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Abstract: MT L-algebras are algebraic structures for the Esteva-Godo monoidal ¢-
norm based logic (MTL), a many-valued propositional calculus that formalizes the
structure of the real interval [0, 1], induced by a left-continuous ¢-norm. Given a com-
plete MT L-algebra X, we define the weak forcing value |¢|x and the forcing value
[p]x, for any formula ¢ of MTL in X. We establish some arithmetical properties of
|.|x and []x, and prove the equality [p]x=|/¢|lx, where ||¢||x is the truth value of ¢
in X.
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1 Introduction

In many cases, the approximate reasoning operates with a conjunction which gen-
eralize the one in the classical logic. The triangular norm (¢-norm) is a good can-
didate for modelling this kind of conjunction [Bélohlavek 2002, Gottwald 2005,
Klement et.al. 2000].

The structure defined by a continuous t-norm on the interval [0, 1] constitutes
the base for Hajek’s Basic Logic (BL) [Héjek 1998a, Héjek 1998b] and for BL-
algebras, the structures canonically associated to BL [Hajek and Seveik 2004,
Cintula and Héjek 2006].

More generally, the Esteva-Godo logic MT L and MT L-algebras correspond
to the left-continuous t-norms and their residua [Esteva and Godo 2001]. The
completeness theorems for MTL (and for the derived logical systems) concerns
with the usual algebraic semantic [Esteva et.al. 2002]. Another kind of semantics
for MTL (named Kripke semantics) are discussed in [Montagna and Ono 2002,
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Montagna and Sacchetti 2004]. The Kripke semantics for MT'L are based on the
notion of r-forcing.

The concept of truth value is the usual way to evaluate the formulas of MT L.
For a formula ¢ of MT L, the truth value ||| x of ¢ is defined in an M T L-algebra
X.

In this paper we shall adopt an alternative point of view: for any formula ¢ of
MTL and for any complete MT L-algebra X, we define the weak forcing value
|p|x and the forcing value [p]y of ¢ in X. These two semantics correspond
to the notions of forcing and r-forcing studied in [Montagna and Ono 2002,
Montagna and Sacchetti 2004]. Thus, instead of talking about ”the formula ¢
is valid in a Kripke model”, we calculate |p|x or [p]x.

Section 2 contains some basic notions and results on residuated lattices and
MT L-algebras. Some elements of syntax and semantic of MTL are recalled in
Section 3.

In Section 4 we establish a lot of properties regarding the behaviour of the
weak forcing value w.r.t. some types of formulas of MTL. In Section 5 we con-
tinue to study the behaviour of |- |+ w.r.t. some formulas of MT'L (especially the
axioms of MTL) and compare the truth value semantics with the weak forcing
semantic.

The main result of this paper (Theorem 19) shows that [p]x = ||¢] x, for
any formula ¢ of MTL and for any complete MT L-algebra X'. The equality [.]x
= ||.||x improves the relationship between Kripke-style semantic and algebraic
semantic studied in [Montagna and Ono 2002, Montagna and Sacchetti 2004].

Section 7 contains some suggestions for further research on |.|x and [.]x in
the framework of predicate logic MT LY and of some non-commutative fuzzy
logics associated to MTL and MTLY.

2 MTL-algebras

A residuated lattice is a structure A= (A, V, A, -, —,0, 1) equipped with an order
< satisfying the following:

i) (A,V,A,0,1) is a bounded lattice;
ii) (A,-,1) is a commutative monoid,;
iii) For any a,b,c€ A,a-b<cifa<b—c.

We shall write ab instead of a - b.
In a residuated lattice A, the negation ~ is introduced by @ = a — 0, for any
a € A.

Lemma 1. [Bélohlavek 2002] Let A be a residuated lattice. Then, for all a,b,c €
A, the following hold:
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(1) a<biffa—b=1;

(2) a-0=0;

(3) 1 -a=a;

(4) ab < a;

(5) a(a — b) <b;

(6) a— (b—c)=b—(a—c)=ab—c;

(7) Ifb<c, thena—b<a—candc—a<b—a;
(8) If a <b, then ac < be;

(9) a —a=1.

Lemma 2. [Bélohlavek 2002] Let A be a residuated lattice. Then, for all ele-
ments a € A and {a;}icr C A, the following hold:

(1) Vierai) = a = Nigf(ai — a);
(2) a = (Nigrai) = Nierla — ai);
(3) alViep ai) = Vigr aai;

(4) Vierla = ai) <a— (Vi ai);
(5) Vier(ai = a) < (Nigrai) — a.

An MTL-algebra [Esteva and Godo 2001] is a residuated lattice A such that,
for all a,b € A, we have

(iv) (a—=b)V(b—a)=1.

Ezample. A t-norm is a binary operation * on the interval [0,1] which is as-
sociative, commutative, non-decreasing in the both arguments and the identity
a1 = a holds. If x is a left-continuous ¢-norm, then ([0, 1], V, A, %, —,0, 1) is an
MT L-algebra, where the residuum operation — on [0, 1] is defined by

a—b=\{c|axc<b}.
This structure will be called a standard MT L-algebra.

