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Abstract: With any Petri net we associated its CPN language which consists of all
sequences of transitions which reach a marking with an empty place whereas all proper
prefixes of the sequence lead to positive markings.

We prove that any CPN language can be accepted by a partially blind multicounter ma-
chine, and that any partially blind multicounter language is the morphic image of some
CPN language. As a corollary we obtain the decidability of membership, emptiness and
finiteness problem for CPN languages. We characterize the very strictly bounded reg-
ular languages, which are CPN languages, and give a condition for a Petri net, which
ensures that its generated language is regular. We give a dense CPN language and
prove that no dense regular language is a CPN language.
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1 Introduction

Let D = (P,T,6, up) be a Petri net where P is the set of places, T is the set of
transitions, ¢ is the transition function and g is the initial marking. & can be
given by the values #(p, I(t)) and #(p, O(t)) which give the numbers of tokens
taken from and given to the place p, respectively, if the transition ¢ fires. By
mp (1) we denote the number of tokens at place p € P of the marking p.

The languages of Petri nets are formed by sequences of firing transitions.
We are interested in the CPN? language of a Petri net which was introduced by
Tanaka in [7] and is defined as the set of all sequences u € T* such that there is
a place p € P with m,(d(p0,u) = 0 and 74 (10, v) > 0 for all ¢ € P and all proper
prefixes v of u. Intuitively, we take those sequences in the language which lead
to a marking with at least one empty place and where all intermediate markings

1 C. S. Calude, K. Salomaa, S. Yu (eds.). Advances and Trends in Automata and
Formal Languages. A Collection of Papers in Honour of the 60th Birthday of Helmut
Jiirgensen.

2 C, P and N stand for code, Petri and net.
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have no empty places. By £(D) we denote the CPN language generated by D.
By CPN we denote the family of all CPN languages generated by Petri nets.

CPN languages are of interest because they are prefix codes. This follows
from the fact that we take sequences where an empty place occurs for the first
time.

In [7] and [4] CPN languages have been investigated with respect to properties
which are of interest from the point of coding theory. For instance, if C™ with
n > 2 is a finite maximal prefix code and a CPN language, then this holds for
any C* with 1 < k < n, too, and C is a full uniform code.

In this paper, we study relations of the language family CPN to other (clas-
sical) language families. In [4] it was shown that

— CPN is a proper subclass of the family of context-sensitive languages,
— CPN contains non-context-free languages, and
— there are finite languages which do not belong to CPN.

From this we obtain that CPN is incomparable with the families of regular and
context-free languages, respectively.

We improve the upper bound by showing that CPN is a proper subclass of the
family PBLIND(n) of languages accepted by quasirealtime blind multicounter
machines. As a corollary we obtain the decidability of membership, emptiness
and finiteness problems for CPN languages. On the other hand, we can also
characterize PBLIND (n) by means of CPN languages.

Furthermore, we study in more detail the relation to regular languages. For a
special class of regular languages, the so-called very strictly bounded languages,
we give a characterization of the CPN languages. Furthermore, we give a condi-
tion which ensures that the generated language of a Petri net is regular.

Finally, we show that CPN contains dense languages, but no regular dense
languages, where density of L C T is defined as the property that, for any
u € T*, there are words x and y with zuy € L.

We assume that the reader is familiar with the basic concepts of formal
language theory (see [6]) and Petri nets (see [5]). We recall here some notations.

A deterministic finite automaton is specified as a quintuple A = (Z, X, 2o, F, )
where X is the input alphabet, Z is the set of states, zg is the initial state, F'
is the set of accepting states and § : Z x X — Z is the transition function.
T(A) denotes the set of words accepted by A. By REG we denote the family of
regular languages (i.e., the family of languages acceptable by deterministic finite
automata.

