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Abstract: We investigate properties of coincidence ideals in subattribute lattices that
occur in complex value datamodels, i.e. sets of subattributes, on which two complex
values coincide. We let complex values be defined by constructors for records, sets,
multisets, lists, disjoint union and optionality, i.e. the constructors cover the gist of
all complex value data models. Such lattices carry the structure of a Brouwer algebra
as long as the union-constructor is absent, and for this case sufficient and necessary
conditions for coincidence ideals are already known. In this paper, we extend the char-
acterisation of coincidence ideals to the most general case. The presence of the disjoint
union constructor complicates all results and proofs significantly. The reason for this is
that the union-constructor causes non-trivial restructuring rules to hold. The charac-
terisation of coincidence ideal is of decisive importance for the axiomatisation of (weak)
functional dependencies.
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1 Introduction

Complex values are around in database theory since the 1970’s. First, so called
semantic data models have been developed (see e.g. [Chen, 1976; Hull and King,
1987]), which were originally just meant to be used as design aids for relational
databases, as application semantics was assumed to be easier captured by these
models (see the argumentation in [Batini et al., 1992; Chen, 1983; Tjoa and
Berger, 1993]). Later on some of these models, especially the nested relational
model (see e.g. [Paredaens et al., 1989]), object oriented models (see e.g. [Schewe
and Thalheim, 1993]) and object-relational models, the gist of which are captured
by the higher-order Entity-Relationship model (HERM, see [Thalheim, 1992;
Thalheim, 2000]) have become interesting as data models in their own right
and some dependency and normalisation theory has been carried over to these
advanced data models (see [Hartmann, 2001; Mok et al., 1996; OZsoyoglu and
Yuan, 1987; Paredaens et al., 1989; Tari et al., 1997] as samples of the many
work done on this so far). Most recently, the major research interest is on the
model of semi-structured data and XML (see e.g. [Abiteboul et al., 2000]), which
may also be regarded as some kind of object oriented model.



Sali A, Schewe K.-D.: A Characterisation of Coincidence Ideals ... 305

We refer to all these models as higher-order data models. This is, because
the most important extension that came with these models was the introduction
of constructors for complex values. These constructors usually comprise bulk
constructors for sets, lists and multisets, a disjoint union constructor, and an
optionality or null-constructor. In fact, all the structure of higher-order data
models (including XML as far as XML can be considered a data model) is
captured by the introduction of (some or all of) these constructors. This leads
to lattices of subattributes, which even carry the structure of a Brouwer algebra
as long as the union-constructor is absent.

A key problem is to develop dependency theories (or preferably a unified the-
ory) for the higher-order data models. The development of such a dependency
theory will have a significant impact on understanding application semantics and
laying the grounds for a logically founded theory of well-designed non-relational
databases. In doing so we come across the problem to characterise coincidence
ideals, i.e. sets of subattributes, on which two complex values coincide. Such a
characterisation is indeed essential for the completeness proofs for axiomatisa-
tions of functional dependencies.

For the relational model this was a triviality, but even if only few construc-
tors are used, the characterisation of coincidence ideals is already non-trivial.
The work in [Hartmann et al., 2006] covers the case of all constructors combined
except the union constructor. This has been slighly extended in [Sali and Schewe,
2006] to capture also the union-constructor, provided that counter-attributes are
excluded. In this paper we are now able to present sufficient and necessary condi-
tions for the most general case, when all constructors are present simultaneously.
The technical effort to achieve this characterisation compared with previous work
is, however, enormous. In [Sali and Schewe, 2008] this result is used to extend
the axiomatisation of weak functional dependencies to the most general case.

In Section 2 we define the preliminaries for our theory. We start with the
definition of nested attributes that are composed of simple attributes using the
constructors that have been mentioned above. Each nested attribute defines a
set of complex values called its domain, and each complex value can be repre-
sented as a finite tree. We then define subattributes, which give rise to canonical
projection maps on the domains. The presence of the union constructor leads to
restructuring rules, which define non-trivial equivalences the set of subattributes
of a given nested attribute. We obtain a lattice, which is even a Brouwer alge-
bra, if the union constructor is absent. Nevertheless, also in the general case it
is advantageous to define the notion of relative pseudo-complement.

In Section 3 we study certain ideals in such lattices of subattributes, focusing
on the set of subattributes, on which two complex values coincide. These ide-
als are therefore called coincidence ideals. The objective is to obtain a precise
characterisation in the sense that whenever an ideal satisfies the given set of
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properties, we can guarantee the existence of two complex values that coincide
exactly on the given ideal. This leads to the Central Theorem on coincidence
ideals.

2 Algebras of Nested Attributes

In this section we define our model of nested attributes, which covers the gist
of higher-order data models including XML. In particular, we investigate the
structure of the set S(X) of subattributes of a given nested attribute X. We
show that we obtain a lattice, which in general is non-distributive. This lattice
becomes a Brouwer algebra, if the union constructor is not used.

2.1 Nested Attributes

We start with a definition of simple attributes and values for them.

Definition 1. A wuniverse is a finite set U together with domains (i.e. sets of
values) dom(A) for all A € U. The elements of U are called simple attributes.

For the relational model a universe was sufficient, as a relation schema could
be defined by a subset R C U. For higher-order data models, however, we need
nested attributes. In the following definition we use a set L of labels, and tacitly
assume that the symbol X is neither a simple attribute nor a label, i.e. A ¢ UUL,
and that simple attributes and labels are pairwise different, i.e. UNL = 0.

Definition 2. Let U be a universe and L a set of labels. The set N of nested
attributes (over U and L) is the smallest set with A € N, U C N, and satisfying
the following properties:

— for X € L and X{,...,X] € N we have X(X71,..., X)) €N;
— for X € L and X’ € N we have X{X'} e N, X[X'] e N, and X(X') € N;
— for X;,..., X, € Land X1,..., X, € Nwehave X;1(X])®---®X, (X)) eN.

We call A a null attribute, X(X7,..., X)) a record attribute, X{X'} a set
attribute, X [X'] a list attribute, X (X') a multiset attribute and X1 (X1) @ --- @
Xn(X]) a union attribute.

In the following we will overload the use of symbols such as X, Y, etc. for
nested attributes and labels. As record, set, list and multiset attributes have a
unique leading label, this will not cause problems anyway. In all other cases it
is clear from the context, whether a symbol denotes a nested attribute in N or
a label. Usually, labels never appear as stand-alone symbols.
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We also take the freedom to change the leading label X in a set, list or
multiset attribute to X1 . ,y}, if the component attribute is a union attribute,
say X1(X1) @ --® X,,(X),). This emphasises the factors in the union attribute.
We will see in the next two subsections that this notation will become important,
when restructuring is considered.

We can now extend the association dom from simple to nested attributes,
i.e. for each X € N we will define a set of values dom(X).

