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Abstract: Reversibility plays a fundamental role when the possibility to perform com-
putations with minimal energy dissipation is considered. Many papers on reversible
computation have appeared in literature, the most famous of which is certainly the
work of Bennett on (universal) reversible Turing machines. Here we consider the work
of Fredkin and Toffoli on conservative logic, which is a mathematical model that al-
lows to describe computations which reflect some properties of microdynamical laws
of physics, such as reversibility and conservation of the internal energy of the physical
system used to perform the computations. The model is based upon the Fredkin gate,
a reversible and “conservative” (according to a definition given by Fredkin and Toffoli)
three-input/three—output boolean gate.

In this paper we introduce energy—based P systems as a parallel and distributed model
of computation in which the amount of energy manipulated and/or consumed during
computations is taken into account. Moreover, we show how energy-based P systems
can be used to simulate the Fredkin gate. The proposed P systems that perform the
simulations turn out to be themselves reversible and conservative.
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1 Introduction

Considerations of thermodynamics of computing started in the early fifties of
the twentieth century, when the possibility to perform computations with min-
imal energy dissipation was first considered, and continued in the following
decades. As a result some bounds on the amount of dissipated energy during
transmission and computation were established [Landauer 1961, Bennett 1973,
Bekenstein 1981, Landauer 1982], and some quantum theoretic models of com-
putation were proposed [Benioff 1982]. As shown in [Landauer 1961], erasing a
bit necessarily dissipates k7 In2 Joule in a computer operating at temperature
T, and generates a corresponding amount of entropy. Here & is Boltzmann’s con-
stant and T the absolute temperature in degrees Kelvin, so that kT ~ 3 x 102!
Joule at room temperature. However, in [Landauer 1961] Landauer also demon-
strated that only logically irreversible operations necessarily dissipate energy
when performed by a physical computer. (An operation is logically reversible if
its inputs can always be deduced from its outputs.) This result gave substance to
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the idea that logically reversible computations could be performed with zero in-
ternal energy dissipation. Indeed, since the appearance of [Landauer 1961] many
authors have concentrated their attention on reversible computations. The im-
portance of reversibility has grown further with the development of quantum
computing, where the dynamical behavior of quantum systems is usually de-
scribed by means of unitary operators, which are inherently logically reversible.
Let us note, however, that computing in a logically reversible way says nothing
about whether or not the computation dissipates energy: it merely means that
the laws of physics do not require that such a dissipation occurs.

Many papers on reversible computation have appeared in literature; the most
famous are certainly the work of Bennett on (universal) reversible Turing ma-
chines [Bennett 1973], and the work of Fredkin and Toffoli on conservative logic
[Fredkin and Toffoli 1982]. In particular, conservative logic has been introduced
as a mathematical model that allows one to describe computations which reflect
some properties of microdynamical laws of physics, such as reversibility and
conservation of the internal energy of the physical system used to perform the
computations. In this model, computations are performed by reversible circuits
composed by Fredkin gates.

In this paper we introduce energy—based P systems as a parallel and dis-
tributed model of computation in which the amount of energy manipulated
and/or consumed during computations is taken into account. In the most gen-
eral version, a given amount of energy is associated with each object, membrane
and rule of the system. Some energy units are provided from the external en-
vironment and are used to build, transform or move objects. When an object
is transformed into another object as the effect of the application of a rule, the
required (resp., exceeding) energy is taken from (resp., released to) the region
where the rule is applied. The application of each rule consumes a given amount,
of energy. Membranes can be thought of as energy reservoirs which are able
to accumulate a (possibly bounded) amount of energy and subsequently release
part of it. A special case of energy—based P systems are conservative P sys-
tems, where the amount of energy entering the system with the input values is
completely returned with the output values at the end of the computation.

We show how the Fredkin gate can be simulated with energy—based P sys-
tems. The proposed P systems that perform the simulation turn out to be them-
selves reversible and conservative. The simulation of reversible Fredkin circuits
is currently under examination and is proposed here as a direction for future
work.

This is by no means the first time that energy is considered when dealing with
P systems. We recall in particular [Alford 2002, Freund 2002, Freund et al. 2004,
Paun et al. 2001, Frisco 2004, Frisco and Ji 2002a, Frisco and Ji 2002b]. The last
two papers were inspired by [Ji 2001]. Moreover, this is not even the first pa-
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per which deals with the simulation of boolean gates and circuits by biologi-
cally inspired models of computation: for instance, in [Ogihara and Ray 1996]
a model for simulating boolean circuits (composed by AND, OR and NOT gates)
with DNA algorithms is proposed, in [Erk 1999] the same goal is reached using
finite splicing, and in [Ceterchi and Sburlan 2003] some P systems that simu-
late boolean circuits are presented. In [Prakash and Krithivasan 2004], the ideas
found in [Ceterchi and Sburlan 2003] are applied to tissue P systems. Finally we
also mention [Klein et al. 1999], where a biomolecular implantation of logically
reversible computation using short strands of DNA as input and output lines of
a Fredkin gate is demonstrated, and a method to connect Fredkin gates in order
to create more complicated genetic networks is described.