Partially blind counter machines, introduced by Greibach [2], are one-way
multicounter machines where zero tests of the counters is not possible during a
computation, but where a computation fails whenever a counter is below zero.
Formally, a partially blind k-counter machine is a construct A = (Z, X, 2o, F, 9),
where Z, X, zp and F are defined as for a finite automaton and 6 C Z x (X U
{A\}) x Z x Z" is a finite transition relation. An instantaneous description (ID)
of Aisa (k+2)-tuple (z,w,nq,...,n,) with z € Z, w € X* and nq,...,n, € IN.
If (z,a,2',mq,...,mg) € 6, (z,aw,nq,...,ng) is an ID and n; + m; > 0 for
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1 <4 <k, then we write (z,aw,ny,...,nk) b (', w,ny +mq,...,nk+my). This
changing of the ID is called a step. Moreover, if a = A, the step is called an -
step. A is called quasirealtime of delay d if (z, A\, n1,...,ng) F" (2, A\, nf,...,n})
implies < d. The language accepted by A is

L(A) ={we X* | (20,w,0,...,0) F* (¢, \,0,...,0), for some g € F'},

where F* is the transitive and reflexive closure of . The family of languages ac-
cepted by (quasirealtime) partially blind counter machines is denoted by PBLIND
(PBLIND(n)).

For an n-dimensional vector p = (a1, as, ..., a,), we set |u| = Y1 a;. If p
is a marking of a Petri net, then |u| is the total number of tokens in the net.

2 CPN Languages and Partially Blind Counter Machines

Greibach [2] gave a characterization of PBLIND(n) by means of a class of
Petri net languages. More specifically, a Petri net machine is a quintuple A =
(P,T,6, o, F), where (P, T, 6, 1o) is a Petri net and F' C P is a set of accepting
places. The computation sequence set (CSS language) accepted by A consists of
all transition sequences that transform g to a marking p with m,(u) = 1, for
some ¢ € F, and m,(u) = 0, for p # ¢. The family of CSS languages accepted by
Petri net machines is denoted by CSS.

Lemma1l (Greibach [2]). 1. CSS C PBLIND(n).
2. Any language in PBLIND(n) is the projection of a language in CSS.3 O

In what follows, we will relate CPN and CSS languages, and thus the families
CPN and PBLIND (n).

Lemma2. For any L € CSS, L C T*, the language LS, $ ¢ T, is in CPN.

Proof. Consider a Petri net machine M = (P, T, 4, uo, F'). We construct the Petri
net D = (P U {sum,run}, T"U{e}, o, py), where

— sum, run ¢ P are additional positions,

— T’ is a disjoint copy of T', the copy of t € T is denoted by t', e ¢ TUT" is
an additional transition,

— mp(pp) = 2mp(po) + 1, for p € P,
Wsum(ﬂO) =2 ZpGP\F 77;0(:“0) + ZpeFﬂ-p(lJ’O) + 17
Tend = 2;

3 A projection is a morphism mapping a letter to a letter. In [2], the projection is
already included in the definition of the CSS language. Therefore, the result looks
somewhat different here.
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— and ¢’ is defined by

#(p, I(t')) = 2#(p, (), forp € Pt €T,
#H(run, It")) =2,fort €T,

B(sum, () =2 Y #(p. () + X #(pI(1)), for te T,

pEP\F pEF
#(p, O(t')) = 2#(p,0(t)), forpe Pt €T,
(run o)) = for teT,
#(sum,O(t')) = 2 S #(p,0() + ¥ #(p,0(1), for t € T,
pEP\F peF
#(p,1(e)) =0, for p € P,
#(run, I(e)) = 2,
#(sum,I(e)) =2,
#(p,0(e)) =0, for p € P,
#(run,I(e)) =1,
#(sum, I(e)) = 0.

It can be shown by induction that the sequence of transitions tjt5---¢/ can

be fired in D and yields the marking p/ with m,(p') = 2m,(p) + 1, for p € P,

Toum (W) = 2Zp6P\F mp(u) + EpEF Tp(p) + 1 and @y (i) = 2 iff toty- -1,
can be fired in M and yields u. The transition e can be fired once and stops the
computation, as it leaves the position run with 1 token.