Definition 3. For each nested attribute X € N we get a domain dom(X) as
follows:

— dom(\) ={T}
— dom(X(X1,...., X)) ={(v1,...,v) | v; € dom(X]) fori=1,...,n};

— dom(X{X'}) = {{v1,...,v} | k € Nand v; € dom(X') fori = 1,...,k},
i.e. each element in dom(X{X'}) is a finite set with (pairwise different)
elements in dom(X");

— dom(X[X']) = {[v1,...,vx] | k € Nand v; € dom(X') fori =1,...,k}, ie.
each element in dom(X[X']) is a finite (ordered) list with (not necessarily
different) elements in dom(X");

— dom(X(X")) = {{v1,...,v) | k € Nand v; € dom(X’) for i =1,...,k}, ie.
each element in dom(X(X’)) is a finite multiset with elements in dom(X"'),
or in other words each v € dom(X') has a multiplicity m(v) € N in a value
in dom(X(X"));

— dom(X1 (X))@ D Xn(X))) ={(X; 1 v) | v; € dom(X]) fori =1,...,n}.

Note that the relational model is covered, if only the record constructor is
used. Thus, instead of a relation schema R we will now consider a nested attribute
X, assuming that the universe U and the set of labels L are fixed. Instead of an
R-relation r we will consider a finite set r C dom(X).

2.2 Subattributes

In the relational model a functional dependency X — Y for X, Y C R C U is
satisfied by an R-relation r iff any two tuples ¢1,t2 € r that coincide on all the
attributes in X also coincide on the attributes in Y. Crucial to this definition is
that we can project R-tuples to subsets of attributes.

Therefore, in order to define FDs on a nested attribute X € N we need a
notion of subattribute. For this we define a partial order > on nested attributes
in such a way that whenever X > Y holds, we obtain a canonical projection
7+ dom(X) — dom(Y). However, this partial order has to be defined on
equivalence classes of attributes, as some domains may be identified.
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Definition 4. = is the smallest equivalence relation on N satisfying the follow-
ing properties:

- A=X();
- X(X{,,X,ll) EX(X{a“'vX;w)‘);
- X(X1,..., X)) = X(X(;(l),...,X[’,(n)) for any permutation o € Sy;

- Xi(X))e---aX,(X)) = Xg(1)(X[I,(1)) @ - @Xg(n)(X(;(n)) for any permu-
tation o € Sy,;

- X(X),...,. X))=XMW,...,. V)it X/ =Y, foralli=1,...,n;

- Xi(X]))e - eX, (X)) =X -eX,(Y,)iff X] =Y foralli =1,...,n;
~ X{X=X{Y}iff X' =V,

- X[X)=X[Y]if X' = Y;

~X(X) = X(Y) iff X' = Y;

— X(X),. . (Y@ B YY), X)) =YX, Y X)) @
@YX, Y LX)

’ T mo

= X1, o {X (X)) @ - ® Xn(X0)} = Xy (X {XT - Xn{ X0 )

Basically, the first four cases in this equivalence definition state that A in
record attributes can be added or removed, and that order in record and union
attributes does not matter. The last three cases in Definition 4 cover restruc-
turing rules, two of which were already introduced by Abiteboul and Hull (see
[Abiteboul and Hull, 1988]). Obviously, if we have a set of labelled elements
with up to n different labels, we can split this set into n subsets, each of which
contains just the elements with a particular label, and the union of these sets
is the original set. The same holds for multisets. Of course, we can also split a
list of labelled elements into lists containing only elements with the same label,
thereby preserving the order, but in this case we cannot invert the splitting and
thus cannot claim an equivalence.

In the following we identify N with the set N/= of equivalence classes. In
particular, we will write = instead of =, and in the following definition we should
say that Y is a subattribute of X iff X > Y holds for some X = X and Y =Y.
In particular, for X =Y we obtain X > Y and Y > X.

Definition 5. For XY € N we say that Y is a subattribute of X, iff X > Y
holds, where > is the smallest partial order on N/= satisfying the following
properties:
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X(Xi{A}, Xo{B})
X(X1{A}, Xo{A}) X(X1{A}, Xo{B})
X(X1{A}) X(X1{A}, Xo{A}) X(X2{B})

T

X(X{A) o Xpaidh X(X{AD

Figure 1: The lattice 8(X{X;1(A) ® X2(B)}) = 8(X(X1{4}, X2{B}))

— X > Mforall X € N;

- X(Y1,...,.Y,) > X(X;(l),...,X;(m)) for some injective o : {1,...,m} —

1,...,n}and Y 5y > X’  foralli=1,...,m;
(1) o (i)

- XiNM) @ B Xn(Yn) 2 Xo)(X] (1) @+ & Xo(n)(X],)) for some permu-
tation 0 € S, and YV; > X/ for alli =1,...,n;

- X{V}> X{X}if Y > X,

~ X[Y] > X[X]iff Y > X;

— X(Y) > X(X)iff Y > X

- XXX @8 X (X)) > X (XX, X [X5));

= X, X (X]) @ - @ Xi(Xp)] > X, [Xa(X]) @ - @ Xo(X))] for
k>

= XX AL X M) 2 X A
- X(Xil <>‘>a ey Xy <>‘>) 2 X{11,,zk}<>‘>v
- X(Xil P‘]a ceey Xik P‘]) > X{ihm,ik}[)‘]'

Note that the last five cases in Definition 5 cover further restructuring rules
due to the union constructor. Obviously, if we are given a list of elements labelled
with X1,...,X,, we can take the individual sublists — preserving the order —
that contain only those elements labelled by X; and build the tuple of these
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lists. In this case we can turn the label into a label for the whole sublist. This
explains the first of the last five subattribute relationships.

For the other restructuring rules we have to add a little remark on notation
here. As we identify X{X1(X])®---® X, (X))} with X (X1 {X1},..., Xn{X]}),
we obtain subattributes X (X; {X[ },... ... , Xi, {X] }) for each subset I =
{i1,...,i} € {1,...,n}. However, restructuring requires some care with labels.
If we simply reused the label X in the last property in Definition 5, we would
obtain

X{X1(X) @ Xa(X3)} = X (X1 { X7}, Xa{X5}) >
> X(X1{X{}) 2 X(X1{A}) = X{A).

However, the last step here is wrong, as the left hand side is an indicator for
the subset containing the elements with label X; being empty or not, whereas
the right hand side is the corresponding indicator for the whole set, i.e. elements
with labels X; or Xs. No such mapping can be claimed. In fact, what we really
have to do is to mark the set label in an attribute of the form X{X;(X{)® - -®
Xn(X})} to indicate the inner union attribute, i.e. we should use Xy, 3 (or
even X(x, . x,}) instead of X. As long as we are not dealing with subattributes
of the form Xy;  x1{\}, the additional index does not add any information and
thus can be omitted to increase readability. The same applies to the multiset-
and the list-constructor.

X121 [X1(A) ® X2(B)]

X123 [X1(4) ® Xo(N)] X (X1[A], X,[B]) X123 [X1(N) @ Xo(B)]
X(X1[A], X2[A]) X193 [X1(N) @ Xo(N)] X (X1[\, X2[B))
X(X:1[A]) X(X1[A], X2[A]) X (X2[B])

XD Xpal XXM
A
Figure 2: The lattice 8(X[X;1(A) & X2(B)])
Subattributes of the form X {A}, X[\] and X;{\} were called counter at-

tributes in [Sali and Schewe, 2006], because they can be considered as counters
for the number of elements in a list or multiset or as flags that tell, whether sets
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are empty or not. Note that Xop{A\} = A, X(1 . o1 {A} = X{\} and X {\} =
X (X;{\}). Analogous conventions apply to list and multiset attributes.