The paper is organized as follows. In section 2 we recall some basic notions
on conservative logic and the Fredkin gate. In section 3 we introduce the basic
version of energy—based P systems, where energy is only associated with symbol
objects with the requirement that for each rule the amount of energy occurring
on the left side is the same as the amount of energy occurring on the right side.
Conservative energy—based P systems are also introduced. In section 4 we show
how the Fredkin gate can be simulated using this kind of P systems. In section
5 we propose some extensions to our model together with some open problems.
Section 6 concludes the paper with further directions for future research.

2 Conservative Logic and the Fredkin Gate

Conservative logic is a mathematical model of computation based upon the so
called Fredkin gate, a three—input/three—output boolean gate originally intro-
duced by Petri in [Petri 1965] whose input/output map FG : {0,1}* — {0, 1} as-
sociates any input triple (z1, z2, x3) to its corresponding output triple (y1, y2, ys3)
as follows:

Yy1 =11

Y2 = (".’L‘l N .’L‘Q) \Y (l‘l /\.’L‘3) (1)

Ys = (561 A CUQ) \% ("Cﬂl /\2173)

Table 1 shows the truth table of the Fredkin gate. A useful point of view is
that the Fredkin gate behaves as a conditional switch (see Fig. 1): that is,
FG(1,22,23) = (1,23,22) and FG(0,x2,23) = (0,x2,23) for every xzs,x3 €
{0,1}. In other words, x; can be considered as a control input whose value
determines whether the input values z, and x3 have to be exchanged or not.
The Fredkin gate is functionally complete for Boolean logic: in fact, by fixing
x3 = 0 we get y3 = x1 Axy, whereas by fixing x5 = 1 and z3 = 0 we get y» = —xy.
The Fredkin gate is also reversible, that is, it computes a bijective map on
{0,1}%. As we can see in Table 1, for every input/output pair the number of
1’s in the input triple is the same as the number of 1’s in the output triple. In
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0(0|0 0(0]0
0(0]|1 0(0]1
0(10 0{1]0
011 0|1)1
11010 1(0]0
1101 1(1]0
11110 1(0]1
1111 111

Table 1: Truth table of the Fredkin gate

EXC Id
a

Figure 1: The Fredkin gate as a conditional switch

other words, the output triple is obtained by applying an appropriate permu-
tation to the input triple. Let us note that the applied permutation is input—
dependent: namely, if 21 = 1 then the applied permutation is (2 3), whereas
if z1 = 0 then the applied permutation is the identity. Indeed, FG seems to
be the most elementary input—dependent permutation which can be conceived.
In [Fredkin and Toffoli 1982] Fredkin and Toffoli interpret the conservation of
the number of 1’s between input and output triples as the conservation of the
amount of energy associated with the input triple, thus assuming that two dif-
ferent triples having the same number of 0’s and 1’s require the same amount of
energy to be realized in a physical system. Let us note that conservativeness is
defined (both here and in [Fredkin and Toffoli 1982]) as a mathematical notion;
namely, it is not required that the entire energy used to perform the computa-
tion is preserved, or that the computing device be a conservative physical system
(an ideal but unrealistic situation). In particular, we do not consider the energy
needed to actually perform the computation, that is, to supply the computing
device.

Basing upon these observations, Fredkin and Toffoli introduce a computa-
tional model for reversible and conservative computations. Computations are
performed by reversible Fredkin circuits having the same number n of input and
output lines. Under this constraint, the conservativeness requirement (preserva-
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tion of the number of 1’s) is again equivalent to the requirement that the output
n-tuple is obtained by applying an appropriate (input—dependent) permutation
to the input n-tuple. Here we just mention the fact that every permutation can
be written in a unique way (up to the order of factors) as a composition of
transpositions. This means not only that the Fredkin gate can be used to build
an appropriate circuit to perform any given conservative computation (and thus
it is universal also in this sense with respect to conservative computations), but
also that it is the most elementary conceivable operation that can be used to
describe conservative computations.

