste96a, Ste98]. The present definition is given
long the line suggested in [Luc99).

A symmetric semiringal category (M,®,®,+,1,)) is a mixture between two
symmetric strict monoidal categories (M, ®,-,1,)) and (M,®,-,|) where ® dis-
tributes over @ and the zero-rules for Iy hold. In order to express these additional
properties we use two new types of constants: dg;p.c : a® (b ¢) = (a®b)® (a®c),
denoting the isomorphisms corresponding to the distribution of products over
sums of objects, and J,; : @ ® 0 = 0, denoting the isomorphism between the
product a®0 and 0. These new constants must satisfy the axioms D1-D10 listed
in the appendix. We will see later how the constants § are generalized to more
complex terms.

If C is a subset of morphisms in M, then we say (M, ®,®,-,1,d,p,%,X) is a
C'-weak symmetric semiringal category over S if the strong distributivity axioms
D9-D10 are required for morphisms f in C, only (and arbitrary g, h in M).

Various enriched symmetric semiringal categories are obtained adding addi-
tive or multiplicative branching constants: <,k > 0 (additive ramification);
>0,k > 0 (additive identification); R¢, k& > 0 (multiplicative ramification);
¥* k > 0 (multiplicative identification). These constants must satisfy the ax-
ioms SV1-20, AddS1-4, and MultS1-4 included in the appendix. As is [CaS91],
the restrictions a (k = 1), b (k < 1), ¢ (k > 1), and d (arbitrary k) may be freely
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used for each type of branching constant <, >e,, R}, or \d';. A 2i201324-
enriched semiringal category is an enriched semiringal category where the use of
branching constants is restricted in concordance with z;zsx3x4. Obviously, an
aaaa-enriched semiringal category is just a symmetric semiringal category.

3 Mixed relations

Let S be a set of atomic sorts. The set of sort terms is obtained with the rules
a=a®dala®a|0]|1]s(eS). In the rest of this paper we use the following
notations:

— kafora®- - ®a (k times); if K =0 then ka = 0.
— af fora®---®a (k times); if k = 0 then a* = 1.

The set of sorts SP© is the set of sort terms modulo the congruence generated
by the following axioms:

a®(bdc)=(adb) D,

a® (b®c)=(a®b)®c, (1)
a®0=a,

a®1l=a.

Each equivalence class is represented by a unique flattened term obtained by
removing the parenthesis due to the associativity axioms and deleting the con-
stants 0 and 1 accordingly with the last two axioms. More precisely, a flattened
term is an irreducible element relative to the following confluent and terminating
rewriting system:

a®(bdc) > adbDe,

(a®b)®dc—adbde,

a®(b®c) > a®bec, 9
(a®b)®c—a®bec, (2)
a®0—a,

a®1l—a.

A sort is often identified with the flattened element representing the class. For
a sort a the associated (unique) flattened element is denote by fl,.

Definition 1. Let a be a sort term. The set Pos(a) C w* of positions in a, and
the set Fr(a) C w* of frontier positions in a, and the function @ : Pos(a) —
SU{®,®,1,0} are inductively defined as follows:

— if @ € {0,1} then Pos(a) = Fr(a) = 0;
— if a € S then Pos(a) = Fr(a) = {¢} (¢ denotes the empty string) and a(e) = a;
— if a = a; op ay with op € {®,®}, then:
- Pos(a) = {e} U {i.p| p € Pos(a;),i = 1,2}
(- . - denotes the concatenation operation on w*),
- Fr(a) = {i.p| p € Fr(a;),i = 1,2}, and
-a(e) = op, a(i-p) = a;(p) for all p € Pos(a;), i = 1,2.

The definition given above is extended to the flattened terms in the usual
way:
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—ifa=ajop---opa, with op € {®,®}, then:
- Pos(a) = {e} U {i.p | p € Pos(a;),i € [n]},
- Fr(a) = {i.p | p € Fr(a;),i € [n]}, and
- a(e) = op, a(i.p) = a;(p) for all p € Pos(a;), i € [n].

If a is a sort term and fl, is the flattened term equivalent to a, then there is
bijection

|, : Pos(a) — Pos(fl,)
which is uniquely determined rewriting rules (2). For example, if a = a; ®(a2®a3)
and fl, = a; ® a2 ® a3 then |, : {1,2.1,2.2} — {1,2,3} is given by {,(1) =
1,4,(2.1) = 2,,(2.2) = 3. When the subscript a may be derived from the
context we simply write {p instead of {,(p), where p € Pos(a).