Any totally-ordered residuated lattice A is an M T L-algebra. In this case, A
will be called an MT L-chain. By [Cintula and Hajek 2006], any MT L-algebra
is isomorphic to a subdirect product of MT L-chains.
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Lemma 3. ([Bélohlavek 2002], Theorem 2.34) If A is a residuated lattice, then
the following conditions are equivalent:

(i) A is an MT L-algebra;
(i) For all a,b,c€ A, a — (bVc)=(a—b)V(a— c);

(iii) For all a,b,c€ A, (bA¢) —a=(b—a)V(c—a).

3 Monoidal t-norm based logic

In this section we shall recall some basic notions of the monoidal ¢-norm based
logic (MTL) (see [Esteva and Godo 2001, Esteva et.al. 2002]).
The language of MTL has the following primitive symbols:

— denumerable many propositional variables (V' will denote the set of propo-
sitional variables);

— the connectives V, A, ®, —;
— the symbol L;
— the parenthesis (, ).

The set Form of formulas of MTL is defined as usual. Let us denote T =
1 — L. We list the axioms of MTL:
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Modus-ponens is the only rule of inference of MT L: %;w,

The notion of provable formula is defined as usual. We denote by - ¢ that
the formula ¢ is provable in MTL.

Let X be a subset of the set of axioms (A1)-(A10). If ¢ is a formula of MTL,
then we denote by 5 ¢ that ¢ can be derived from Y by using modus-ponens;
if X is the set of all axioms (A1)-(A10), then Fx ¢ means that F ¢.

Let XY= (X, V,A,:,—,0,1) be an MT L-algebra. An evaluation of MTL in X
is a function e : V' — X. Any evaluation e : V' — X can be uniquely extended to
a function € : Form — X with the property that for all p,9 € Form we have:

&
—
>

(p) =elp), if p € V;
(L) =

=
=
>

0

o
~—
>

(

( ;

(c) e(p V) =eé(p) Ve);
(d) élpAv) =é(p) Ne();
(e) e(pOv) =é(p) - e(¥);

(f) é(p = ¥) =é(p) — é(¥).

The truth value ||p||x of a formula ¢ in X is defined by:

llellx = A{é(p) | e is an evaluation in X'}.

4 Weak forcing value of a formula of MTL

In this section we shall define the weak forcing value |¢|x of a formula ¢ of
MTL in a complete MT L-algebra X. Besides the truth value ||¢||x of ¢ in X,
|o|x constitutes an alternative to evaluate the formula ¢ in X'. The weak forcing
value is a rafinement of the notion of validity in a Kripke model (in the sense of
[Montagna and Ono 2002, Montagna and Sacchetti 2004]).

We fix a complete MT L-algebra XY= (X,V,A,-,—,0,1).

Definition 4. An X-valued weak forcing property is a function
f:(Vu{lhxX =X
such that the following conditions hold:
(i) Hp €V and z,y € X, then <y implies f(p,y) < f(p,x);
(i) f(L,1)=0.

Definition 5. Let f be an X-valued weak forcing property. For any ¢ € Form
and = € X, we define, by induction, the element [p]/ of X :
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1) [¢li= flp,2), if o€ V;

[L)]=

)
2)
3) If ¢ = aV 3, then [¢]]=[a]{V[F]];

4) If ¢ = a A B3, then [g]]=[a]{A[B]];

5) If = a® B, then [pl{=V, cx((z — yz)a]] [B]);
6) If ¢ = a — 3, then [p]f= A cx([e]f —[5]],)-

instead of [¢]f.

(
(
(
(
(
(

For simplicity, we shall usually write [¢],

Definition 6. The weak forcing value |¢|x of a formula ¢ in X is defined by

lolae = A{[¢]! | £is an X-valued weak forcing property }.

Lemma7. Let f be an X-valued weak forcing property. For any formula ¢ of
MTL and y <z in X, we have [¢], < [¢],.

Proof. We proceed by induction on the complexity of . We treat only the case
p=a— (. If y <z, then yz < xz, hence, by induction hypothesis, we have
(8l < [Bl,., for all z € X. Then, by Lemma 1, (7), we get

[Ple = Asex (. = [Blaz ) < Asex(lal. = [8]y: ) = ¢l -

Remark. By Lemma 7, [p]; < [¢],, for any = € X.

In what follows, we emphasize the behaviour of [-]/ and | - |x w.r.t. some
formulas of MTL.

Proposition 8. Let f be an X-valued weak forcing property. For all formulas
o, 0, x of MTL and x,y,a,b,c,p,q,t € X, the following hold:

(1) lp— ol =1;

(2) [Tl =

(3) W, < lp — ¥,

(4) [l - [ = ¥l < [Wluy;

(5) [¢le - lp = ¥]p < [¥],05

(6) [p = ¥lo - [ — xlp < [0le = Xapes
(7) o =], < W —xl, = [©—= Xy

(8) lp = (¥ = e = Awwex(lelu Wy = Xawo)s
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(9) [80®1/) - X]x = /\p,q,teX((t — Pq [@]p [w]q - [X]t;c)f

)

(10) [ = (b = X))z = [ = (¢ = X,
(11) [(p = ¥) = (¥ — x) = (¢ — X
(12) [(p = (¥ = x)) = (¥ = (¢ — X

[
[
[
(13) lp 0y =X, < [v = (@ = X).
[
[
[

x

Ne =1
e =1

(1) [(p O —=x) = (= W = X)), = 1;
(15) [(p = L) A = X)) = [ — (W AX)].5

(16) e © (¥ VX)), = [0 @) V(0 ©X)l,-

Proof.
(1) By Lemma 7, [p — @], > [p — ¢l; = N,ex(#l.—¢l,) = 1.