Further note that due to the restructuring rules in Definitions 4 and 5 we may
have the case that a record attribute is a subattribute of a set attribute and vice
versa. This cannot be the case, if the union-constructor is absent. However, the
presence of the restructuring rules allows us to assume that the union-constructor
only appears inside a set-constructor or as the outermost constructor. This will
be frequently exploited in our proofs.

Obviously, X > Y induces a projection map 755 : dom(X) — dom(Y). For
X =Y we have X > Y and Y > X and the projection maps Wff and 77}2 are
inverse to each other.

We use the notation 8§(X) = {Z € N | X > Z} to denote the set of subat-
tributes of a nested attribute X . Figure 1 shows the subattributes of X {X;(A4)®
X2(B)} = X(X1{A}, X2{B}) together with the relation > on them. Note that
the subattribute Xy; 23{A} would not occur, if we only considered the record-
structure, whereas other subattributes such as X (X;{A}) would not occur, if we
only considered the set-structure. This is a direct consequence of the restructur-
ing rules.

Figure 2 shows the subattributes of X[X;(A) @ X2(B)] together with the
relation > on them. The subattributes Xy; 23 [\] would not occur, if we only con-
sidered the list-structure, whereas other subattributes such as X (X;[\]) would
not occur, if we ignored the restructuring rules. Figure 3 shows the subattributes
of X{X1(A) ® X2(B) ® X5(C)} together with the relation > on them. The sub-
attribute X;{\} for [I| > 2 would not occur, if we only considered the record-
structure.

2.3 The Lattice Structure

The set of subattributes 8(X) of a nested attribute X plays the same role in
the dependency theory for higher-order data models as the powerset P(R) for a
relation schema R plays in the dependency theory for the relational model. P(R)
is a Boolean algebra with order C, intersection N, union U and the difference —.
So, the question arises which algebraic structure §(X) carries.

Definition 6. Let £ be a lattice with zero and one, partial order <, join U
and meet M. £ has relative pseudo-complements iff for all Y, Z € L the infimum
Y —Z=TH{U|UUY > Z} exists. Then Y « 1 (1 being the one in £) is called
the relative complement of Y.

If we have distributivity in addition, we call L a Brouwer algebra. In this
case the relative pseudo-complements satisfy U > (Y « Z) iff (UUY > Z), but
if we do not have distributivity this property may be violated though relative
pseudo-complements exist.
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X(XfALX{B} % {C})

X(X{A}LX{BL.Xs 1) X(X{AL XA} X{CY X(X{A}X4B}.X{C})

XXAARXABY  X(XAALXAALXA W) X(X{ALXACY) X(XABEXACH

XX A} XA} XACY

X(X A},

X(X{A}, AL XA X(XAMXACH

X(X AL, XX{ALXACH  XXABEXA)

X(X{AD XX ) XAM) X(XfAd Xo{2) X(XAA} XA

X(X{AD XXz XA XX 230 XXy 3{A) XX X(X23{M)

Figure 3: The subattribute lattice §(X{X;(4) & X2(B) & X3(C)})

Theorem 7. The set 8(X) of subattributes carries the structure of a lattice with
zero and one and relative pseudo-complements, where the order > is as defined
in Definition 5, and A and X are the zero and one, respectively. If X does not
contain the union constructor, 8(X) defines a Brouwer algebra.

Proof. For X = X\ and simple attributes X = A we obtain trivial lattices with
only one or two elements. Applying the record constructor leads to a cartesian
product of lattices, while the set, list and multiset constructors add a new zero
element to a lattice. These extensions preserve the properties of a Brouwer al-
gebra.

In the case of set, list and multiset constructors applied to a union attribute
we add counter attributes. This preserves the properties of a lattice and the
existence of relative pseudo-complement, while distributivity may be lost.

Ezample 1. Let X = X{X1(A) ® X2(B)} with §(X) as illustrated in Figure 1,
Y1 = X{)\}, Yo = X(X2{B}), and Z = X(X1{A}). Then we have
ZN (Y1 UYs) = X(X1{A} N (X{\} U X(X{B})) =
X(X{A}) N X (X {A}, Xo{BY) = X(Xi{A}) #A =AU =
(XX {AN N X U (X (XA M X (Xa{BY) = (2N Y1) U (ZMYa) |
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This shows that 8§(X) in general is not a distributive lattice. Furthermore, Y’ U
Z > Y1 holds for all Y’ except A, X(X1{\}) and X (X1{4}). So Z «— Y1 = ),
but not all Y’ > X satisfy Y’ U Z > Y7. ]

It is easy to determine explicit inductive definitions of the operations I
(meet), U (join) and « (relative pseudo-complement). This can be done by
boring technical verification of the properties of meets, joins and relative pseudo-
complements and is therefore omitted here.

3 Coincidence Ideals

In this section we investigate sets of subattributes, on which two complex values
coincide. It is rather easy to see that these turn out to be ideals in the lat-
tice 8(X), i.e. they are non-empty and downward-closed. Therefore, we will call
them coincidence ideals. However, there are many other properties that hold for
coincidence ideals.

There are two major reasons for looking at coincidence ideals. The first one is
that properties of subattributes, on which two complex values coincide, may give
rise to axioms for functional dependencies. Indeed, the properties of coincidence
ideals in Definition 10 are very closely related to the sound axioms and rules for
(weak) functional dependencies in [Sali and Schewe, 2008].

The second reason is that in the completeness proof in [Sali and Schewe,
2008] we have to construct two complex values that coincide exactly on a given
set of attributes, so that a set of dependencies is satisfied by these values, while
a non-derivable dependency is not. This step appears also in the corresponding
completeness proof for the RDM, but in that case it is trivial, because it simply
amounts to getting two tuples that coincide on a given set of attributes, but
differ on all others.

Thus, what we want to achieve is a characterisation of a coincidence ideal that
allows us to construct two complex values that coincide exactly on it. This will
be the main result of this section, called the Central Theorem 17 on coincidence
ideals. The proof of this result, however, will be very technical.

3.1 Necessary Properties of Coincidence Ideals

Let us start doing the first step, i.e. introducing coincidence ideal as sets of
subattributes, on which two complex values coincide, and derive necessary con-
ditions for such ideals. For one of the properties dealing with the join Y U Z we
will need the notion of reconsilable subattributes, which was already used in the
axiomatisations of restricted cases (see [Hartmann et al., 2005; Hartmann et al.,
2006]). The following Definition 8 extends this notion to capture all constructors,
in particular the union constructor.
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Definition 8. Two subattributes Y, Z € 8§(X) are called reconsilable iff one of
the following holds:

1

2

Y>ZorZ>Y;
X=X[X',Y=X[Y'],Z=X[Z'] and Y', Z' € §(X’) are reconsilable;

X = X(Xt, .. X)), Y = X(Yi,....Y), Z = X(Z4,...,Zy) and Y}, Z; €
8(X;) are reconsilable for all i = 1,...,n;

X =X1i(X]) @ @ Xn(X]), Y = Xa(Y)) & --- @ Xn(Y}), Z = Xa(Z1) ®
@ X, (Z)) and Y/, Z] € $(X]) are reconsilable for all i = 1,...,n;

(3

X = X[X1(X) @@ Xo(X)], Y = X(Y1,...,Y,) with V; = X;[Y/] or

Yi=X=Y/,Z=X[X1(Z))® - - ®X,(Z])], and Y], Z/ are reconsilable for
alli=1,...,n.