Definition 2. Consider a a sort term and p and ¢ two frontier positions in Fr(a).
We say that p and q coezist (in a) iff (1) p = q or (2) a(lep(p, q)) = ®, where
lep(p, q) denotes the longest common prefix of p and g. We denote by _ < _the
coexistence relation.

A set consisting of frontier positions which simultaneously coexist in a sort a is
called a multiplicative world of a.

A sort describe the interface of a parallel program. The intuition behind the above
definition is that the frontier positions of a multiplicative world describe the com-
ponents of a state of the system. If two positions do not coexist, then they belong
to disjoint (or incompatible) states.

Definition 3. Consider a and b two sorts in S®®. A pure multiplicative relation
of type a — b is a sequence of maps (p1 — q1,...,pr — qr) where p; € Fr(a),
gi € Fr(b),i=1,...,k, such that

—a(p;) =a(g;) fori=1,...,k, and
- pi~ p;j and ¢; < gj for all 4,5 = 1,...k (in other words, {p1,...,px} and
{g1,...,qx} are multiplicative worlds of a and b, respectively).

A mized relation of type a — b is a set of pure multiplicative relations of type
a — b. MixRels(a,b) denotes the set of all mixed relations of type a — b, and
x1Taw324-MixRelg(a,b) denotes the subset of mixed relations of type a — b
which satisfy z;zs2324-restrictions on branching constants.

We use the notation f = {f; | fo | --- | fn} for a mixed relation f in order
to emphasize the additive character of f. The above notation can be thought as
the Backus-Naur rule

fe=flfal| fa

The order of maps of a pure multiplicative relation is not important. Also, any
map can occur only once into a pure multiplicative relation. We use the notation
p+— q € f whenever we want to say that p — ¢ occurs in a pure multiplicative
component of f.

Ezample 1. Consider a = (a1 ® a2) D (a1 Q az), b = a1 ® (a2 ® a1) where a; € S,
1 =1,2,3. Then:

— the frontier sets are Fr(a) = {1.1,1.2,2.1,2.2} and Fr(b) = {1,2.1,2.2};
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— the coexistence relation in a is {1.1 ~ 1.2, 2.1 < 2.2} and the coexistence
relation in b is {1 ~ 2.1, 1 = 2.2}; and

-f={11— 1,12+ 21) | (2.1 — 2.2)} is a mixed relation. It may be
graphically represented as in Fig. 1. The first pure multiplicative component
is drawed using solid lines and the second component using dashed lines.

e
AN

Figure 1: A mixed relation

We often write {-- -}, to emphasize that {---} € MixRelg(a,b).

Definition4. Consider f : a — b and g : b — ¢ two pure multiplicative re-
lations. Then the (forward demonic) sequential composition of f and g is the
relation f-g=(p—=r | (Fg.p— g€ fandg— r € g)and (V¢'. ¢ —» r €
g W.p —q €f)).

Remark. Accordingly to the demonic/angelic dichotomy we may also consider
the angelic sequential composition of the pure multiplicative relations as being
the usual composition of relations. This kind of composition is not of interest for
this paper. Actually, the angelic and demonic sequential compositions coincide
in the case no equality test ¥* with k > 2 is present.

Before defining the operations on mixed relations, a remark concerning the
flattened sorts is necessary.

Remark. Recall that a sort is identified to the flattened element representing the
equivalence class defining the sort. So, in the definition(s) to follow, a, b, and ¢
are flattened elements. But not always from the fact that a and b are flattened
elements follows that a @ b and a ® b are flattened elements and therefore the
flattening functions | are to be used. The same thing is true for the definition
of [t] we shall give later.

Definition 5. The operations _® _, _.®_, and _- _ over mixed relations are defined
as follows:

1 Suppose f:a—b, g:a' = b. Then fBg:add —bPY is given by
f®9={{spa (L) = by (1.9) | p = q € fi) |i € [m]}
U{(laga (2p) = by (2.0) [P a € gj) | € [n]}
where f={fi|...| fm}and g={g1|-..]| gn}
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2. Suppose f:a—b, g:a' = b'. Then fRg:a®a — b is given by
f®g = {(U'a®a’(]-'p) = U’b®b’(1'q)7Ua®a’(2'pl) = U’b®b’ (2q,) |
p—=q€ fi,p'=q €gj)|i€[m], j€n]}
where f={fi|... | fm}tandg={g1|-..| gn}
3. Suppose f:a—b, g:b—c. Then f-g:a — cis given by
f-9={fi-gjli€[m], j€n]}
where f={fi|...| fm} and g ={g1,..-,9n}