(2) Since T is L—_L, by (1) we obtain [T], = 1.

(3) By Lemma 1, (4), and Lemma 7, [¢], < [¢],,, for each v € X. Then, by
Lemma 1, (1), (7), [¢], < [¢l, — W]s < [¢ly = (W], for each u € X. Hence

(4) According to Lemma 1, (5), we have

(5) By (4).

(6) Using (4), we have [¢]. - [p — Y], - [ = x|, < [W]ae - [ = Xy < Xapes
so, the inequality [p — ], - [ = X, < [¢]lc = [X]ap. follows.

(7) According to (6), for each u € X we have [p — ¥, - [ — x|, < [#],
= Iuzyr 50 o = ¢l - [ = Xy < Auex(Plu=Xuzy) = [ = Xz Hence
[ — VPl <[ —xly, = [0 = Xlzy-

(8) Applying the clause (6) of Definition 5, Lemma 2, (2), and Lemma 1, (6),
we obtain

= /\ueX([@]u_) /\vEX([w]v_)[X]zuv)) =

= /\u,UEX( [So]u [w]v_)[X]xuv)

(9) We apply the clauses (6) and (5) of Definition 5 and Lemma 2, (1), and we
obtain
[pOY =X = Niex(p OYli =) =
= /\tEX((Vp,qEX(t — pq) [@]p W’]q) —Xw) =
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= Np.qrex((t = pa)lel, [¥],— X))
(10) By (8).

(11) By (8), Lemma 7 and (6) it follows that
[(p =) = (W —=x) = (= X)) =
= /\u,UEX( [SD - w]u [7/1 - X] - /\wEX( [@]w [X];cu'uw)) =
= /\u,v,weX( [@]w [50 - w]u W) - X] [X];cuvw) 2
> Nuwwex ([Pl o = ¥l 0 — x], — [X]

uvw)

(12) Applying Lemma 7 and (10), we get
(o= (W —=x) = = (=)

= Nuex(lp = @ =), = [¥ = (¢ = X

> Nuex (Lo = @ = Xl — (¢ = xlu)

[
[
(18) Let u,v € X. By (9), [¢ ©% — X, < [¢]u [¥]y — [X]ouw, Rence, by (8), we
get [p O Y — Xy < Auwex( [¥lu W]y = IWaw) = [0 = @ = X)),

(14) Similar to (12).

o) 2
=1

llu

(15) We have the following
[(e=)nlp =X =lp =¥ Ap =X, =

= Ayex ([l =¥]ay) A Nyex (], —ay) =
Nyex ((ely=0]uy) A (el = Ixe ))=

Nyex (ely = ([WloyAXey)) =

(o — (& AL

(16) We can write
(po)V(eox)], =lpodl, VIpox,
= (Vy.ex(@ = y2)le], [¥].) V (Vy cex (@ = y2)lel, X)) =
=V, .ex(((z — yZ)[sO]y[ 1)V ((z — y2)[el,[x].) =
= Vyex(@ = y2)el, ([¥]. vV IX].) =
=V, .ex(@—y2) @], VX, =[po@VX),.

A
A ex(lely = [ AXly) =

Corollary 9. For any formulas ¢, 1 and x of MTL, the following hold:
(1) lo = olx =1;
(2) [Tlx = 1;
(3) lx < lp — Yla;
(4) le—= W = x)lx = [ — (v = x)|x;
(5) [e—=¥) = (¥ =x) = (@—=x)lx =1
(6) [lp— @ —=x)) = W= (p—=x)lx =1
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(7) (e OY = x) = (¢ = (¥ —=x))|x = 1.
Corollary 10. If |plx = |¢ — ¥|x = 1, then |[¢|x = 1.

Remark. Assume that X' is the set of axioms (A1), (A3), (A4), (A8), (A10) and
¢ is a formula of MTL. By Corollaries 9 and 10, if -5 ¢, then |p|x = 1.

Proposition11. Let f be an X-valued weak forcing property. For any formula
@ of MTL and x,y € X, we have:

(1) [=¢le = Nyex(@ylel,)™ =2 — AexWlel,)

(2) xy[=pllel, = 0;
(3) [ple < [Plys
(4) [~ele = [m7el,s

(6) o =¥, < [7¢ =~
(7) lp = ¥, < W — ],
(8) zlp © ~¢], = 0;

(9) [p— WO, <[,

[
[
(5) [le V), = [~o A1,
[
[

Proof.

(1) [2¢le = Nyex (ely=Ley) = Nyex(ly= 79) = Ayex (zylel,)
In a similar way we get [~¢], =2 — A, cx(ylel,) ™

(2) By (1), for any y € X, we have [~¢], < (zyle],)”, hence xy[-¢],[¢], = 0.