Note that for the set- and multiset-constructor we can only obtain reconsil-

ability for subattributes in a >-relation.

Definition9. Let X € N be a nested attribute. A set F C §(X) is called
a coincidence ideal iff there exists two complex values t1,t2 € dom(X) with

F =

{Y € 8(X) [ n§f (t1) = mif (t2)}-

The following theorem shows necessary properties of coincidence ideals. Show-

ing that these properties are also sufficient is the theme of the next subsection.

Theorem 10. Let X € N be a nested attribute, and F = {Y € §(X) | 55 (t1) =
75 (t2)} be a coincidence ideal. Then F satisfies the following properties:

1.
2.

AeTF;
fY eFand Z € 8§(X) withY > Z, then Z € F;
if Y, Z € F are reconsilable, then Y U Z € F;

with I™ = {i € {1,...,n} | X(X;{\}) € F} and I~ = {i € {1,...,n} |

X(Xi{A}) € 7}

(a) for I = {i1,...,ix}, if Xi{\} € F and X;{\} ¢ F for I C J, then
)(()(“{)({l}7 ,sz{X,L/k}) S ff,’

(b) if Xi{\} € F and X (X;{\}) € F for all i € I, then there is a partition
I=05L UL with X, {)\} ¢F, X,{I\} ¢ F and Xp{\} € F forallI' C I
with I'NV L # 0 #1' NIy

(c) if X1, oy {N} € F and X;—{\} ¢ F, then there exists some i € I such
that for all J C I~ X u{A} € F holds;
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(d) if X;{\} € T and Xj3{\} ¢ F for all j € J and for all i € I there
is some J; C J with Xjum{A} ¢ F, then Xjus{\} & F, provided
InJ=0;

(e) if X;-{\} € F and I' C I" such that for all i € I' there is some
J C I~ with Xju{AY ¢ F, then Xpog{A} ¢ F for all J' C 1™ with
XAy ¢ 3;

5. (a) if Xi{\} € F and X ;{\} € F with INJ =0, then X;us{\} € F;
(b) if X1\ € F and X [\ € F with 10 J =0, then X1\ € F;
(c) if X1(\) € F and X;(\) € F with INJ =0, then X;,5(\) € F;
(d) if X1\ € F and X[\ € F with J C I, then X;_ s\ € F;
(e) if Xi(\) € F and Xj(\) € F with J C I, then X;_;(\) € F;
(f) if X1\ € F and X;[\ € F, then X1ns[N € F iff X(r—pyors—nlN € 5
(9) if X1(\) € F and X;(\) € F, then Xins(\) € F iff Xr—nos—ni) € F;

6. (a) for X = X{X{X1(X])D---®Xn(X])}}, whenever I C {1,...,n}, there
is a partition I =1~ UIl,_UI; UI_ such that

i X{Xp{\MYeFifi¢ I,
ii. X{Xp{\}} € F, whenever I' N I # 0,

iii. X{Xr{\}} € F iff X{Xpnu,_ur-{A}} € F, whenever I' C I, _ U

I~Ul_;
(b) for X = X(X{X1(X})® - ®X,(X.)}), whenever I C {1,...,n}, there

is a partition I =1~ UIl,_UI; UIl_ such that

i XXM\ eFiffi¢g I,

ii. X{(Xp{\}) € F, whenever I' NI # 0,

ii. X(Xp{\}) € Fiff X(Xpna, vi-){A}) € F, whenever I' C I, _ U
I~Ul_;

7. (a) if X = X(X1,..., X)), thenF; ={Y; € $(X]) | X(\,...,Y;,...,\) € F}
is a coincidence ideal;

(b) if X = X[X'], such that X' is not a union attribute, and F # {A\}, then
G={Y € 8(X') | X[Y] € F} is a coincidence ideal;

(c) If X = X1(X]) @ - & X,(X,,) and F # {\}, then the set F; = {Y; €
SXNH X1V X, Y) @ X, (\) € F} is a coincidence ideal;
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(d) if X = X{X'}, such that X' is not a union attribute, and F # {\}, then
G={Y € $(X') | X{Y} € F} is a defect coincidence ideal;

(e) if X = X(X'), such that X’ is not a union attribute, and F #£ (\), then
G={Y € 8(X") | X(Y) € F} is a defect coincidence ideal.

A defect coincidence ideal on 8(X) is a subset F C 8(X) satisfying properties

1, 2, 4(a)-(d), 6(a).(b), 7(d)-(e) and

8 (a) f X = X(X1,..., X)), thenF; ={Y; € (X)) | X(\,...,Ys, ..., \) € F}
is a defect coincidence ideal;

(b) if X = X[X'], such that X' is not a union attribute, and F # {\}, then
G={Y € 8(X') | X[Y] € F} is a defect coincidence ideal;

(¢c) If X = X1(X1) @ & Xn(X,) and F # {\}, then the set F; = {Y; €
XN XiN) @ dX;(Y;) @ X,(N) € F} is a defect coincidence
ideal.

In [Hartmann et al., 2004] and in [Sali, 2004] the term “SHL-ideal” was used
instead; in [Hartmann et al., 2005] in a restricted setting the term “HL-ideal”
was used. In all these cases the definition was given by means of properties as
in the theorem, but not all the conditions from Definition 10 were yet present.

Proof. Let = {Y € 8(X) | m¥(t1) = mis (t2)} C 8(X). The ideal properties 1
and 2 are trivial.

For property 3 let t1,ta € dom(X) with w55 (t1) = 75t (t2) and 75 (t1) =
7y (t2) for reconsilable subattributes Y, Z € F.

— In case Y > Z we immediately get Y UZ =Y € F.

— Incase X = X[X'] we must have Y = X[Y'] and Z = X[Z'] with reconsilable
subattributes Y’, Z’ € 8(X’). Furthermore, t; = [t11,...,t1,n] and to =
[ta1,. .. tam]. This gives n = m, 755 (t1;) = 755 (ta;) and 7% (t1;) =
77?/(7527]-) for all j =1,...,n, hence Y’',Z' € F; for all j = 1,...,n, where
F; = {U € 8(X') | ' (t1;) = 7 (t2;)} is the set of subattributes, on
which t; ; and ¢2; coincide. By induction F; is a coincidence ideal, so Y’ LI
Z' € F; holds for all j = 1,...,n. This gives w5, (t1;) = T35,z (ta )
for all j = 1,...,n and hence also 7 ,(t1) = 75,5 (t2), which implies
Y UZ €T as desired.