A mixed relation f = {(p11 = @11,.--,P1p1) = GQnw) | - | Pm1
@m1s- - >Pmn(m) = Tmn(m))} is often denoted by the simpler notation {|pi;
Q115> Pmn(m) 7 Gmn(m)|} Provided the pure multiplicative components of f
are uniquely determined by the maximal subsets of coexisting positions. For
example, if a = b = (a1 B az) ® (a3 Day) and a; € S forall i = 1,...,4, then
{p = p | p € Fr(a)|} uniquely denotes the mixed relation {(1.1 — 1.1,2.1
2.1) | (11 11,22 05 22) | (1.2 > 1.2,2.1 5 2.1) | (1.2 > 1.2,2.2 5 2.2)}.
This convention is intensively used in the definition of [¢] given below. Moreover,
it f={pi > gl i€ b=l | fbo=Apl g i€ mlh=1{g | |
geh, h=Ap1 = @1, ;0 = @Dt = Qe P = @t ={fi | fe | g |
-++| g¢} then we simply write h = f U g.

The set ¥ = {®,®,-,1,6,,e<, >0, X, R, ¥} is in fact a ST®xS®®_sorted
signature and a ground Y-term will be called a mized term. Each mixed term ¢
defines a mixed relation [¢] as follows:

0. [lo] = {}o—o and [h] = {()}1-1-
1. t=l,:a— a. Then [t] = {p— p|p € Fr(a)]}.
Examples: [l 00.] = {(1 = 1) | (2 = 2)}, [loyoa.] = {(1 = 1,2 — 2)}
where ay,as € S.
2. t=0apc:a®@(bdc) > (a®b)®(a®c). Then [t] =
{Hia@(b@c)(l-p) = U(a@b)@(a@c)(l'l-p)a
Yagpae (1-0) = Yuano@se (2-1-0),
Yaspoe) (2.1.0) = Yagnye(ase) (1-2.9),
Ua@(b@c) (QQT) = ll(a@b)@(a@c) (227’) |p € Fr(a)aq € Fr(b),r € FI’(C) |}

@
N N,
/
1.Ip ﬁ ‘
E 219 2.I2.r 11lp 12q 21p 22r
| | b Lo

Example: [0g,:0, 00,0000 = {(1 = 1.1, 211 > 1.2, 2.1.2 5 1.3) | (1 —
2.1, 2.2 2.2.1) | (1 = 2.1, 2.3 — 2.2.2)} where ay, by, by, c1, 5 € S.
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3. [[611;]] = {}a®0%0-
4.t ="5Y:a®b—= b®a Then [t] = {U,0(1.0) = Up5a(2.0), Vo (2.0) —
Upa(1.9) | p € Fr(a),q € Fr(b)}}.

O) @

A 4o

Example: [222%4Y] = {(1.1 = 3.1,1.2 5 3.2) | (2 = 1) | (3 = 2)} where
ai,...,a4 € 8.

5. t = < :a = ka. Then [t] = Ui<i<i{lp = U1, (.p) | p € Fr(a)]}.

@

(N

Examples: [4,2a:0<2] = {(1 = 1.1,2 = 1.2) | (1 —» 2.1,2 — 2.2)} and
loiga2<2] ={(1—=1) | (1= 3)| (2 2)| (2~ 4)} where aj,a2 € S.
6. t = 1>, : ka = a. Then [t] = Ui<i<k{{U.(i-p) = p | p € Fr(a)]}.

@

Examples: [2>04,04,] = {(1.1 = 1,1.2 — 2) | (2.1 — 1,2.2 — 2)} and
[2>00,60,] ={(1—~1)| (B3~ 1)| (2 2)| (4 — 2)} where aj,a2 € S.

7.t=2X":a®b — b®a. Then [t] = {Vaes(1.0) = Upea(2.0), bosp(2.9) —
ga(l-9) | p € Fr(a),q € Fr(b)[}.
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A A
1p 2.4 @Z 2p
4

Example: [#1©22X0s®0] = {(1.1 5 3.1, 2 1, 3 2) | (1.2 = 3.2, 2
1, 3+ 2)} where a;,...,a4 € S.
8. t=R%¢:a—ak Then [t] = {lp— V. (i.p) | p € Fr(a),i =1,...,k[}.