It is important to note that reversibility and conservativeness are two in-
dependent notions: a function (computed by a gate or circuit) may be only
reversible, only conservative, both or none of them. However, for any function
f 40,1} — {0,1}™ it is possible to build a new function fg : {0,1}**™ —
{0,1}™F™ such that fg is a bijection on the set {0,1}"*™ and moreover:

Vg S {0, 1}n fR(ga Qm) = (gaf(g))a

where 0,, is the m-tuple consisting of all 0’s. The function fg is simply defined
as follows:

Ve e {0,1}", vy € {0,1}" frlz,y) = (z,y ® f(2)),

where & denotes the bitwise XOR operation. Hence, given a circuit that computes
the function f it is always possible to build a reversible circuit that, using some
additional input and output lines, is able to compute the values assumed by f
on its last m output lines.

Analogously, for any function f : {0,1}"™ — {0,1}™ it is possible to build a
conservative function fo that computes the values assumed by f in its first m
output bits. Precisely, let us define the following quantities:

ze{0,1}n

0r =max {0, mox {En(/@) - B}

Z¢ =max4 0, ma E,(x)—E,(f(z .
= max {0, max {F,(2) - B (/@) }
Informally, Oy (resp., Zy) is the maximum number of 1’s (resp., 0’s) in the output
pattern that should be converted to 0 (resp., 1) in order to make the function
conservative. We can thus define fo as an (n+ Oy + Z¢)-input/(m + Oy + Z¢)—
output function such that:

VE € {Oal}n fC(galOfang) = (f(g)alw(g)agz(g))a

where 1, (resp., 0,) is the k—tuple consisting of all 1’s (resp., 0’s), and the
pair (lw(g)agz(g)) € {07 ]-}Of+Zf is such that w(g) = Of +En(£) - Em(f(g))
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and z(z) = Zy — E,(z) + En(f(2)). Hence, we use some additional inputs
(resp., outputs) in order to provide (resp., remove) the required (resp., exceeding)
energy that allows fo to compute f in a conservative way.

It is also possible, for any given function f : {0,1}" — {0,1}™, to extend
the reversible function fgr built above to a reversible and conservative function
frc by adding some additional input and output bits. For the proof we refer the
reader to [Cattaneo et al. 2002b].

In [Cattaneo et al. 2002a, Cattaneo et al. 2002b, Mauri and Leporati 2003]
conservativeness has been extended to reversible and non reversible gates whose
input and output lines may assume a finite number d of truth values. Some
many-valued extensions of the Fredkin gate have also been presented. By asso-
ciating equispaced energy levels to the truth values, the authors have shown that
their notion of conservativeness corresponds to the energy conservation principle
applied to the data which are manipulated during the computation. In the same
papers the notion of conservative computation has been introduced, under the
reasonable assumption that a gate may store, or accumulate, some energy in its
internal machinery. Moreover, a new NP—complete decision problem concerning
conservative computations has been defined. Some constant factor approxima-
tion algorithms for an associated NP-hard optimization problem are currently
under examination.

3 Energy-based P Systems

P systems (also called membrane systems) were introduced in [Paun 1998] as a
new class of distributed and parallel computing devices, inspired by the structure
and functioning of cells. The basic model consists of a hierarchical structure
composed by several membranes, embedded into a main membrane called the
skin. Membranes divide the Euclidean space into regions, that contain some
objects (represented by symbols of an alphabet) and evolution rules. Using these
rules, the objects may evolve and/or move from a region to a neighboring one.
The rules are applied in a nondeterministic and maximally parallel way: all the
objects that may evolve are forced to evolve. A computation starts from an
initial configuration of the system and terminates when no evolution rule can be
applied. The result of a computation is the multiset of objects contained into an
output membrane or emitted from the skin of the system.

In what follows we assume that the reader is already familiar with the basic
notions and the terminology underlying P systems. For details, and a system-
atic introduction to the subject, see the monography [Piun 2002]. The latest
information about P systems can be found in [P systems Web page].

In order to take into account the amount of energy used during computations,
we define a new model which we call energy—based P system. In this model, we
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consider a special symbol e which denotes a free energy unit floating into regions;
moreover, the rules are defined according to conservativeness considerations. We
will show how this model can be used to simulate the Fredkin gate.