(3) Let y € X. By (2), zylel,[~¢], = 0, hence z[p], < (y[-¢],)".
Thus z[p], < Ayex-¢l,) 7, s0 [0, <z = AyexWl-l,)” = [,

(4) Let y € X. By (3) and (2) we get xy[g@]y[ﬂ—\—\ga]xquy[—\—\@]y[ﬂ—\—\@]x:o,
therefore z[~=-¢], < (yl¢l,) . Thus 2[~=-¢], < A, x (ylel,) ™ hence [=g],

<z— /\yeX( [¢],)~ = [7¢],- The converse implication follows by ().
(5) We have
[Ce A=l = [0l A=Yl = Ayex @ylel,)™ A Ayex(@ylé],)” =
= /\yEX( zylel,)” A /\y x(zy[],) ") =
= Ayex@ylel, Vay[l,)™ = Ayex(@y(lel,VI¥],) ) =
= Nyex(@yleVil,)™ = [ AY)],
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(6) Let y,z € X. According to Proposition 8, (4), [¢],[¢ — ¥], < [¢],,, hence,
by (3), we get [p — ], [w].wy=lgl, < oyzbly, (). = 0. Then, for cach
y € X, we have [p — ¥, 4], < (ryel],)" therefore [p — 9], [~], <
Nyex (@yzlel,)™ = [~¢l,.-

It follows that [p — ], <[], — [~¢],,. This last inequality holds for
each 2 € X, therefore [p — 0], < A.ex ([ —[,.) = [ — .

(7) Similar to (6).

(8) According to Definition 5, (5), and the previous equality (2), one obtains
J?[(p © _‘Sp]x = x\/y,zeX(‘x - yz)[@]y[_‘séj]z = \/y,zeX J?(J) - yz)[@]y[_‘séj]z <
\/y,zEX yz[@]y[_‘w]z =0.

(9) Let y € X. By Proposition 8, (4), and the previous equality (8), we get
for any y € X, hence [p — (¥ © )], < A\ ex(2yle],)” = [0,

5 The behaviour of |- |x w.r.t. some formulas of MTL

In this section we will compare the two kinds of semantics: truth value and weak
forcing. A formula ¢ of MTL is valid in the weak forcing semantic iff [go]{ =1,
for any X-valued weak forcing property.

In the following we will analyze the behaviour of | - |x w.r.t. the axioms of
MTL and some other formulas. We will prove that some axioms are valid via
the new kind of semantics, while others are not valid (in this latter case we will
provide a counterexample of a weak forcing property f for which [ap]{ #1).

This analysis is very important in providing the similarities and the differ-
ences between the two semantics |.|x and ||| x.

(A1) (¢ =) = (¥ = x) = (¢ = X))

By Corollary 9, (5), this axiom is valid w.r.t. the weak forcing semantic.

(A2) pO Y — 9
Let us consider X= L3 = {0,1,1} with the canonical structure of MVs-
algebra 2.

2 An MV -algebra is a structure (A, ®,®,” ,0, 1), where @ and ® are binary operations,
~ is unary and 0,1 are constants, satisfying the following axioms:
a) (A,®,0) and (A, ®,1) are commutative monoids,
b) t®©0=0and @1 =1, for any = € A,

c) 7~ ==z, for any x € A,
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Let us consider p, g € V' (some propositional variables) and the weak forcing
property f which has the following behaviour w.r.t. p and ¢:

—~
= O

QT

—

— |l
O =

We have the followings:
POl =V, e, F:y) - f(a,2) =1
POdl =V, e, (3 = v2) fpy) - flg,2) =1

2

POq] =V,.cr,(l = y2)- f0.y) - fla.2) = 3
poq—df = Ner,(POdL— flg,2) = (1= DAL= 1A —0) =3

Thus [peOq — q]{ = 1 # 1 which prove that (A2) is not valid w.r.t. the new
semantics.

(A3) O =Y Oy
Let f be a weak forcing property. Using Lemma 1, (9), we get:
0¥ =0l = Aep, (Ol —W O ¢lf) =
= Neersl(Vyer, (t = y2) [ [011) = (Ve (t = y2) [l [¥1D)] = 1.

Hence, the axiom is valid w.r.t. the weak forcing semantic.

(Ad) oA — ¢
Let f be a weak forcing property.
By Lemma 3, (3), and Lemma 1, (9), we have:
e At = @l = Ayer, (9 AE=101]) = Ayer, (LA —10))) =
= Nyer, ([l =lel)) v (W —lel)) =
= Nyer, LV ([l =[el)) = 1.

Therefore this axiom is valid in the new semantics.

d) (zdy) =z~ @y, for any z,y € A,

e) (20y )By=(yOx~) Dz, for any z,y € A.
An MVs-algebra is an MV -algebra with the property t @ x ®x = = & x.
Any MV -algebra is an MT L-algebra, where the implication is given by z — y =
TDy.
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(A5) oA —p Ay
Let f be a weak forcing property. Using Lemma 3, (3), Lemma 2, (2), and
the definition of an MT L-algebra, we obtain:

oAy =P A@l] = Nyer, (e AU = Agl]) =

= Nyer, (LAY — (W AI]) =
= Nyer (el = (WIARID) v ([ — (WA =
= Nyer, (L =W A (Ll = [l)) v (W = [1) AR —[el))] =

= Nyex[(Dlf =1 v ([l =[] =1

Therefore this axiom is valid w.r.t. the weak forcing semantic.