/®A
A A{L 2p
|| vy

Examples: [R3'®*] = {(1 = 1.1, 1 = 2.1) | (2 = 1.2, 2 + 2.2)} and
[R$*®*] = {(1+1, 1+ 3,2+ 2, 2 4)} where a,as € S.
9. t=¥*:a* - a. Then [t] = {U,(i.p) = p|p € Fr(a),i =1,..., k[}.

A2
VA
| 4

Examples: [¥2 ¢,.] = {(1.1 = 1,21+~ 1) | (1.2 — 2, 22 — 2)} and
[¥2 0o, ] ={(1—1,3—1, 22 4+ 2)} where aj,as € S.

10. t = t; ® ta. Then [t] = [t1] @ [t2]
Example: [l, ® °X] = {(1 = 1) | (2.1 = 2.2, 2.2 — 2.1)} because [I,] =
{(e = ¢)} and [°X] = {(1 — 2, 2~ 1)}, where a,b,c € S.

11. t = t; ® t5. Then [t] = [t1] ® [ta].
Example: [ @ Y] = {(1.1 = 1.2, 2.1 = 2.2) | (1.1 = 1.2, 2.2 = 2.1) |
(1.2 1.1, 2.1~ 2.2) | (1.2~ 1.1, 2.2+ 2.1) where a,b € S.

12. t =t - t5. Then [t] = [t1] - [t2].
Example: [(I, ® §X) - daep] = {(1 = 2.1, 2.1 2.2) | (1 = 1.1, 2.2 — 1.2)}
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because [l, @ §] = {(1—=1, 21— 2.2) | (1~ 1, 22— 2.1)} and [da;c,5] =
{(1> 11,21 1.2)| (1 2.1, 2.2 — 2.2)}, where a,b,c € S.

The distributivity constants d_;_
ber of arguments as follows:

_and d_, can be extended to arbitrary num-

)

6a;b = 6a;b,0 = |a®b:
Oasbrecsbnsr = Oashyi@e- @b bnsr * (Oasbi,eobn D la@bnir),
6a,b;c = ad®bxe. 6c;a,b ' (cxa @ cxb)’

A1yeees@mg1ib — 6a1@---@am,am+1;b . (6a1,...,am;b SV Iam+1®b);
6a1,...,am;b1,...,bn = 6a1,...,am;b1€B---€an . (6a1;b1,...,bn b D 6am;b1,...,bn);
631;---;am;b = ((I@al ®-® I@am_l) ©® 6am;b : 631;"';am—l;aml®b17---7amn(m)®bn
where a; = a;1,...,a,) fori =1,...,m, b =0b1,...,b,, and ®a; = a;; &
© D Ay for i =1,...,m.

Definition 6. The additive (mized) normal form nf, and the mixed term dis,,
for each a € S®®, are inductively defined as follows:

— ifa € SU{0,1} then nf, = a and dis, = l4;
—ifa=a1® - -Day, then nf, =nf,, &---dnf,  and dis, = disy, B -Pdis,,,,;
—ifa=a1®--®a,, then
- nfy = @(ju),...,j(m))(blj(l) ® -+ @ bmj(m)) and
- dis, = (disg, ® -+ ®disg,,) - Oby; sy
where nfy, = bj1 © -+ @ by, (F(1),-..,7(m)) € [n(1)] x - --[n(m)] are listed
in lexicographic order, and b; = bj1,...,bjp fori =1,...,m.

Remark. The additive normal form of a sort @ is a sum of products. For example,
ifa= (a1 ®az)® (a3 Bay) then nf, = (a1 ®a3z)® (a1 ®aq) ® (a2 ®az) ® (a2 ® ay)
and dis, = g4y a9ia5,05 (@i € S for i = 1,...,4). It is easy to check that if
pr g, p = ¢ € [dis,] then p ¥ p' in a iff ¢ ¥ ¢’ in nf,. This is equivalent to
say that the relation [dis,] preserves the maximal multiplicative worlds.

Example 2. Normal form interfaces and mixrelations between these interfaces
may be described in a programming-like notation as follows. Take the following
interfaces:

I:Interface Things of
1:Class Objects of
Elms 1:ball, 2:cub, 3:apple;
2:Class Colours of
Elms 1:red, 2:blue, 3:black;
3:Class Weights of
Elms 1:heavy, 2:1ight, 3:medium;
End Interface

J:Interface Things with_attributes of
1:Class Coloured.Objects of
Elms 1:red ball, 2:blue_ball, 3:red_apple, 4:black_cub;
2:Class Weighted Objects of
Elms 1:heavy_cub, 2:medium_apple, 3:heavy_ball;
End Interface
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We describe a adda mixrelation (a forward function on additive terms and
backward functions on each connected multiplicative subterms). E.g., ¢ =
(f; 5, 2, f?) : T — J defined by

In this particular case, a mixfunction is given by: (1) a forward function f be-
tween the terms in the sum (the one which maps both Objects and Colours in
Coloured Objects and Weights in Weighted Objects), and (2) for each con-
nected monommials (“classes”) a backword function, i.e., f! specifies the object
in Objects associated to a coloured object in Coloured Objects), f2 does the
same for the colours associated to coloured objects, and finally f3 gives the
weights associated to weighted objects.