Hence, an accepting marking p” of D satisfies mgum (1) = 0 and is reached
after a transition sequence tjt} - - - t, e. The transition u' reached after ¢t} - - -,
satisfies Tgum (p') = 2. For the marking p obtained in M after the sequence
titg - - - tp, it follows that my(p) = 1, for some ¢ € F, and m,(p) = 0, for all
p€ P\ {q}.

Consequently, a sequence is accepted by D iff it has the form ¢}t} - - -t e and
tits - - -ty is in the CSS language of M.

Lemma3. CPN C PBLIND(n).

Proof. Given a Petri net D = (P, T, 0, uo) with P = {p1,...,pr}, we construct

the partially blind k-counter machine A = (Z, T, zo, F, §’) with
Z=A{z2}U{z|1<i<k}u{zl|1<i<k}U{zi4|1<i<k,teT},
F={z|1<i<k},

and ¢’ contains the following transitions for 1 < i < k:

(207)\ Zi, O ) with Qi = Tp, (/’1/0); 0 S Qa; S Trpj (/J’O) fOI’j 7& ia

— (ziy M\ 2L, (—1,...,-1)),

— (#,t,2zi1,8) with 8; =1 —#(p;, I(t)), for 1 < j <k, teT,

(Zl t7>‘ 2177) with Vi = #(plvo(t))v -1 S Vi S #(pjvo(t))v for ¢ # jv tel.

The machine works as follows. In the first step, by choosing state z;, it guesses
that place p; is the first place which becomes empty. In the sequel, a run of D
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is simulated. The number of tokens on p; is stored in the i-th counter, while the
contents of the j-th counter can be any number less than or equal to the number
of tokens on place p;, for j # ¢. The firing of a transition ¢ is simulated by A in
3 steps:

— The application of (z;, A, 2, (—1,...,—1)) tests that all counters have a con-
tents of at least 1.

— The application of (z],t, 2 ,3) decreases the counters by the number of
tokens needed for firing .

— The application of (z; ¢, A, 2;,7) increases counter ¢ by the number of tokens
fired by ¢ to p;, and the counters j, j # i, by at most the number of tokens
fired by t to p;.

An ID (z, A, 0) of A can be reached iff the input reaches in D a marking p with
7p, (1) = 0, and all previous markings are positive for all places.

Corollary 4. 1. CPN C PBLIND(n).

2. For any L € PBLIND(n), there are a language L' and a projection h such
that L = h(L') and L'$ € CPN.

Hitherto decision problems have not been studied for CPN languages. From
the decidability properties of PBLIND we obtain the following results as direct
consequences.

Corollary 5. The membership, emptiness, finiteness, and intersection empti-
ness problems are decidable for CPN languages. O

3 CPN languages versus regular languages

Obviously, since CPN only contains prefix codes and there are regular languages,
which are not prefix codes, there exist regular languages which are not in CPN.
Conversely, in [4], pages 88/89, an example of a CPN language L is given, which
is not context-free. Therefore CPN and REG are incomparable. However, the
second claim of Corollary 4 holds obviously for regular languages L, too. In this
section we investigate the relation between CPN and REG more detailed.

A language K is called strictly bounded if there are letters aq, as, .. ., a, such
that
K Caja;...a) .
By [1], a strictly bounded language is regular if and only if it is a finite union of
languages of the form

L= {ajthhgpthetz | grathain | g > 0,1 <i<n} (1)

for some r; > 0 and t; > 0 for 1 < i < n. We say that a language is a very strictly
bounded language if it is of the form (1). By definition, very strictly bounded
languages are regular.