Formally, an energy—based P system (of degree m > 1) is a construct

II = (A767M7e7w17 e 7wm7R17 .. '7Rm7iina7:0ut)7
where:

— A is an alphabet; its elements are called objects;

—e: A = R' is a linear mapping that associates to each object a € A the
real value €(a) (also denoted by &,), which can be thought of as the “energy
value of a”. Precisely, if A = {a;,as,...,a4}, then for all i € {1,2,...,d} it
holds e(a;) = e(a1) + (¢ — 1)é for an appropriate real value 6 > 0. Hence,
the energy values considered in the system are equispaced by the quantity
d. Through an appropriate rescaling, we can always assume that all energy
values are positive integer values, and that § = 1;

— p is a hierarchical membrane structure consisting of m membranes. For the
sake of clarity, we will label membranes with mnemonic identifiers which
recall their function;

— e & A is a special symbol that denotes one free energy unit, that is, one unit
of energy which is not embedded into any object;

— w;, for all i € {1,...,m}, specify the multisets (over A U {e}) of objects
initially present in region ¢;

— R;,for alli € {1,...,m}, is a finite set of evolution rules over A associated
with region i. Only rules of the following types are allowed:

ac® = (b,p) , a— (b,p)e* e = (e,p),
where a,b € A, p € {here,in(name),out} and k is a non negative integer;
— iy 1S an integer between 1 and m and specifies the input membrane of I7;

— iout 1S an integer between 0 and m and specifies the output membrane of I7.
If ious = 0, then the environment is used for the output, that is, the output
value is the multiset of objects (over A) emitted from the skin.

A special attention is due to the definition of rules. The meaning of rule
ae® — (b,p), with a,b € A, p € {here,in(name),out}, and k a positive integer
number, is the following: the object a, in presence of k free energy units, is
allowed to be transformed into object b. If p = here, then the new object b
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remains in the same region; if p = out, then b exits from the current membrane.
Finally, if p = in(name), then b enters into the membrane labelled with name,
which must be a child of the current membrane in the membrane hierarchy.

The meaning of rule a — (b, p)e, when k is a positive integer number, is
analogous. The object a is allowed to be transformed into object b by releasing
k units of free energy. As above, the new object b may optionally move one level
up or down into the membrane hierarchy. The k free energy units can now be
used by another rule to produce “more energetic” objects from “less energetic”
ones.

When k = 0 the rule ae* — (b,p) is written as a — (a, p), and simply moves
(if p # here) the object a upward or downward into the membrane hierarchy,
without acquiring nor releasing any free energy unit. Analogously, rules e —
(e,p) simply move (if p # here) one unit of free energy upward or downward
into the membrane hierarchy.

A further constraint for the definition of rules is that each rule must be
“conservative”, in the sense that the amount of energy occurring on the left side
of the rule must be the same as the amount of energy which occurs on the right
side.

With a little abuse of notation, when the pair (z,p), with z € A U {e}
and p € {here,in(name),out}, appears into a rule we will write z,. Also, if
p = in(name) and no confusion arises we will usually write just the name of the
membrane. Moreover, instead of writing e* we will sometimes explicitly write &
instances of e. It is also understood that the position of e* (that is, on the left
or on the right of the symbol of A) either into the left or into the right side of a
rule is uninfluent. Finally, when the position p of an object which occurs in the
right side of a rule is “here” we will omit to write it.

Ezample 1. Let us assume A = {a, b, ¢, d}, where the objects have energy values
ga=1,6p =2, 6. = 3 and ¢4 = 4. Then the rule be? — (d,out) (also written as
bee — doyy) transforms an instance of the object b into an instance of the object
d, provided that two free energy units are available, and makes the new object
d leave the current membrane.

On the other hand, the rule ¢ — (a,here)e? (also written as ¢ — aee) trans-
forms an instance of the object ¢ into an instance of the object a and releases
two free energy units into the region in which the rule is defined.

A configuration of IT is the collection {My,..., M,,} of multisets (over A U
{e}) of objects contained in each region of the system. {wy,...,wy,} is called
the initial configuration. For two configurations {Mi,..., My}, {M],...,M],}
of IT we write {M,..., My} = {M{,...,M],} to denote a transition from
{My,..., My} to {M],..., M}, that is, the parallel application of one or more
rules of the system. The reflexive and transitive closure of = is denoted by =*.
A final configuration is a configuration where no rule can be applied.
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A computation is a sequence of transitions between configurations of IT,
starting from the initial configuration. A computation is successful if and only
if it reaches a final configuration or, in other words, it halts. It is understood
that the multiset (over A, that is, not considering free energy units) of objects
which occur in w;,, are the input values for the computation. Analogously, the
multiset (over A) of objects occurring in the output membrane (or emitted from
the skin if 45, = 0) in the final configuration is the output of the computation.
A non-halting computation produces no output.

Since energy is an additive quantity, it is natural to define the energy of a
multiset as the sum of the amounts of energy associated with each instance of the
objects which occur into the multiset. Analogously, the energy of a configuration
is the sum of the amounts of energy associated with each multiset which occurs
into the configuration. A conservative computation is a computation where each
configuration has the same amount of energy. A conservative energy—based P
system is an energy—based P system that performs only conservative computa-
tions.