4 Axiomatization

In this section we prove that the category whose objects are sorts and whose ar-
rows are mixed relations is initial in the category of enriched symmetric semirin-
gal categories.

Proposition7. Let E denote the set of axioms B1-2, AddB3-10, MultB3-10,
D1-10. If t : a — nf, is a mized {®,®,-, 1,0, X, X}-term such that [t] = [dis,]
then E -t = dis,.

Proof. This is a particular case of Theorem 2 in [Luc99]. O

Lemma8. Let a and b two sorts in additive normal forms. For each [ in
MixRelg(a, b) there is a mized term t such that [t] = f.

Proof. Suppose that ¢ = a1 ® - P am, b = b1 & - B by, f = {(p11 —
qi1,---,Pin(1) qln(l)) | s | (pml = qmi,-- - Pmn(m) T an(m))} Because
(Pit = Gi1s- - -, Pin(i) = Qin(i)) s a pure multiplicative relation it follows that all
pi; for j =1,...,n(i) are in the same multiplicative component a; and all g;; for
j =1,...,n(i) are in the same multiplicative component b;. Using the branching
and transposition operators (both versions, additive and multiplicative) we can
construct three mixed terms ¢, : @ = (@(p11) ® - @ A(P1p1))) O+ ® (@(Pr1) ®
b', and t3 : b’ — b such that ¢ includes only combinations of additive transpo-
sitions and f = [t1] - [t2] - [ts] = [t1 - t2 - t3]. Moreover the relation [¢;] is
surjective, the relation [t2] is bijective and the relation [¢3] is total. Therefore
the demonic sequential composition of the three relations is the same with the
angelic sequential composition. ad

Ezample 3. Consider a = (a1 ® a2) & (a1 ®a3), b = (a2 ®a3) & (a1 ®a2®as), and
F={11m 21,12 22) | (1.2 1.1) | (2.1~ 2.1,2.2 2.3) | (2.2 — 1.2)}
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where a;,as,a3 € S. Then t; : a = (a1 ® az) ® az B (a1 @ az) ® as is given by:
= (a1®a2.<2 D a1®a3.<2) . (Ia1®a2 D (Rgl ® Ia2) D |a1®a3 D (Rgl ® Ia3))7
to: (a1 ®az) Das® (a1 ®az) Daz — az B az ® (a1 @ az) ® (a1 B ag) is given by:

ty = (ﬁ@azx D Z?@ag)() ' (Iaz D Z?@azx D |ﬂ1®a3))

and t3 : az ® a3 D (a1 ® az) ® (a1 © ag) — b is given by:

ts = ((loy @ ¥0,) & (¥0, @ lay) @ (layas ® ¥0,) @ (la, @ Y0, @ lay))-
(2>.a2®a3 D 2>.ﬂ1®a2®a3)'

A careful analysis of the above example points out that ¢; is of the form
t11 - t12 where t11 is a sum of additive branching operators and ¢ is a sum of
products of multiplicative branching operators. A similar thing is true for ts.
It is not hard to see that this property holds for the general case. Therefore a
refined version of Lemma 8 holds:

Corollary 9. Let a and b two sorts in additive normal forms. For each f in
MixRelg(a,b) there exist the mized terms ti,...,t, such that, for each i, ei-
ther t; is a sum of additive (branching and transposition) operators or t; is a
sum of products of multiplicative (branching and transposition) operators and

[[tl"'tn]] :f,

Theorem 10. (Expressiveness.) Let a and b two arbitrary sorts. For each f
in MixRels(a, b) there is a mized term t such that [t] = f.