— In case X = X(X1,...,X,) we must have Y = X(Y3,...,Y,,) and Z =
X(Z1,...,Zy,) with reconsilable subattributes Y;, Z; € $(X;) fori =1,...,n.
Furthermore, t; = (t1,1,...,t1,n) and to = (t2,1,...,t2,n), which implies
myi(tri) = myi(tag) and my(t;) = my'(t2,) for all i = 1,...,n. This
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gives V;,Z; € F; = {U € 8(X;) | mpyi(t1,;) = w3 (ta;;)}. By induction
these sets &F; for ¢ = 1,...,n are coincidence ideals, hence Y; LU Z; € F;
holds. This implies ﬂfé"’uzi(tl’i) = W})fuz(th) for all ¢ = 1,...,n. With
YUZ=X(Y1UZ,...,Y, UZ,) follows also w55, ,,(t1) = w55, (t2), which
implies Y U Z € F as desired.

— Incase X = X1(X])®- - -®X,(X,) wemust have Y = X1 (V1)@ - X, (Ya)
and Z = X1(Z1)®- - - ® X, (Z,,) with reconsilable subattributes Y;, Z; € 8(X])
for i = 1,...,n. Furthermore t; = (X; : #}) and t5 = (X, : t}) for some
i € {1,...,n}, which implies 7y (#;) = 7y (t5) and 7y (#) = 7wy (t4). This
gives V;,Z; € F;, = {U € 8(X]) | W()]q(t’l) = Wg/(tg)} By induction F; is
a coincidence ideal, hence Y; U Z; € F; follows, which gives Wf,i’{u PAGIIES

W;(:_lz (ty) and further 73t ,(t1) = w55, (t2). This implies Y U Z € F as
desired.

— Incase X = X[X1(X]) @ -+ ® Xn(X])] the case not covered by 2 and 3 is
Y=XY,....Y,) withY; = X;[Y/]or Y; = A=Y/, and Z = X[X1(Z]) ®
<@ X (Z])], such that Y/, Z! are reconsilable for all i = 1,...,n. We get
YUZ=XXi(Y{JUuZ)®- - & X, (Y, U Z). Now let t; = [tj1,...,t5m]
for j = 1,2 and ¢, = (X, : t;) for some label £. The lists must have equal
length, because the coincide on Z, hence also on X [)\]. The coincidence on Z

X
(

implies WZZ’ (t],) = T t,) for all those elements with label X,. As we also

have 8 (£) = (-, [ md (E), -1y ), we also get my () = mof (t)
for Yy # A. Thus Y,/ and Z; are elements of the coincidence ideal defined by
t, and 5, for all those elements with label X,. By induction Y Ul Z must
be in that coincidence ideal, too. This ho}ds for all ¢, as in the remaining
cases we defined Y, = A. This implies Wf/i'l'—'zé (th) = Wéfuzé (t4,,) for all k,
such that ¢1; and to; have the label X,. Hence we get s, (t1) = T, (t2)
and therefore Y U Z € F as desired.

For property 4(a) let X = X{X;(X]) @ - @& X,(X,)} = X(X:i{X1},...
s 7Xn{Xr/L})v Y = XI{)‘}a Zy = XJ{)‘} and Z = X(Xil {Xz/l}a .- '7Xi1c {X’le})
For Y € F and Z; ¢ F we have W{f(tl) = 77{5 (t2) and 7r§1 (t1) # 7r§1 (t2). Thus,
one of t; or to — without loss of generality let this be t — must not contain
elements of the form (X; : v;) with j € J. On the other hand, either ¢; and
to both contain elements of the form (X; : v;) with ¢ € I or both do not. As
1 C J, it follows Wi(((xi{)\})(tl) = 7T§(((Xi{)\})(t2) = ) for all ¢ € I, which implies
7y, (t1) = 75, (t2), so Zs € F.

For property 4(b) let X;{\} € JF, but Xj{A} ¢ F for all i € I, that
is 7T§I{/\}(t1) = w))gl{)\}(tg) and 7T§(Xi{/\})(t1) # Wi(((xi{k})(tg) for all i € I.
Let I; C I be such that ¢; contains an element of the form (X; : v;) for all
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i€ l; (j =1,2). Obviously, I = I U I, and W))gﬂ{)\}(tl) = 7T§I/{)\}(lf2) for all
I' CTIwithI'Nnly # 0 # I'N I so Xp{\} € F for these I'. Furthermore,
W))glj{,\} (tl) 7é W;)g,J {1} (t2) fOI‘j = 1; 27 S0 XIl{/\}7X12{)‘} ¢ F.

For property 4(c) we have Wi((j{)\} (t1) = W))gj{)\} (t2) and Wi((k{)\} (t1) # Wi((k{)\} (t2)
for all j € I and k € I~. Assume that for all i € IT there is some J C I~
with X o {A} € F, ie. 7T§Ju{i}{/\}(t1) # 7T§Ju{i}{)\} (t2). Hence one of these
projections must be (). As we have Wi((i{)\}(tl) = 7T§i{)\} (t2), these must both
be (), which implies 7r§§1+ oy (ti) = ) for j = 1,2. Now 7r§k{)\} (t1) # W))gk{/\}(tg)
for all k € I, so if W§17{A}(t1) # 7T§r (» (t2) holds, one of these projections
must be () again, which implies that one ¢; is (), the other not empty. That is

For property 4(d) assume X j{A\} ¢ F, X;j{\} ¢ F for all j € J, and for
all i € I there is some J; € J with X j,ur3{\} ¢ J. It follows that one of the
two complex values — without loss of generality let this be t; — contains values
(X; : 7;) for all j € J, while the other one does not contain such values. From
this we derive W?JIU{'}{A}(M) # () for all J/ C J and all ¢ € I. If we also had

Xiui{A} € F, t1,t2 would coincide on Xy, 7{A}, which gives W})gﬂu{i}{)\} (ta) £ 0
for all J/ C J and at least one i € I contradicting the assumption that for at
least one such J’' = J; we have ﬂ))gJ’u{i}{)‘}(tl) # Wi((vjlu{i}{/\}(tg).

For property 4(e) assume X;-{A} € F and that for each ¢ € I’ there is
some J, € I~ with Xj,un{A} ¢ F. Let X5/ {\} ¢ F for J' C I™, and assume
Xpup{A} € F. Define I = {i € I™ | W))g“}{)\}(tj) # 0} (j = 1,2) to define a
partition I~ = I7 Ul . As t1, to differ on X ;- {\}, this implies J C I or J' C I.
Without loss of generality we can assume the first of these possibilities. As ¢, o
coincide on Xy {A}, we must have W§1/{A}(t2) # (), so also Wi(({i}{)\}(tg) # ()
for some ¢ € I'. Then also W))g{i}{)\}(tl) # 0 due to I’ C I't. Hence we get
W§,}u{i}{k}(tj) # () for j = 1,2 and all J C I~ contradicting the assumption
that at least one such J = J; exists, such that ¢;,, differ on X y(;3{A}. Hence
Xrur{A} ¢ F follows.