4 Simulating the Fredkin Gate with Energy—based P Systems

In this section we show how P systems, and specifically the energy—based variant
introduced in the previous section, can be used to simulate a Fredkin gate.
When trying to simulate a Fredkin gate with a P system, perhaps the simplest
idea is to associate a symbol to each possible input/output triple as shown in the
table on the left side of Figure 2. Then, the gate is trivially simulated as shown on

Symbol

(0,0,0) a a — agy
0,0,1)| b b —= by
(0,1,0)] ¢ C—> Cout
(0717 1) d d—= dout
(1,0,0)] e e —= eyt
(1,0, 1) f f — dou
(17150) g g— f out
(1,1,1) h h —= hgy

~ @@

Figure 2: A trivial simulation of the Fredkin gate with a P system. With each
possible input/output triple of the gate is associated a symbol of the alphabet

the right side of the same figure: when a symbol corresponding to the input triple
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is injected into the skin of the P system, in one step the symbol corresponding
to the output triple is expelled into the environment. However, this method is
not suitable to simulate circuits composed by Fredkin gates. In fact, consider for
instance the circuit depicted in Figure 3. The symbol corresponding to the input

Xp — Y1
X2H® > Y
X3 —* >@HY3
Xq —> L " Ya
X5H@ Ys
Xg —*| Yo

Figure 3: A 6-input/6—output Fredkin circuit composed by three gates

triple of gate number 3 depends upon the symbols corresponding to the output
triples of both gates 1 and 2. It is immediately seen that the output symbols of
a layer of a Fredkin circuit cannot be immediately used as an input to the next
layer: instead, a non trivial transformation is required.

An alternative approach, that solves the previous problem, is to use an
energy—based P system as defined in the previous section. The system has 18
objects, with integer energies going from 1 to 18. However, we actually use only
12 objects: precisely, those having energies from 1 to 10 and those having ener-
gies 17 and 18. The objects having energies from 11 to 16 never appear into the
system. These choices are made in order to have objects with distinct energies
and to guarantee conservativeness. For the sake of clarity, we denote the 12 ob-
jects used into the system by [b, j] and [/, j], with b,8' € {0,1} and j € {1,2,3}.
Intuitively, [b, j] and [0, j] indicate the boolean value which occurs in the j-th
line of the Fredkin gate. It will be clear from the simulation that we need two
different symbols to represent each of these boolean values. The energies are as-
sociated with the objects as illustrated in Table 2. In Figure 4 the energy—based
P system that simulates the Fredkin gate is depicted.

The simulation works as follows. The input values [z1, 1], [22, 2], [3, 3], with
x1,x2,23 € {0,1}, are injected into the skin. If 1y = 0, then the object [0, 1]
enters into membrane ID, where it is transformed to the object [0, 1] by releasing
8 units of energy. The object [0', 1] leaves membrane ID and waits for 8 energy
units to transform back to [0,1] and leave the system. The objects [z2,2] and
[x3,3], with 22, 23 € {0, 1}, may enter nondeterministically either into membrane
ID or into membrane EXC; however, if they enter into EXC, then they cannot be
transformed to [z}, 3] and [z}, 2] since in EXC there are no free energy units. Thus



610 Leporati A., Zandron C., Mauri G.: Smulating the Fredkin Gate ...

0,1 ] 17 1] 9
[1,1] | 18 [1,1]| 10
0,2] | 1 0,2]| 5
1,21 | 2 [1,2]| 6
0,3] | 3 0,3]| 7
[1,3] | 4 [1,3]| 8

Table 2: Association between objects and energies in the energy—based P system
that simulates a Fredkin gate

[Fe ]

e N
EXC
0.1 —=[01]
(L1 —= [11] oo L1 —=[r ,e°
0.2 —=[b2 bAe®—= (b3 , b2 —=[b2 ,
0.2 —=[b.2] Ly b3e’—=[b2 , b3 —=[b3 ,

[b3] —=[b3]
b3 —=b3 e [0 ]
[01] —»[0,] . €®

[b',1e® —» [b1] o out
02— &b o | DA =02y bA—=[Db2,
[b,3le*—» [b',3] [b.3] —=[b3]

[0',3] —= €*[b3] out out

Figure 4: Simulation of the Fredkin gate with an energy—based P system

the only possibility for objects [z2,2] and [z3, 3] is to leave EXC and choose again
between membranes ID and EXC in a nondeterministic way. Eventually, after
some time they enter (one at the time or simultaneously) into membrane 1D. Here
they have the possibility to transform to [z}, 2] and [z}, 3] respectively, using the
8 units of free energy which occur into the region enclosed by 1D (alternatively,
they have the possibility to leave ID and choose nondeterministically between
membranes ID and EXC once again). When the objects [z4,2] and [z}, 3] are
produced they immediately leave 1D, and are only allowed to transform back to
[22,2] and [x3, 3] respectively, releasing 8 units of energy. The objects [z2, 2] and
[x3,3] just produced leave the system, and the 8 units of energy can only be used
to transform [0', 1] back to [0, 1] and expel it from the skin. Hence, as expected,
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the objects [z2,2] and [z3,3] initially injected into the skin leave the system
unaltered, corresponding to the computation of FG(0, z2, z3) = (0, 2, z3).