(A6) p© (¢ = 1) = (¢ = V)
Let us consider X= Lz = {0, 2 5
algebra and let p,q € V and f be a weak forcing property which has the
following behaviour w.r.t. p, ¢:

1} with the canonical structure of MVs-

f| 1
P 1
q 0

Because [p — q|f = Nyers f(:y) — flg,z - y), we obtain [p — q]{;: 1,
[p— q]é: Land [p — ¢l{=0.

— = O
= = Nl

We also have the followings:
PO @@= =Vi.er, f0,0-p—af =1
po (P—>Q)]2 Viser,(3 = t2) - f(p.t)[p— dlf =
PO @ = =Vioer,(1 = 12) f(0,1)[p— alf = 3
PO®—a) = @A = Aper, (PO (= Qli=pAd) =
= Nacr,(P© (p = Q)= (f(p,2) A flg, 7)) =
=Ql=AADAL=AAD|A[F = (1A0)]=1A1AL =1

Thus, [p©®(p—¢q) — (pA q)] =1 5 7 1. This prove that axiom (A6) is not
valid w.r.t. the weak forcing semantlc

(A7) (¢ = (W =x) = (¢ ©O¢) = X)
From [Iorgulescu 2004], the set A = {0,a,b,c,d,1} is organized as a lattice
as in Figure 1 and as an MT L-algebra A with the operation — and © as in
the following tables:



1562 Diaconescu D., Georgescu G.: On the Forcing Semantics ...

—0abcdl O0abedl
0j111111 0000000
ald11111 al000a0a
blaalll1l bl00ObbbLD
cl0adldl cl0abebec
dlaaccll dio0bbdd
110abecdl 110abecdl

Let us consider p,q,r € V and f a weak forcing property with the following
behaviour w.r.t. p,q,r:

f | 0 a b ¢ d 1
pl 1 1 d d d d
q 1 a a 0 0 0
rf' b 0 0 0 0 O

Because [p ® qlf = A\, .ca(z — y2) - f(p,y) - f(¢,2), we have [p® qlj= 1,
podi=d pod{=a [pogdi=0 [p©d)=aand [pog{=0. We have
the followings:

(p@a) =] = Npeallp@ dlf— f(r,1-2)) = Ayeallp @ ali— f(r,2)) =
=1—=0)Ad—=0)A(a—=0)A0—=0A(a—=0)A0—0)=a

Because [¢ — 7]{ = /\yeA(f(q,y) — f(r,z-y)), we obtain that [g — r]{=b,
for all x € A. Then, we also have:

b= (¢ =P = Auealf(pz) =la—7l]) = (L= A(d—b)=b

Thus, [p— (¢ = p)l{=poq) —>r{ =b—a=a.

By definition, we have

[(p— (g = 7)) = (p©q) = ] = Npeallp = (¢ = 1l = [(pOq) — r]1),
therefore we have

(p— (=)= (o= <pb—@—>n—peg -1 =a

Hence, axiom (A7) is not valid w.r.t. the new kind of semantics.

Figure 1:
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(A8) (@) = x) = (¢ — (¥ — x)

By Corollary 9, (7), this axiom is valid w.r.t. the weak forcing semantic.

(A9) (¢ = (¥ = x) = (¥ = ¢) = X) = x)
Let us consider X= L3 = {0,1,1} with the canonical structure of MVs-

algebra. Let us also consider p, ¢, € V, some propositional variables, and f
a weak forcing property with the following behaviour w.r.t. p, g, r:

fl o 1 1
0 0 0
q & 0 0
rl 0 0 0
Beacause [q — plf = A,cp, (F(a.y) = f(p,x - y)), we obtain that [q — pJf =
3. la —>p]’;= Land [¢ — pl{= 3.

= (@ = = Nocr, (F(0,2) =g = 110) = Noers(0 =g — 1]) =1
Nyersla = plf— flrz-y)) = Ayers(la = plj—0) = §

—
—
Le)
1
=
S~—
1
S
1
3,
O <
|
=
8
m
3
=
)
1
=
~—
1
3,
8<%
1
~
—
3
=
S~—
Il
N[=

[p— (g —r)]
Because [(p — (¢ — ) = Neer,(lp = (¢ =
Mi—[((qg — p) — r) — 1), we have that [(p — (¢ — 7)) — (((¢ — p) —
r) =l < - (@—ni-=lg—p) —r) =]

(A9) is not valid w.r.t. the weak forcing semantic.

% , therefore axiom

(A10) L—

Let us consider XY= Ly = {0, 3,1} with the canonical structure of MV;-
algebra and let p € V and f a weak forcing property such that f(p,z) = 0,

for all x € L3. We have

(L= bl = Nvero (L=l = Aver, @ = fp.2) =

=0—-0A(3—0AT—0)=0
Therefore (A10) is not valid in the new semantics.
In the same way we can study the behaviour of |-|x w.r.t. some other formulas

of MTL. For example, let us consider the formula (¢ — ¥)V(p — @), where @, ¢
are MT L-formulas. From [Esteva and Godo 2001], we know that this formula is
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valid with respect to the truth value semantics. Now, let us consider L3 with
the canonical structure of M Vs-algebra and let p,q € V. Let us consider a weak
forcing property f with the following behaviour w.r.t. p, ¢:

,_.1
= O

QL T

—_

N[ = | D=
= O =

By definition, we obtain:

= al] = Ayer,(F(0.y) = Fla.y) =
= (f(p,0) = f(g0)) A (f(p, 3) = (@, 3) A(f(p,1) = fg,1)) =
— (1= DA 5 A0 1) =1
[0 =Pl = Nyer,(Fl@.v) = f(p.y)) = (1 — 1) AE—=1DAG—0) =3
It follows that [(p — ) V(¢ = p){ =lp—d{ Vie—p{ =3vi=1

Therefore this formula is not valid with respect the new kind of semantics.