For property 5(a) assume X {\}, X ;{\} € F with INJ =0, i.e. Wi((l{)\} (t1) =
7T§I{/\}(t2) and 7T§J{)\}(t1) = W))gJ{/\}(tg). In case W))gl{/\}(tl) = Wi((v]{/\}(tl) =0
there are no values of the form (X; : v;) with ¢ € TUJ in ¢1, hence also not in ¢s.
In case at least one of these projections leads to a non-empty set we must have
(Xi : v;) € tq for at least one ¢ € I U J and one value v; € dom(X]). The same
holds for t5, hence in both cases 7T§IUJ{)\} (t1) = W))gw]{/\}(tg), ie. Xyu{A} €.

For property 5(b) let X[\ € F, ie. W))glm (t1) = W))glm (t2), which means
that ¢1 and ¢2 contain the same number of elements of the form (X; : v;) with
i € I. If the same holds for J with I N J = 0, then ¢; and ¢ must also con-
tain the same number of elements of the form (X; : v;) with ¢ € T U J, i.e.
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7T§IUJ[/\] (t1) = W))glw[)\] (t2) and hence Xiys[A] € F. Property 5(d) follows from
the same argument.

For property 5(f) let mss (t1) = i (t2) for Y € {Xr[\], X 5[N], X1n7[A]}, which
means that ¢;, to contain the same number of elements with labels in I, J and
INJ, respectively. So they also contain the same number of elements with labels
in (I —J)U(J—1I) and vice versa.

The proof of properties 5(c),(e) and (g) dealing with multisets is completely
analogous to the proof for properties 5(b),(d) and (f) dealing with lists.

For property 6(a) we can assume t1 # () # ¢3. Otherwise, in case t1 = to =0
we simple choose Iy = I, while in case exactly one of the ¢; is empty, we choose
I~ = I, which both lead immediately to the desired result. For t; # 0 # to
define

L= {i€ Il myixy, o () = HUTH =73, pp (12))
I ={iel] W)}g{)?{,;}{,\}}(tl) ={0} = W))’g{xm{,\}}(b)}’
" ={ie I my ey, on () 7 T, oy (21

and I, =I—1"—1I;—1_.Then ty,t; obviously coincide on all X {X/{\}}
with I'NI # 0, which gives property ii. Property i holds by definition of I~. For

- X _ X _
I'CI,_UlI~UIl_ we get WX{X,,{)\}}(tJ') = WX{Xﬂn(er_ur){)\}}(tj) for j=1,2,

which gives property iii.

For property 6(b) we can assume ¢ # () # t2. Otherwise, in case t; = t2 = ()
we simple choose Iy = I, while in case exactly one of the ¢; is the empty
multiset, we choose I~ = I, which both lead immediately to the desired result.
For t1 # () # to define

_ X _ X
Io={iell TrX(X{,;}{)\})(tl) =({T})= Wx(x{‘}{x}>(t2)}7

z times

L={iel|ryx, ppt)= ) =T (%0 0 (2

<\/

z times

I"={iel] W§<X{i}{)\}>(t1) # W))g()‘(“}{)\p(m)}a

and Iy =TI—1"—1I,—1I_. Then t,ts obviously coincide on all X (X {\})
with I’ N I'™ # (), which gives property ii. Property i follows from the definition

_ - X
of 7. For I' C I, UI~UI_ we get 7y _ur>{>\}>(tj)

N X
(XI/{/\D (t]) B 7TX<XI’m(I+
for 7 = 1,2, which gives property iii.

For property 7(a)let t; = (¢j1,...,tjn) for j =1,2. Then X (A, ..., A\, Y;, A, ...
..., A) € F implies 71'})/( (t1;) = Wi)/( (t2;) and vice versa, so JF; is the ideal defined
by coincidence of t1; and to;. Proceeding by induction on the nesting depth we

conclude that &F; is a coincidence ideal.
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Similarly, for property 7(b) let ¢; = [tji,...,t;) (j = 1,2). Both lists must
have the same length, because we assume F # {A}. Then X[Y] € F implies
7 (t1;) = m5< (ty;) for all i = 1,...,k and vice versa. By induction on the
nesting depth we conclude that G is the intersection of coincidence ideals, hence
a coincidence ideal, as we assumed that X’ is not a union attribute.

For property 7(c) we may assume t; = (X; : ;) (j = 1,2). Then X;(\) &
DX (Y) @@ X, (N\) € F implies Wi’{ (t)) = Wﬁl(té) and vice versa, so by
induction on the nesting depth F; is the coincidence ideal defined by t; and t}.

For property 7(d) 1 and ¢, are finite sets with elements in dom(X’) and we
have G = {Y € §(X') | {nX (1) | 7 € t1} = {m (1) | 7 € t2}}. In this case we
can repeat the arguments above to show properties 1, 2, 4(a)-(d) and 6(a),(b)
for G. By induction on the nesting depth we obtain 7(d),(e) and 8(a)-(c).

Analogously, for property 7(e) ¢1 and to are finite multisets with elements in
dom(X') and we have § = {Y € §(X') | (mX (1) | 7 € t1) = (¥ (1) | T € t2)}.
In this case we can repeat the arguments above to show properties 1, 2, 4(a)-(d)
and 6(a),(b) for §. By induction on the nesting depth we obtain 7(d),(e) and

8(a)-(c).

In the proof we did indeed show a bit more than claimed in Theorem 10, as
we also dealt with defect coincidence ideals. The additional results are formalised
in the following corollary.

Corollary 11. Let X € N be a nested attribute, but not a union attribute.

1. For finite sets S1 and Sz with elements in dom(X) let § = {Y € 8§(X) |
{mf(r) | 7€ S1} = {n¥(7) | 7 € S2}} C 8(X). Then § is a defect coinci-
dence ideal.

2. For finite multisets My and My with elements in dom(X) let § = {Y €
S(X) | (mf (1) | 7€ My) = (7 (1) | 7 € M)} C 8(X). Then G is a defect
coincidence ideal.

3.2 Sufficiency of the Coincidence Ideal Characterisation

We now proceed with showing the converse of the result in Theorem 10. The
general idea is to proceed by structural induction extending the corresponding
proofs in [Hartmann et al., 2005] and in [Hartmann et al., 2006]. However, a
difficulty arises with the set and multiset constructors, as for them we will have
to deal with defect coincidence ideals, which will request a different treatment.

Theorem 12. Let § C 8(X) be a defect coincidence ideal for the nested at-
tribute X € N such that the union constructor appears in X only directly inside
a set-, list or multiset-constructor. Then the following holds:
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1. There exist two finite sets Si,S2 C dom(X) such that {ms (1) | 7 € S1} =
{7 (1) | 7 € So} holds iff Y € G. For G # {\} both sets are non-empty.

2. There exist two finite multisets My, My C dom(X) such that (w3 (1) | 7 €
M) = (m5 (1) | 7 € Ma) holds iff Y € G. For G # {\} both multisets are
non-empty.

The work in [Hartmann et al., 2006, Lemmata 21 and 24| contains a proof
of this theorem for the case that the union constructor does not appear at all.
This has been generalised in [Sali and Schewe, 2006, Lemma 4.3] to the general
case but excluding counter attributes, i.e. attributes of the form X;{\}, X (\)
or Xr[A] with |[I| > 2. We will refer to this proof as part of the proof in the
general case, i.e. the proof of Theorem 12.