We now characterize the very strictly bounded languages in CPN.
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Theorem 6. A very strictly bounded language L is in CPN if and only if

L U U2

— Un
=aj'ay’...a

n

where n > 1, u; € NU{*} for 1 <i < n, uj = * for some j with1 < j <mn
implies u;11 € IN and u,, € IN.

Proof. Let L be a very strictly bounded language in CPN and let D = (P, T, 0, o)
be a Petri net with L = £(D). Obviously, T = {a1, ag,...,an}.

By supposition, L is of the form (1). Assume that ¢; > 0 for some j,1 < j < n.
Then

L' ={al'ay® ...a}" a?ﬁkjtj alap [ ky >0}
is an infinite subset of L. If there is a place p such that #(p, I(a;)) > #(p, O(a;)),
then transition a; can only fire at most ¢ times where ¢ depends onr1,72,...,7j_1.

This contradicts the infinity of L’. Thus
#(p, 1(a;)) < #(p,O(a;)) for p € P.

Now let p’ be a place such that p’ does not contain a token after using the

sequence
— 4T1,T2 Ti—1 T Tit1l
v=ay'ay’...alaaly . a

If #(p',I(a;)) < #(p',0(ay)) for all p’ € P, then every p € P contains a token
using

1 T2

ri_ ri+t; T
w=ai'ay?...a’a’ Tall .

ey alhay

Thus w ¢ L£(D) by definition whereas in contrast to this w € L and L = £(D).
Thus there is at least one place p’ such that #(p’, I(a;)) = #(p’, O(a;)) and p’
contains no token after using v. Now, obviously, p’ also has no token after

™ T2

— Tn
u=aj'ay ..

ri—1 _r;j+1 r;
a’ 1aJ J+1 e

calva  Caly a

This implies t; = 1.
Analogously, we can show that r; = 0.

Thus L is of the form L = aia5?...a% with u; € INU {x}. Let us assume
that u; = w41 = * for some j, 1 < j < n. Since #(p, I(a;)) < #(p,O(a;)) and
#(p,I(a;j41)) < #(p,0(aj41)) for any p € P, the sequences

— 1,72 Ti—1 85 S+l Tit2 Tn
f=ai'ay® ... a;7 a7 a aly . ay

g=al'ay?...ay ey ajpaalt T ey L arr
induce the same markings for some s;, s;41 > 1. Since f € L, we have f € £(D)
and therefore g € L(D) in contrast to g ¢ L and L = L(D). Hence, for any j,
1<j <n,u; =*implies uj4q1 # *.

Moreover, if u, = *, then L = £(D) is not a prefix code in contrast to the
fact mentioned in the Introduction.
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Furthermore, if u; = 0 for some j, then we can omit the letter a; without
changing L.
Therefore L has the desired form.

Conversely, assume that a{*as? ... a%" € T satisfies the condition of the the-

orem. It is obvious that ai» € CPN. Assume that a;{1'a;{%’ ... a4 € CPN for

some i,1 < i <n—1. Let D= (P,T,0,po) such that L(D) = a;'[1"a;[5* ... alr

where T = {a;11,ai12, .. .,an}. Now we construct the Petrinet D = (P, T, 6, )
such that £(D) = ai"a;}" ... a%" where T =T U {as}.

Case 1. u; € N. Let P = PU{ty,l2}. To define §, we add the following values
to those of d:

#(hla I(a’t)) = 27

#(02, 0(ai)) = 1,

#(82, I (air1)) = #(b2, O(ais1)) = wi + 1.
Moreover, we define 11, as follows:

mp(Fo) = mp(po) for p € P,

ﬂ—hl(ﬁO) = 2u; + ]-a

Tho (EO) =1

Then it can be seen that a1 can be fired only after the configuration of a;

is performed and after that D simulates D. Thus a{a;}}" ...a% = L(D).