On the other hand, if z; = 1 then the object [1,1] enters into membrane
EXC where it is transformed into the object [1’, 1] by releasing 8 units of energy.
The object [1’,1] leaves the membrane EXC and waits for 8 energy units to
transform back to [1, 1] and leave the system. Once again the objects [z2, 2] and
[z3,3], with 2o, z5 € {0,1}, may choose nondeterministically to enter either into
membrane ID or into membrane EXC. If they enter into ID they can only exit
again since in 1D there are no free energy units. When they enter into EXC they
can be transformed to [z}, 3] and [z}, 2] respectively, using the 8 free energy units
which occur into the region, and leave EXc. Now objects [z4,3] and [z}, 2] can
only transform to [z2,3] and [z3,2] respectively, and leave the system. During
this transformation 8 free energy units are produced; these can only be used to
transform [1/,1] back to [1, 1], which leaves the system. It is immediately seen
that the objects [z2,2] and [z3, 3] initially injected into the skin are changed by
the system to [z2,3] and [z3, 2], respectively, corresponding to the computation
of FG(0, 22, z3) = (0,22, x3).

It is apparent from the simulation that the system can be defined to work
on any triple of lines of a circuit, simply modifying the values of the second
component of the objects manipulated by the system. Since this component
explicitly indicates the position of each boolean value in the input and output
triples, it is also easy to rearrange the values produced as the output of a given
layer of a circuit in order to produce the input values for the next layer. Such
transformations can be made by a P system which uses very simple rules.

Let us note that the proposed P system is conservative: the amount of energy
present into the system remains constant during each computation. Precisely, the
number of energy units present into the system (both free and embedded into
objects) during a computation is 21 plus the number of 1’s contained into the
input triple of the simulated Fredkin gate. Notice also that the energy of every
possible output triple is the same as the energy of the input triple that generated
it. The system is also reversible: it is immediately seen that if we inject into the
skin the output triple just produced as the result of a computation, the system
will expel the corresponding input triple. This behavior is trivially due to the fact
that the Fredkin gate is self-reversible, meaning that FGoFG = 1D3 (equivalently,
FG = FG 1), where ID; is the identity function on {0, 1}3. Notice that, in general,
this property does not hold for the functions f : {0,1}" — {0, 1}" computed by
n—input/n—-output Fredkin circuits. Indeed, f is self-reversible if and only if the
permutation it applies on the set {0,1}" can be expressed as a composition of
pairwise disjoint transpositions. This means that in general the P system that
simulates a given Fredkin circuit must be appropriately designed in order to be
itself reversible.
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If we drop the assumption that different objects in the system must be asso-
ciated with different amounts of energy, we can reduce the number of different
objects in the system that simulates the Fredkin gate. In the new system, de-
picted in Figure 5, there are 12 objects. Every object of the kind [b, j], with
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Figure 5: Another simulation of the Fredkin gate with an energy-based P sys-
tem. Here we drop the assumption that different objects in the system must be
associated with different amounts of energy

b€ {0,1} and j € {1,2,3}, has energy equal to 3, whereas the objects [0, 1]
have energy equal to 1 and the objects [b',2] and [b', 3] (with &' € {0,1}) have
energy equal to 4.

Also this system is reversible and conservative. Precisely, when the gate
doesn’t perform any computation the total amount of energy into the system is
zero, whereas during computations the system contains the 9 energy units which
have been injected with the input values. At the end of the computation, all
these energy units are embedded into the output values. This last simulation is
the base upon which we plan to build energy based P systems which simulate
Fredkin circuits. This work is still in progress; the results will be published in
the near future.

We conclude this section with an observation concerning the use of the special
symbol e. In [Ceterchi and Sburlan 2003] it is shown how P systems can be used
to simulate boolean circuits composed by the gates AND, OR and NOT. The
simplest simulation uses context—sensitive (cooperative) rules. In order to avoid
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context—sensitive rules mobile catalysts are introduced, with or without the use
of promoters and of weak priorities between rules. Here we note that the use
of free energy units, as we have done to simulate the Fredkin gate, seems to be
equivalent to the assumption that e is the only symbol that may cooperate with
all the other symbols. In other words, we do not allow generic cooperative rules
but only those with the special symbol e € A cooperating with any symbol of
A. On the other hand, it seems that cooperation is necessary to simulate the
Fredkin gate, since the value of the second and third output lines of the gate
depend upon all three input values. Cooperation is also necessary for the AND
and OR gates, although the fact that their output value only depends upon the
number of 1’s given in input would seem an evidence of the contrary. For if this
were not true, then we could easily build a Fredkin gate using AND, OR and NOT
gates, according to equations (1), and realize a cooperative behavior without
using cooperation.