Proof. Let f' be the mixed relation of sort nf, — nf, such that p’ — ¢ € f'
iff there exist p and ¢ such that p — ¢ € f, p — p' € [dis,], ¢ — ¢' € [disp].
Then the mixed term required by the theorem is ¢t = dis, - t' - disbf1 where
dis; ' is the mixed term with the property [dis, '] = [diss] . The mixed term
dis; " exists because [dis,] is an isomorphism. Recall that the relation [dis_]
preserves the maximal multiplicative worlds and therefore the demonic sequential
compositions given above are just those we need to be. O

Theorem 11. (Soundness.) Let E denote the set of azioms B1-2, AddB3-10,
MultB3-10, D1-10, SV1-20, AddS1-4, and MultS1-4. If E - t; =ty then [t1] =

[t-].

Proof. Tt is a matter of routine to check that [¢1] = [t2] for each axiom t; = to
in E.

For example, we check the axiom AddA4. The mixed relation denoted by the
left hand side is given by [2>e, - ,0<o] = [2>94] - [o9<0] = {{1.p = p,I2.p —
pl} - { }amo = { }apa—o and the mixed relation denoted by the right hand side
is given by [.0<0 @ <o) = { }as0 D { }amo = { }a@a—o. Obviously, the two
relations are equal. O

Corollary 12. The category MixRelg whose objects are sorts over S and whose
arrows are mixed relations is an enriched semiringal category. The strict subcate-
gory r1x2x3x4-MixRels of x1x2x324-rElations is a x1x2x324-enriched semiringal
category. O
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Theorem 13. (Completeness) Let M be an xiz2x324-enriched symmetric
semiringal category and h : S®® — M a homomorphism of (,®,0,1)-algebras.
Then there is a unique homomorphism of T1T2x3x4-enriched symmetric semirin-
gal categories H : x1xox314-MixRels — M which extends h.

Proof. We say a relation f : a — b is written in the additive mized normal form
(shortly, additive mixnf) if it has the following shape (red_ is the inverse of dis_)

f=dis,-g-(r*®...®r%) - h-red,
where

— g1, h are additive normal form terms which represents functions — that is,
g is additive ad-term and h is additve da-term, and

— 71 ..., r* are multiplicative normal form terms.
In the classifying MixNA notation of Section 1, g is a daaa-relation, h is an adaa-
relations and 7!, ..., r* are aadd-relations. Moreover, in the particular case when g
and h are identities and k = 1 the resulting relational term is a sum of multiplicative
normal forms, while in the case r',...,r" are identities, the result is an additive
normal form.

Here we give the main lines of the proof of the Theorem.
We separate the axioms in

M1 (M,®,-,1, X,e<g, r>e) fulfills the angelic additive axioms AddA1-11 in Sec-
tion A;

M2 (M,®,-,1,X,R,,¥") fulfills the forward-demonic multiplicative axioms
MultA1-11 in Section A;

M3 the scalar—vectorial axioms for the additive and multiplicative branching
constants hold, namely SV1-20 in Section A.

From the enriched semiringal category axioms it follows that:

M4 the additive branching constants e<y,>e commute with arbitrary multi-
plicative terms (i.e., the additive strong axioms hold whenever f is a term
over (M,®,-,1,X, Ry, ¥*));

M5 (a9<k @ a9<1) 0,k giq k0 = 000k

k>.a®l>.a:6ak k

,hLaia, .,

a kl>®a®a
The proof of the completness part consists in two steps:

(a) each term may be brought to an additive normal form mixnf using the
axioms; and

(b) two additive mixnf forms which represent the same relation may be trans-
formed one into the other using the axioms.

For (a), we prove that sum, product and composition of additive mixed nor-
mal forms may be brought to a normal form via the axioms.

1. fo f: If f =disq-g-7-h-redy, and f' = disy - g' - ' - h' - redy are two
additive mixnfs, then using the distributivity of & over - one gets f & f' =
(dise®disq)-(9®g')-(rédr')-(hdh')-(redyPredy ). Since dis, ®disqe = disqma’
and redy ® redy = redpgy the resulting term gives an additive mixnf for
sum.
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2. f® f's Suppose f =dis,-g-r-h-redy, and f' = disq -g' -r' - h' - redy are
two additive mixnfs. Using the distributivity of ® over - one gets f ® f' =
(disq ® disg) - (g®¢) - (re@r) - (h®h') - (redy, @ redy). Next, by the
distributivity of ® over @, each term ¢ ® ¢', r ® ', or h® h' may be written
as a sum of (tensor) products. For the middle term r ® r’ it is clear that the
tensor product of two multiplicative normal forms r; ® r;. may be brought to
a multiplicative nf by the distributivity of ® over -. The first (resp. last) term
is a sum of additive branching constants. By the distributivity of ® over @,
one gets sums of terms ¢ ® ¢’, where ¢ and ¢ are o<}, (resp. y>) constants;
then by axioms M5 one finally gets an additive mixnf. (This method applies
to the bijections in g or h, as well. E.g., they may be written as a composite
of sums of identities | and transpositions ¥.) The dis and red constants in
between the factors are anichilated, while the ones from the top (resp. the
bottom) contributes to the final dis (resp. red) factor.