In the general case we have to take into account that the union constructor
may appear directly inside a set-, list or multiset-constructor. Therefore, an at-
tribute X’ occurring inside an attribute X will be called an embedded attribute,
and we write emb(X) for the set of all embedded attributes of X. The nesting of
embedded attributes gives rise to the notion of degeneration depth (see Definition
13 below), and the proof in [Hartmann et al., 2006] covers the basic case of de-
generation depth 0. We therefore proceed using induction over the degeneration
depth to prove Theorem 12.

Definition 13. Let X € N be a nested attribute, such that the union construc-
tor appears in X only directly inside a set-, list or multiset-constructor. For an
embedded attribute X' = X'{X1(X]) @ - - ® X, (X))} or X' = X'(X1(X]) @
B X (X)) or XN = X'[X1(X]) @ - D X (X),)] in emb(X) the degeneration
depth dd(X') of X' is 1, if the union constructor does not appear in any X/
(t=1,...,n), and max{dd(X]) | i =1,...,n} + 1 otherwise.

The degeneration depth dd(X) of X is the maximum of all dd(X’) for at-
tributes X’ of the given form that appear in X.

For the basic case of Theorem 12 with dd(X) = 0 let 8"(X) C $(X) denote
the sublattice of §(X), in which all subattributes containing some X ;{A\}, X [}]
or X;(A) with |I| > 2 are omitted. As remarked in [Sali and Schewe, 2006] this
gives rise to a Brouwer algebra. We will establish the claimed result by a direct
construction, for which we will use distinguished values.

Definition 14. Let X be a nested attribute such that the union-constructor
only appears in X inside a list-constructor. For each Y € 8"(X) we define the
distinguished value 755 € dom(X) as follows:

1. T/{‘IT;

2. 74 = a and 7{! = ' for a simple attribute A and a,a’ € dom(A), a # a/;
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BTGy = K X )

4. T))((g/(}} = {TY } if X’ is not a union attribute, and 73 XX} 0;
5. T;((((;()) = ('), if X’ is not a union attribute, and T/i((X/) ={();
6. T;(([[;(]] = [r5X], if X" is not a union attribute, and Ti([X’] = [];

X! X!
7. ij([ffl{(XQ? XX 1 x; Ty ) (X oy ) with 1<y <o <
ir < n such that {i1,...,ix} ={i | Y; # A} — that is the list contains only

those (X; Ty/) for which Y; # A, i.e. Y; = X;[Y/];

i

X[X1(X]) BB Xn (X, X7, X
TX[[Xll((Y{))@m@Xn((Y,’L)])] (X2 : TY, ) oy (X s my), (X1 73], where the

list contains only those (X : Ty, ) for which Y] # .

Using these distinguished values we first show some elementary properties
for them, which are used in a second step to prove the base case of Theorem 12.

Lemma 15. Let X be a nested attribute such that the union-constructor appears
in X only immediately inside a list-constructor. Then we have:

1. We have 7k (158) = myp (155) iff Z > Y.
2. ForY,Z € 8"(X) and Z* = (Y « Z) «— (YNZ) we have w5 (13 ) = 755 (T5%).
3. For allY # X there is some Z with w35 (13 ) # w3 (T30).

Proof (see Lemma 4.3 in [Sali and Schewe, 2006]). For the only-if-part of the
first statement there is nothing to show for Y = X\, Z > Y, Y = X{\}, Y = X(}\)
or Y = X[\]. We then use structural induction on X:

For a simple attribute X = A we have Y = A and Z = ), so w5 (15) =
a # a=7y(r5). For X = X(X1,...,Xn), Y = X(V1,...,Y,) and Z =
X(Zy,...,2Zy,) we have by induction Z; > Y; for alli = 1,...,n, thus Z > Y.
For X = X{X'}, Y = X{Y'} and Z = X{Z'} we get Z' > Y’ by induction,
hence also Z > Y. The same argument applies to multisets and lists. Finally, for
X =X[X1(X])® - & X,(X],)] we have to consider four cases for Y and Z:

— Let Y = X(Xa[V1],..., Xn[Ya]) and Z = X(X1[Z41],..., Xn[Z4]). Then we

have
(1) = (X1 [19 (13, sy X 2 [y ()
and )
T (7F) = (X1t [ (T )y ey Xt [ (r)]) -

By induction we must have Z; > Y; for alli =1,...,n, hence also Z > Y.
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—Let Y = X(Xqi[V1],..., X,[Ys]) and Z = X[X1(Z1) ® - -+ & Xn(Zn)]. Then
mx (155 ) and mis (7 ) are the same as in the previous case, so by induction
Z; > Y; foralli=1,...,n. This implies

—Let Y = X[X1(1)®- @ X, (Vo) and Z = X[X1(Z1) @ -+ ® X0 (Z0)]
Then we have

X, X} X!, X!
7@/((7'3)/() =[(X2: 7TY22 (TY;))a sy (X 7TY11 (Tyll))]
and
X}, X} X!, X!
W?(Tg) =[(X2: Ty, (7'222)), ces (X Ty, (Tzll))] .
By induction we must have Z; > Y; for all ¢ = 1,...,n, hence also Z >

X[Xi(M) @ o X,(Ya)] =Y.

—Let Y = X[X;(Y1) @ ® Xn(Yy)] and Z = X(X1[Z1], ..., Xn[Zy]). Then

we have

T (1) = (X s w2 (192), o (X1 i ()] #

(X1 :my (150 es (X sy (7))

For the if-part of the first statement it is sufficient to show mss (7% ) = 35 (755 )
for all Y € 8"(X). From this for Z > Y we obtain immediately 7ss (75) =
m(my (1)) = 12 (m5 (1)) = 7y (7%) = 73 (137) as desired.

Apply again structural induction on X ignoring the trivial cases X = A,
X=Aand Y =\ For X = X(X1,...,X,,) and Y = X(¥3,...,Y,,) we have

ﬂff’ (T))§1) = 71'})5 (T{f) by induction for all ¢ = 1,...,n, hence also
X1 (X Xn (- Xn X1 X Xn (- Xn
773)/((7))(() = (Wyll (Txll)a < Ty, (TXn ) = (Wyll (Tyll)v s My, (TY,L ) = 773)/( (7'1)/()7

which closes the record case. For X = X{X'} and Y = X{Y’'} we get
15 (1) = {7 (75} = {75 (755)} = 7 (15 ), which closes the set case. The
cases for lists and multisets are analogous.

Finally, let X = X[X1(X])& - ® X,(X)] and ¥ = X(Vj,,....Y;

ik) with
Yi, # X for j =1,..., k. Then we get

X X! X
T (1) = T ([X2 : TXE,...,X,L : TX;:L5X1 , TX{I]) =
Xiy o X Xy o X, X} X} x| X[
Iy (T s oo [y (T )]) = (I (7 ) [y (7 )]) =
i1 i1 ik i i1 i1 ik ik

X} X! X}
i ([ X Tyfoe Xn i1y X Tyl,l]) =55 (15).
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Similarly, for Y = X[X;, (Y])) @ -+ @ X;, (Y], )] we obtain

k

T (t) = myr ([X2 : T))((é, coy Xp s TX, Xy TX,,]) =

[Xo : 71'})5/2 (T))((?) e Xy 71'})5/{ (T))((/l )](omit indices different from 41, ... ) =
[Xo : 71'})5/2 (’7’5;2) e Xy 71'})5// (T;(,l)](omit indices different from iy, ...,4;) =
T ([ Xy : Té ooy X TYT::”,Xl : T}),?]) = 75 (15%).