Let us note also that in case of necessity (for example, during proofs) we
can safely assume that for each rule at most one instance of e cooperates with a
symbol of the alphabet. In fact, any rule of the kind a — (b, p)e*, with a,b € A
and p € {here,in(name),out}, involving k instances of e, can be decomposed as
follows:

a — (by, here)e,

by — (b2, here)e,

br—2 — (bg—1, here)e,

bkfl — (bap)ea

by introducing into the alphabet the new symbols by, ..., br_1. An analogous
observation holds for rules of the kind ae® — b.

5 Some Possible Extensions of the Model, and Corresponding
Open Problems

The model of energy—based P system introduced in section 3 can be extended in
many ways. All the features mentioned below can be introduced independently
of each other. Of course, for each possible extension we advocate the study of
the computational capabilities of the resulting model of computation, as well
as of the algebraic and language—theoretic properties of the generated multiset
languages.

As a first extension, we can assume that every membrane and every rule
possesses a given amount of energy. The only use of membrane energy we are
able to imagine is that membranes may act as energy reservoirs. This means that
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membranes can incorporate free energy units in their internal structure and sub-
sequently release them. We can also assume that a membrane must possess a
positive amount of energy in order to exist; in other words, we can assume that
when the energy of a membrane becomes zero the membrane dissolves. In the
case an output membrane is used (that is, when iy, # 0) it seems reasonable to
assume that such a membrane cannot dissolve, that is, that it cannot release all
its internal energy. Moreover, an interesting constraint could be putting a fixed
upper bound on the energy that a membrane can embed. A further constraint
could be to divide objects and membranes into types, for example, based upon
morphological characteristics, and to allow the system to exchange energy only
between objects (and/or membranes) of the same type. As for the energy asso-
ciated with rules, we can assume that every rule is defined together with a fixed
threshold value. If the energy of the rule does not reach this value, then the rule
is inactive. This means that even if all the objects mentioned in the left side of
the rule are available, the rule cannot be applied until enough free energy units
become available to allow the threshold to be reached.

Two open problems concerning energy associated with membranes and/or
to rules are the following: are these models of energy—based P systems able to
simulate in an efficient way P systems which use priorities in their rules? Is it
possible to give an efficient simulation of P systems whose membranes have an
associated thickness or polarization, as the ones defined in [Zandron et al. 2000,
Zandron et al. 2001]?

Another possible extension of the model could be allowing the use of con-
structor and destructor rules. A constructor rule is a rule of the kind e* — (a, p),
where a € A, g, = k, p € {here,in(name),out}, and k is a positive integer. In-
formally, a constructor rule for an object a € A is a rule which uses ¢, free
energy units to build the object a. In other words, we allow transformations
from “pure” energy to system objects. Analogously, a destructor rule is a rule
of the kind a — e*, where a € A and e, = k (a positive integer). Hence, a
destructor rule for an object a € A is a rule which transforms the object a into
€, units of free energy.

We can define the total energy of an energy—based P system as follows. As in
the basic version, the energy of a multiset is simply the sum of the amounts of
energy associated with each instance of the objects which occur into the multiset.
The total energy of a membrane is the sum of the energies associated with the
multisets contained into the region enclosed by the membrane, plus the energies
associated with the rules of the region, plus the amount of energy embedded
into the membrane itself. It is understood that the total energy of a membrane
1 comprises the sum of total energies of the membranes contained in ¢ in the
hierarchy p. The total energy of a P system can thus be defined as the total
energy of the skin.
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Where does the energy come from? We assume that there is an external (with
respect to the skin) reservoir of energy that injects free energy units into the skin
at a constant rate. The computation halts when there is no rule which can be
applied, even in presence of additional free energy. A natural question is whether
this last additional constraint is necessary. In other words, are systems defined
with and without this additional condition equivalent with respect to generated
multiset languages? Stated otherwise: for any given system which does not satisfy
this condition, can we build a system which satisfies it and yet generates the
same multiset language? Notice that if the above halting condition should prove
too bothersome to deal with, we can alternatively assume that a computation
halts when a given condition is verified, for example, when an object enters an
acknowledgment membrane, as it happens in conformon—P systems [Frisco 2004].