3. f-f': Suppose f = disq -g-r-h-red, and f' = disy -¢g -7 - h' - red.
are two additive mixnfs. We apply the standard procedure of [CaS91] to
normalize the composite of two additive normal forms. By M1, one may
commute h and g’ to get f - f =disq,-g-r-ai(g') ¢ ci(h) -7 -h -red.
where af(g') (resp. ¢1(h)) is an appropriate sum of the same type as ¢’
(resp. h) and ¢ is an additive bijective term. Next, by the strong axioms
M4, d!(g') commutes with r (resp. ¢;(h) comutes with '), hence one gets
f-f=disq-g-ay(g")-bi(r)-¢-bi(r')-ca(h) - h' - red. where al(g') (resp.
by (r), b1 ("), or ca(h)) is an appropriate sum of the same type as g’ (resp.
r,r', or h). By axioms M1 (for ¥) ¢ may be commuted with b (r), say,
and thereafter it may be incorporated into a}(g'). One gets a new term
£ ' = disq - [g-a3(g)] - Ba(r) - by ()] - [ea(h) - W] - red, where aj(g") (resp.
ba(r)) is an appropriate sum of the same type as ¢’ (resp. r). By M1 axioms
the first and the last [...] factors may be brought to appropriate additive nf.
The middle [...] factor is a composite of sums of multiplicative nfs, and by
the distributivity of & over - it may be written as a sum of composites of
multiplicative nfs. By M2 axioms each term of the sum may be brought to
a multiplicative nf, hence an additive mixnf for f - f' is finally obtained.

For (b), one has to notice that two additive normal form mixed terms which
represent the same mixed relation may be transformed one into the other using
the standard procedure in [CaS91]. (The reduction is based on the fact that the
set, of multiplicative relations r; correspond to the multiplicative worlds, hence
their set is the same in both representation.) O

Corollary 14. If t; and ty are two mized terms such that [t1] = [t2] then
E+ ty =ty where E is defined as in Theorem 11. O

Remark. The point of view taken in [CaS91, Ste94] is to get axiomatizations in a
“linear” setting, i.e. to avoid the use of the strong axioms of type S1-S4. (These
axioms allow to make copies of or to delete arbitrary morphisms.)

An interesting observation is that the additive strong axioms follow from the
distributivity axiom of the semiringal categories. Indeed, using o<p = (1<) ®
l,) -6 we get

1,.’?.,1;0,

f- <
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------
.....

------
------

.....

=<p - (f .5 @f)

(A similar fact holds for >e.)

For this reason, we had to weaken the semiringal category structure by requir-
ing that the distributivity axioms hold for particular classes of morphisms, only.
An zy252374-weak semiringal category is one where the distributivity axiom is
required for morphisms which are represented by x1x2x3%4-terms, only.

5 Conclusions

We have described some axiomatization results for the mixed relations used to
model interface-changing relations in parallel programs. The algebraic structures
involved are enriched weak symmetric semiringal categories. The option here
was to use an angelic-additive forward-demonic-multiplicative version, which
was induced by the standard set-theoretic semantics of MixNA.

Acknowledgments: We are grateful to Citalin Dima for some useful comments
on a previous draft of the paper. A preliminary version of these results was
presented to the 3rd RelMiCS Seminar, Hammamet, Tunisia, 1997 [Ste96b]; the
3rd author acknowledges with thanks the effort of Prof. Ali Jaoua to get financial
support for this participation.

A Axioms

A.1 Symmetric semiringal category axioms

Bl f-(g-h) = (fg)
B2l.-f=f=f"1

AddB3 f@ (g h)=(f®g)dh
AddB4|0@f:f:f@|0

AddB5 (fe f')-(9gog)=f-g0f g

AddB6 I, eal,,_la@,,

AddB7 b)( bx locos

AddB8 0 =

2dd By 2 0y 1) - ()

AddB10 (f®g)- ¥ =t -(gd f)for fra—c,g:b—d

MultB3-MultB10 denote the axioms obtained from AddB3-AddB10 by replacing
the additive operators with the corresponding multiplicative ones.
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Below we will use the derivated constants d, ;. and ;. defined by the following
rules:

_ 6a,b;c — a®byc . 6c;a,b . (cxa D cxb)

— 8., =X 4.,

D1 6a;0,d = |a®d

D2 6a;b€Bc,d . (6a;b,c S Ia®d) = 6a;b,c@d . (Ia®b S 6a;c,d)

D3 6a;b7c ’ Z®gx = (Ia & gX) : 6a;c,b

D4 61;b,c = e

D5 6a’®a”;b,c = (Ia’ ® 611”;!7,(:) . 6&’;a”®b,a”®c .
D6 6&’@&”;b,c'(6a’,a”;b@6a’,a”;c) = 611’,(1”;!)69(;'(6a’;b,c®6a”;b,c)'(Ia’®b@21(§cbx®la”®c)
D7 6y, = lo

D8 6a’®a”; = (Ia’ ® (511//;) . (5[1!;

D9 bar@ar; = 0ar a0 - (Oa; ® dar;)

D10 (f ® (g @ h)) : 6@’;b’,c’ = 6a;b,c ' ((f ® g) ® (f ® h))

D11 (f ®1lp) - 0gr; = ba;

A.2 Additional axioms for angelic additive dd-ssmc

AddA1l (2>.a @ Ia) C2>8, = (Ia @ 2>.a) c 2>
AddA2 2) - ;>e, = 2>e,

AddA3 (0>.a D Ia) -9>e, =1,

AddA4 220, + 90 = %<0 D <o

AddA5 a®<2 " (a’<2 SV Ia) = &3 (Ia SV a.<2)
AddAG o< - 2) = o<

AddAT7 <o (<o @ 1) =g

AddA8 o>e, - <o = g>8, D o>,

AddA9 o>e, - <o = |

AddAL0 3>e, - 8<s = (9<2 D 9<2) - (I, D 2X D o) - (250, D 2>0,)
AddALL <550, =1,

A.3 Additional axioms for forward-demonic multiplicative dd-ssmc

The axioms are similar to the ones in the additive case. The only difference is
in the case of axiom A3.

MultAl (Y2 @ 1,) - ¥2 = (I, ® ¥2) - ¥2
MultA2 °X% - Y2 = %

MultA3 (¥° ®1,) -Miaz RG - Yo
MultA4 ¥2 - R = RS ® RS

MultA5 RS - (R§ @ 1,) = RS - (I, ® RS)
MultA6 RS - *X® = RS

MultA7 R‘g S(RE® 1) =g

MultA8 ¥ - R = ¥0 @ ¥

MultA9 W8 - &2 = I,

MultA10 V3 - 88 = (RS © R3) - (I @ "X* @ la) - (¥3 © ¥3)
MultA11 R% - ga Ia
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A.4 Scalar vectorial axioms:

Multiplicative branching constants:

SV1 R%
SV2 R; = |1

SV3 R“EBb (R3 D RS) (laga P 0>%agb D 0>%b@a D lveb) * Pa,biab
Sv4 R“®b (RE @ RY) - (I, @ *XP @ 1)

SV5 RO = >

SV6 RE =1y

SV7 RI®P = (Rg @ RO) 2>
SVs§ R“®" Ré @ RY

SVO W2 = I

SV10 }{2 =k

SV11* \c{a@b = abiab * (lawa D 0>%a@b  0>%b@a ® lowp) - (Y2 © ¥3)
SV12 ¥hg, = (la @ “XP @ 1) - (W2 © ¥7)

SV13 }{8 1<
SV14 ¥; =14
SV15 ya@b 1<z (Y2 @ ¥Y)
SV16 ¥y, = ¥0 ® ¥
Additive branching constants: Their rules follows from the scalar-vectorial
rules for ¢ and

SVI17 <o = (1,<2® 1) - 01,150
SV18 < = (1°<0 X |a) - (5;11
SV19 2>e, = pi 150 - (2501 @ 1g)
SV20 o>e, = Pia - (0>.1 X |a)

Note: It is a problem with the meaning of the equality test in the case the
terms to be compared are of arbitrary type and not simple elements, or tuples
of elements. The choice SV11* above may look well, but is not valid in certain
natural semantics models MizRelg(D).

A.5 The strong commutativity axioms for branching constants

AddS1 ¢>e, - f = o>
AddS2 o>e, - f=(fD ) 2>
AddS3 f <o = <0
AddS4 f - <o = <o - (f D f)

MultS1 ¥f - f = ¥}

MultS2 ;- f = (Fof)-¥
MultS3 f - &L = R@

MultS4 f- RS = RS - (f @ f)
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