6 Forcing value of a formula of MTL

In [Montagna and Ono 2002, Montagna and Sacchetti 2004], it was proved that
the r-forcing (this notion was introduced also in [Montagna and Ono 2002] and
[Montagna and Sacchetti 2004]) is a more adequate notion for reflecting the log-
ical structure of MTL. Arising from r-forcing, we shall define in this section
the X-valued forcing property and forcing value [¢]x of a formula of MTL in
a complete MT L-algebra X'. The first one is obtained from an X-valued weak
forcing property f: (VU{Ll})x X — X by adding a condition that homogenizes
the action of f w.r.t. elements of X. Then one can define the forcing value [¢]x,
resulting a semantic [-|x of MTL distinct from | - |x.

One of the main results of the above papers [Montagna and Ono 2002] and
[Montagna and Sacchetti 2004] asserts that the Kripke completeness (defined by
means of r-forcing) coincides with the usual algebraic completeness of MT L. In
this section we shall extend this result, by proving that [p]x = ||¢| x, for any
formula of MTL.

We fix a complete MT L-algebra X= (X, V, A, -, —,0,1).

Definition 12. An X-valued forcing property is an X-valued weak forcing
property f: (VU{L})x X — X such that f(p,2) =2 — f(p,1), for any p € V
and x € X.

Definition 13. The forcing value [p]x of a formula ¢ in X is defined by

[plx = /\{[ap]{ | fis an X-valued forcing property }.

Let f be an X-valued forcing property.
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Proposition14. For any ¢ € Form and x € X, [p]] = z —>[<p]{.

Proof. By induction on the complexity of .
(1) If ¢ is an atomic formula, then we apply Definition 12 and we are done.
@) ==z - 0=z =[]

(3) ¢ = a V . By induction hypothesis, [a],= = —[a]; and [8],= = —[0];,
hence, by Lemma 3, we get
[Pl = lal, V[l = (@ =[ad) V (z =[8)) <2 — ([ V [BL) =
=z —[aV ], =z —g.

(4) ¢ = a A B. By induction hypothesis, [a],= = —[a]; and [§],= = —[0];,
hence, using Lemma 2, (2), it follows that
[ple = lal, A Bl = (& —=[ady) A (@ =[8]) =2 — ([ady ABlL) =

=z —fa Al = [l

5)p=a06p.
By induction hypothesis, [a],= u —[a]; and [5],= u —[8];,for all u € X.
Then [p], =V, .c.(z = y2) [a], [6]. =V, .c.(z = y2) (y —[a]y) (z =[8]1).
Let y,z € X. Hence, by Lemma 1, (5),
z(z —yz) (y —laly) (z =[Bl) <yz (y —[aly) (z =[0l) < o]y (Bl
Therefore, by Lemma 1, (1), we get
(z —yz) (y —lody) (z =[B)) < = — [a], 6]
This last inequality holds for all ¢, z € X, therefore

(a) [pl, <z — o]y (Bl
Particulary, [¢]; < [a]; [8];. On the other hand,

la]; [8]y = (1 =[a]y [8]1) ([a]i—=[a]y) (B1—[8) < [0 © Bl = [¢h
It follows that

(b) [y = [a®p]y = o)y [B]
From (a) and (b) we infer that

(¢) [Pl < = =lely
The converse inequality © —[¢]; < [¢], follows easily by

z =l =z —=laly By = (z =[ady [Bl1) ([adi=lady) ([6i=1811) < [#l,

6) p=a— 0.
By induction hypothesis, [a],= u —[a]; and [5],= v —[0];, for all u € X.
Then, by Lemma 1, (6), we get
[Ple = Ayex(ely = [Blay) = Ayex (v =lali) = (zy =[811)) =
= Nyex(@y (y —aly) — [Bl)
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Thus [¢], <z [a]; — [];. Particulary, [¢]; <1 [a]; — [8];.
For any y € X, we have y(y —[aly) ([a];—[8]1) < [Bl
o]y — [Bl1 < y(y —[ady) —[6] = (y —[a]y) — (v —[6]1)
Therefore [a]; — [8]; < A, ex((y —a]y) — (y —[B]1)
It follows that
(d) [¢]y = [a — B]; = [a]; — [B]y,
hence [p], < x —]p];. On the other hand, by using Lemma 1, (7), we obtain
z —lply =z — ([a]y — [Bl1) = z[a]y — Bl <2y (y—[a]y) — [6: =
= (y —laly) = (zy =[Bl) =[], — [y
Then z _)[4,0]1 S /\yex([a]y - [B]xy) = [‘p]x
We conclude that [¢], =  —[¢];.

Corollary 15. Let f be an X -valued forcing property. For any p,v € Form we
have:

(1) lev el =[] v [¥)];
(2) le Al = [l] A [
(3) le oyl = (ol - WIf;

Proof. By the proof of Proposition 14.

For any X-valued forcing property f, let us consider the evaluation Ay : V- —
X defined by A¢(p) = f(p, 1), for any ¢ € V.