An interesting situation arises when we associate a clock to the external
energy reservoir, so that one energy unit is injected into the system at each
clock tick. In this situation objects and membranes are usually quiescent, that is
they do not evolve, because they do not have enough energy to do it. The unit of
energy coming from the reservoir allows to apply at most one evolution rule at
the time. This fact leads us to define “sequential” P systems, as opposed to the
usual parallel models. An interesting issue could be the comparison between the
computational properties of sequential and parallel P systems. Can they always
be simulated by each other?

A further aspect of controlling the amount of energy injected into the system
by the external reservoir is the following. By assuming that at each clock tick
a fixed number of energy units is injected into the system, we are somehow
imposing a constraint on the level of parallelism of the system. However, this
assumption should be considered with care since the application of rules may free
some energy units that move into the system and temporarily rise the level of
parallelism. As a consequence, the computational power of this kind of systems
could become really hard to explore.

Due to the number of constraints and parameters we have introduced into
our model, it could be difficult to study their computational behavior and/or de-
duce interesting properties. Hence we propose to start to study energy-based P
systems basing upon a simpler model, namely P systems with symport/antiport
rules. In these systems the objects cannot be modified but only moved between
regions. Moreover, we can first assume that the application of rules does not
consume energy, and that there is no energy embedded into the internal struc-
ture of membranes. Subsequently, we could study how the introduction of these
features alter the computational behavior of the corresponding systems.

As for the computational power of energy—based P systems we propose the
introduction of languages which can be generated using a bounded (fixed, loga-
rithmic, polynomial, etc.) amount of energy, and the subsequent investigation of
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the properties of these languages. A second proposal concerns the introduction
of conservative energy—based P systems and the study of their computational
properties. A natural measure of the energy used by a system is the amount of
energy which is injected into the system by the external reservoir. Notice that in
the case of P systems with symport/antiport rules with just one symbol into the
alphabet, this complexity measure is the same as the number of objects which
enter into the system. The measure becomes less trivial even for P systems with
symport/antiport rules having at least two kinds of objects. Eventually, some
free energy units remain into the system at the end of the computation: can this
situation be avoided? It is not clear to the authors whether this amount of energy
should be considered as “consumed” energy or whether it can be expelled from
the skin and thus “recovered”. In the latter situation, we could define conser-
vative energy—based P systems as systems that, at the end of the computation,
have emitted the same quantity of energy that entered the system during the
computation.

A different approach to study the computational power of energy—based P
systems is to define families { P, } e of energy—based P systems, where P, uses
n units of energy. Then, we can define the language generated by {P,}neN as
Unen Ln, where Ly, is the language generated by P,. This approach is remi-
niscent of circuit complexity [Vollmer 1999]. Moreover, having defined both an
input and an output membrane, we can view energy—based P systems as devices
which map multisets into multisets. With respect to this point of view, instead
of asking what multisets can be generated by the system we can ask what map-
pings can be realized by imposing different bounds on the amount of resources
that the system is allowed to use.

A powerful approach to study the properties of any computational model
is to look at the amount of resources which are needed to simulate it using
another model of computation. In particular, simulations with counter machines
have proven to be a powerful tool to study P systems. We think that counter
machines should be the reference model also for energy—based P systems. In
particular, it seems natural to think that the energy levels of objects, rules and
membranes can be simulated by values contained into counters. Does this mean
that energy bounded computations correspond to computations performed by
counter machines with bounds on the values of their counters?

Finally, we propose to compare the computational properties of our model
with those of conformon-P systems [Frisco 2004] (see also [Frisco and Ji 2002a]
and [Frisco and Ji 2002b]). Notice that our approach in the use of energy is
different from the one followed in [Frisco 2004]: in that paper, energy is a feature
of objects (named conformons) whereas in our model the amount of energy
embedded into an object determines the type of the object, since there is a
bijective correspondence between objects and the amounts of energy they embed.
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6 Conclusions and Directions for Future Work

In this paper we have defined a basic version of energy—based P systems, that is,
P systems in which the amount of energy manipulated during computations is
taken into account. We have also defined the notion of conservative energy—based
P system.

Two simulations of the Fredkin gate have been presented using this new
model of computation. The P systems that perform the simulations turn out to
be themselves reversible and conservative as the Fredkin gate. Subsequently we
have proposed some possible extensions to the model, with a number of open
problems concerning their computational power.

The next logical step in our work is to simulate reversible Fredkin circuits
using our basic version of energy-based P systems. Our guess is that the simu-
lating P system can be made both reversible and conservative. Here reversible
means that, if the output values of the Fredkin circuit are given, the same system
is able to compute the corresponding input values.
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