Case 2. u; =. Let P = P U {}. To define d, we add the following values to
those of d:

#(8,1(ai)) = #(8,0(a:)) = 2uip1 + 1,
#(8, I(ai+1)) = 2.
Moreover, we define [, as follows:

mp(Ho) = mp(po) for p € P,
Tg(fo) = 2uiy1 + 1,

Then it is easy to see that D simulates D after calculating af,¢ > 0 and start-
WUi41

ing firing a;11. Thus aj"a; i .. .apm = L(D). Hence, by induction hypothesis,
ai*ay?...a' € CPN.
Theorem 7. Let D = (P, T,0, o) be a Petri net with

-P= {p17p27 cee 7p7"};

-T=A{a1,as,...,a,}, and

“for1<i<m, 33, miy <0 where m;; = #(p;, O(ai)) — #(p;, 1(a:)).
Then L(D) is regular.
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Proof. For any marking p reachable by D and any 4, 1 < ¢ < n, such that
8(u, a;) # 0, we have

1600, ai) = || + > miy < |ul

i=1
and thus by induction
|1l < lpol -
Hence the set R of reachable markings of D is finite.

We now construct the finite automaton
A= (RU{e}, T, po, F, 3)
where e is an additional element,

F={(ki,ka,.... k)| (k1,k2,..., k) € Rymin{k; |1 <j <r}=0}

and ¢ is defined as follows:

~6(u,a) = 6(p,a) for y € RC F,a €T and §(u,a) # 0,
~8(p,a;) =efor p € R,a €T and 6(p,a) =0,
~8(p,a) =eforpeF,

~6(e,a)=eforacT.

It is easy to see that u = bibs...by, € L(D) if and only if §(po, u) € F and
d(po,b1be...bx) € R\ F for 1 <k < m if and only if 0(po,u) € F if and only if
u € L(A).

Theorem 7 cannot be extended to the case where Y. m;; > 0 for some 4,
1 <4 < n. In order to see this we consider the Petri nets D1 and D5 in Figure 1.
In both cases we get the same elements

mi1 = Moy = 0, mig = 1 and Moo = —1.
L(D1) is not regular, because
L(D1)Nafay = {afaz*! | n >0},

and L£(D3) = {az} is regular.
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1 2

Dy @’_1} Dy @V_?

1 1

@1|a2 @1a2

Figure 1: Petri nets D; and Ds

4 Density of CPN languages

By Q(T) we denote the set of all primitive words over T', i.e., the family of all
words ¢ such that ¢ # p? for all p € T* and j > 2.

For a language L over T, we define the degree deg(L) of L by
deg(L) = {i | ¢" € L for some q € Q(T).

Lemma8. Let D = (P,T,0, o) be a Petri net with po = (k1, ke, ..., k). Fur-
ther, let k = max{k; | 1 < i < r}. Then deg(L(D)) is finite, more exactly,
deg(L(D)) contains at most k numbers.

Proof. Suppose that deg(L(D)) contains more than k¥ numbers. Then there exists
a positive integer i such that i > k and ¢' € £(D) for some ¢ € Q(T). By
q" € L(D), there exists a place p such that m,(5(uo,q%)) = 0. This implies
7p(0(1t,q)) < mp(p) for all intermediate markings p. Thus

0= mp(8(ko,4")) < mp(po) — i-

On the other hand, 7,(p0) — % < 0 by the choice of 7. This contradiction proves
the lemma.

A language L C T is called dense, if, for u € T, there are words x and y in
T* such that zuy € L.

Theorem 9. Let T be an alphabet with at least two letters. Then there exist a
dense language L in CPN but no regular dense language is in CPN.

Proof. The first statement follows by the Petri net D given in Figure 2. It is
easy to see that

a‘luluag NL(D) #0 for ueT".
Therefore £(D) is dense.

Now suppose that there is a dense regular language L in CPN. By [3], the
degree of any regular dense language is infinite. Thus deg(L) is infinite. However,
this contradicts Lemma 8.
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@ n |az |as |an

Figure 2: A Petri net that generates a dense language
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