Proposition16. For any ¢ € Form, we have [p]; = S\f(ap).
Proof. By induction on the complexity of ¢, according to Corollary 15

If e: V — X is an evaluation, then we define the function
fe: (VU{L}P) x X — X by fe(p,x) =2 — e(p), forall p € VU{L} and z € X.
By definition, f. is a X-valued forcing property.

Proposition17. Let f = f. the X-valued forcing property associated with the
evaluation e. For all ¢ € Form and x € X, we have [p]f=z — é(p).

Proof. By induction on the complexity of ¢:
—  is an atomic formula: [p]f= f(p,7) =z — e(p) =z — &(p);

— @ = aV B by induction hypothesis, [a]i=z — é(a), [B]l=z — é(B).
Then, by using Lemma 2, (4), we obtain
[elf = [al] v [B]f = (& — é(a)) V (z — €(B)) <
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<z —(é(a)vep) =z — é(p)
By Lemma 3, (2), we obtain
z—é(p) =z —élaVvp) =z — (&) Vep)) =
= (z — é(a)) A (z —&(B))
= oV Bl = [¢l]

x

1
E
EESS

>
=
EES
IN
2
8
<
=
EES

1

Therefore [p]{= 2 — é(¢).
— the case ¢ = a A § follows similarly;

— ¢ = a® B: by definition and induction hypothesis [a]f= 2 — é(a), [8]L=
x — é(f), we get

[l = Vyzex(@ = y2)la] 1Bl =V, .ex(@ = y2)(y — é(a))(z — é(8))
Let 3,2 € X. Then 2(z — y2)(y — é(@))(z — é()) < &(a)é(8), hence
(x = y2)(y — é(a)(z = é(B)) <z — é(a®pf) =z — é(p). It results that
[¢]f <z — é(p). According to the previous expression of [p

inequality © — &(p) = & — é(@)é(8) < [l is obvious;

17, the converse

— ¢ = a — (3: by induction hypothesis, [a]f=u — é(a), [Bf=u — &(B), for

all u € X. According to Lemma 2, (2), we can write
[Pl = Ayex(lady = [Blay ) = Ayex((y — é(@)) — (zy — &(8))) =

= Nyex(@ = ((y = é(a)) — (y — &(9)))) =

=z = N\yex((y = é(a)) = (y — é(8)))
Thus [¢]] <z — ((1 — é(@) — (1 = é(B)) =2 —
x — é(p). Let y € X. Then y(y — é(a))(é(a) — é(B)) < é(5), hence
é(la— p) = é(a) — é(B) < yly — é(a)) — é(B) =

=y —él) = (y—e®)

This inequality is true for any y € X, so
éla— B) < Ayex((y — é(a)) — (y — é(8)))
Applying Lemma 1, (7), we obtain
z—ép) =z —éla—Pf) Sz = Aypex(ly — &) = (y — &8))) =[]

Proposition 18. There exists a bijective correspondence between the X -valued
forcing properties and the evaluations of MTL in X.

Proof. The assignments f — A; and e — f, prove the bijective correspondence
between the set of X-valued forcing properties and the set of evaluations in X.

The following theorem is a consequence of the previous results.
Theorem 19. For any formula ¢ of MTL, we have [p|lx = |l¢|x-
Corollary 20. If the formula ¢ is provable in MTL, then [p]x = 1.
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7 Final discussion and open questions

We shall discuss two possible directions to extend and improve the results ob-
tained in the previous sections.

7.1 The predicate logic MT LY was introduced by Esteva and Godo in the paper
[Esteva and Godo 2001]. The language of MTLV has the following primitive
symbols: variables, predicates symbols, the connectives V, A, ®, —, the constant
L, the quantifiers 3,V and the paranthesis (, ). The axioms of MTLY are those
of MTL plus:

(V1) Yoo — ¢(w/v) (w is substitutable for v in ¢)
(V2) Yo (¢ = ¢) — (¢ = Yo o) (v is not free in ¢)
(V3) Yo (o V) — (¢ VYv 1) (v is not free in ¢)
31) p(w/v) — v (w is substitutable for v in )
(32) Yo (¢ — ¢¥) —» Fve — ) (v is not free in ).

The inference rules of MT LY are modus ponens and generalization: %w_w

The formulas and the sentences of MTLV are defined as usual. If D is a
non-empty set, then MTLV(D) will be the language obtained from MTLY by
adding the elements of D as new constants.

Let X be a complete MT L-algebra and D a non-empty set. A first-order X-
evaluation with domain D is a function e from the set At(D) of atomic sentences
in MTLV(D) into X. Any first-order X-evaluation e with domain D can be
uniquely extended by induction to a function é from the sentences of MT LV(D)
into X. The truth value ||¢]|x of a sentence ¢ of MTLV(D) in X is defined as
usual [Esteva and Godo 2001, Esteva et.al. 2002].

Now we shall extend the definitions of preceding sections to the new setting.
An X-valued weak forcing property with domain D is a function f : (At(D)U{L
}) x X — X such that f(L,1) =0 and, for all ¢ € At(D) and z,y € X, z <y
implies f(p,y) < f(p,z). In an analogous way we can define the notion of X-
valued forcing property with domain D.

Let f be an X-valued weak forcing property with domain D. For any sentence
¢ of MTLY(D) and = € X, the element [¢]/ of X is defined by the conditions

(1)-(6) of Definition 5 and the following new clauses:
(i) If o = Vo1, then [p]] = Naecp [w(d)]L;
(ii) If o = Jv ¢, then []] = A, Vyer Vaep (D)L

1
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Now, for any sentence ¢ of MT LV, we can define the weak forcing value |p|x
and the forcing value [p]x of ¢ in X.
For |- |x and [-]x we can formulate the following open questions:

Open question 21. Analyse the behaviour of |- |x and [-]x w.r.t. the axioms and
some other types of sentences in MTLV.

Open question 22. Compare the semantics || x, [-]x, ||-||x and extend the results
of Section 5.

The following two propositions constitute a first step in solving the problem
21. We fix a X-valued weak forcing property f with domain D.

Proposition 23. Let p(v) be a formula of MTLY, x a sentence of MTLY,
x € X and a € D. Then the following properties hold:

(1) Vvl < [p(a)lf;
(2) [p(a)ll < [Fveli;
(3) Vo (x = @)lf = [x = Vv ell;

(4) [Bve —x)E = Vv (e — X))

Proof.
(1) Obvious.

(2) For any y < , we have[p(a)l{ < V, . Vyep (B, hence [p(a)lf < A, .,
Ve Voep [o®)lf = Boglf.

(8) By the definition of []Z and Lemma 2, (2), we get [Vv (x — ¢)]] = /\bED
Ayex (] = [p®)lL,) = Ayex (X1 —>/\beD[80(b)]£y) = Nyex (0] = [voeld,)
=[x — el

(4) Let b € D and y € X. According to Proposition 8, (4) and the previous
imequality (2)we et Buip — I < Bulf — xlf, < [}~ 1l Thectoe,
for any b € D, we have [3v ¢ — ¢]] < A cx([p®)] — [XIf, ) = [o(b) — x]i.
Thus B¢ — xJL < Avep [9(0) — X = [0 (& — X1

Proposition 24. Let ¢(v), 1 (v) two formulas of MTLY. Then Vv (¢ — )]/
< Vv — Yoyl

Proof. Let y € X and a € D. By Proposition 23, (1), and Proposition 8, (4),
we get [V (o — W - Mo glf < [p(a) — B@)f - [p(@)f < [B(@)],, hence
Yo (o — B - Vo olf < Apep [(@),. Thus [0 (p — 9l < Mo glf —
Vo ¢]f,, for each y € X. Therefore, [Vv (¢ — ¥)] < Nyex ([Vv olf — [Voulf,)
— Vo g — Voulf.
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7.2 Recently, a lot of non-commutative fuzzy algebras and their logical calculi
were investigated [Cintula and Héjek 2006], [Gottwald 2005], [Iorgulescu 2006a],
[Iorgulescu 2006b], [Piciu 2007]. Pseudo MT L-algebras (psMT L-algebras, for
short) were defined in [Flondor et.al. 2001] arising from the structure of the
interval [0, 1] induced by a left-continuous non-commutative t-norm.

A psMT L-algebra is a structure X= (X, V, A, -, —,~,0,1), where:

Cl) (X,V,A,0,1) is a bounded lattice;

C2) (X,-,1) is a monoid;

Cl) rry<zife<y—ziff y <z~ 2z

(
(
(
(C4

)
)
)
)@=y Vy—z)=(@~y V) =1

By definition, a psMT L-algebra X is representable if it is isomorphic to
a subdirect product of psMT L-chains 3 The variety of representable psMT L-
algebras is characterized by Kiihr’s identities [Kiihr 2003]:

(y—=2)V(z~ ((z—y)-2)=1
(y~~2)V (= (z- (@) =1

The psM T L-algebras constitute the algebraic base for the propositional cal-
culul psMTL, elaborated in [Héjek 2003a, Hdjek 2003b]. An extension of psMT'L
is psMTL", a logical system obtained from psMTL by adding Kiihr’s axioms:

(K1) (¢ =)V (x ~ (¢ — ¥) ©x));
(K2) (¥~ @)V (x— (x©(p~v))).

A standard completeness theorem for psMTL" was proved by Jenei and
Montagna in [Jenei and Montagna 2003], by using a generalization of a technique
from [Jenei and F. Montagna 2002].

Two predicate logics psMT LY and psMT LV" were developed by Héjek and
Sevéik in [Hajek and Sevéik 2004] and an weak completeness theorem for the
psMTL" logic was established.

In the framework of logics psMT L, psMTL", psMTLY and psMTLY" we
can formulate the following open questions:

Open question 25. Extend the Kripke semantics of [Montagna and Ono 2002,
Montagna and Sacchetti 2004] to these non-commutative logics in order to ob-
tain similar standard completeness theorems for psMTL" and psMT LV".

3 A non-commutative residuated lattice is a structure X= (X, V, A, -, —,~,0,1) veri-
fying the conditions (C1)-(C3) (see [Jipsen and Tsinakis 2002]). Any totally ordered
non-commutative residuated lattice is a psMT L-chain.
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Open question 26. Define appropiate notions of weak forcing value and forcing
value for the logics psMTL, psMTL", psMTLY, psMTLVY" and obtain non-
commutative versions of the results proved in Sections 4 and 5.
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