For the second statement there is nothing to prove for Y = A or Y > Z,
which gives Z# = (Y « Z) « (YN Z) = X\ «— Z = Z. Now proceed by induction
on X and assume A # Y * Z. Note that the cases X = X and X a simple
attribute are already covered.

For X = X(X1,...,Xn), Y = X(MW,....,Y,) and Z = X(Z1,...,Z,) we
have by induction 775 (Tg ) = 7rff (1, Xi ) for all i = 1,...,n with ZF = (Y; —
Z;) — (Y; 1 Z;). This implies

Wf/((Tg) =(X;: 7T3);(11 (T;ll) X 7r3)fﬂ (Té(z))
=(X;: wél (T;fl), X wff(T;u)) = 7'({;(7’?;) .

For X = X{X'} with X’ not being a union attribute, ¥ = X{Y’} and
Z = X{Z'} with Y # Z' we get by induction 75, (1) = 755, (Té(,/n) with
7" =(Y' — Z') — (Y' 11 Z'). This implies

( ) = {WY/ (TZ/ )= {WY' (Tzfn)}

The same argument applies for X = X(X') or X = X[X'] with X’ not being
a union attribute.

Finally, let X = X[X1(X]) @ & X, (X)) and A #Y % Z. Then we have
to consider three different cases for Y and Z:

—Let Y = X[Y; @ -+ @ Y,] with ¥; = X;(Y/), and Z = X(Z1,...,Zy,) with
Zi = Xi|Zl) or Z; = A\ = Z!. Then Z! = X(Z!,...,Z}) with Z¥ = X,[Z/"),
ZE = (Y] — Z]) — (Y/ N Z]) for Z; + \, and Z} = X for Z; = A,

We have 73 (758) = [..., (X; : 7T3),(}/ (’7’2(,,)), ...] with only such ¢ in the list, for

which Y; # A # Z; holds. By induction w}),(: (7-;’{' ) = w)}f,l( ;;) which implies

the equality

’

X!, X!
W?(Tg) =[..,(X;: 7TY1_,”(TZ{”;1)),...] = 7755(7'?,1) .

—Let Y = X[V ®---®Y,] with ¥; = X;(Y/), and Z = X[Z1 ® --- & Zy]

(3

with Z; = X;(Z!). In this case Z% = X[X;(W1) @ -+ ® X,,(W,,)] with W; =
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and Z* = (Y] — Z]) — (Y/ N Z). Then 7 (r¥) =

(3

{Z;” for Z; # X #Y;

A else
X} X}, X} . . . .
(X2 : 7ry/ (TZ/Q)) o (Xye Ty (7'211 ))] with only such 4 in the list, for which
Y; # A # Z; holds. By induction, this is equal to [(X2 7T§,(,2( ;,2,1)) (X
Xy X]
w2 )] = 5 ().

—Let Y = X(Yi,...,Y,) with ¥; = X;[Y/] or V; = A = Y/, and Z =
X[Z) @ -+ ® Zy) with Z; = X;(Z!). Then Z! = X(Wy,...,W,) with
X;[Z% forY; £ \
W, — [Z]"] forY; #
A else

This gives 75 (75 ) = (.., (X; : L;),...) with

cand ZF = (V) — 2}) — (Y} N Z)),

[ i

] else

By induction we have my/(7,') = my/(7,}), which implies 7y (77) =
T (T5%)-

For the third statement we proceed again by induction on X # A. For a

simple attribute X = A we must have Y = A. Take Z = A, so we get s (75 ) =

a#a =g ().
For X = X(X1,...,X,)and Y = X(Yl,.. ,Yn) heremustbesomeYi;é)\.

By induction we find some Z; with 7rY (TZ ) # ff (7'A N.For Z = X(Z1,...,2,)
with Z; =Y for all j # i it follows 755 (75) # 55 (755).

For X = X{X'} and Y = X{Y’} with Y/ # X we take Z = X{Z'},
where Z’ satisfies 773)5, (TZ, ) # 75 (7X") by induction. Then we get mss (1) =
(75 (723} # {7 (75X} = 75 (7). The argument for multisets and lists in

the last case is completely analogous.

With this lemma we can complete the proof of Theorem 12.

Proof of Theorem 12. Let us first assume dd(X) = 0, for which the proof was
given in [Sali and Schewe, 2006].

Then for the first statement define t; = {r5¥ | Y € 8§"(X)} and t2 = {75} |
Y € G} and apply Lemma 15. Statement 3 in that lemma gives the result for
the trivial case § = {A\}. For § # {\A} statement 2 in Lemma 15 implies the
equality for all Y € G, as for any Z € 8"(X) we obtain Y > Z*% and thus Z* € G.
Statement 1 in Lemma 15 is used for the inequality for Y ¢ G, for if we had
equality, there would exist some Z € G with 735 (75 ) = 73 (155 ), hence Z > Y,
which gives the contradiction Y € G.
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For the second statement the construction is a bit more tricky (see [Hartmann
et al., 2006]). Take the complement of G, i.e. the filter H = §"(X) — G. For each
minimal element ¥ € H there is a maximal Boolean algebra B(Y) C 8"(X)
with maximal element Y. More precisely, let Y{,...,Y. be the maximal proper
subattributes of Y. Then the Boolean algebra B(Y) has the top element Y,
bottom element Y ---MY,, and contains all Y (j = 1,...,2) (see [Hartmann
et al., 2006, Lemma 22]). Take subsets B(Y )1, B(Y )2 consisting of all Z,Z; €
B(Y) with an odd or even distance (in the lattice) from Y, respectively, and
define ty,; = (77 | Z; € B(Y);). This exploits the fact that in a finite Boolean
lattice each element x has a unique distance from the top element 1. For this take
a maximal chain x = 29 < 1 < --- < z,, = 1 and define n to be the distance

between x and 1. Finally, build the multiset union t; = O] ty,;. Using
Y € Hminimal
again statement 2 of Lemma 15 gives the equality for all Y € G. Analogously,

statement 1 of Lemma 15 is used for the inequality for Y ¢ G, and statement 3
of Lemma 15 covers the case of § = {A}.

Let us now assume that Theorem 12 holds for nested attributes X’ with
dd(X'") <i.Let dd(X) =i+ 1.

For the set case we could write S; = {r5f | Y € 8§(X),Y # A} and Sy =
{r£ | Y € G,Y # A} in the base case. In general, we will construct similar sets
with the following differences:

1. Instead of X we consider a subattribute X € 8$(X) with dd(X) = 0.
2. Instead of G we consider a defect coincidence ideal 9 on S(X' ).

3. Instead of having just one distinguished value T}),:( forY € S(f( ) we consider
several such values o5 (j =1,...,0) and ir¥ (j = 1,...,p) such that
the sets become Sy = {%o3f | Y € §(X),j5 € {1,...,0},Y # A} and Sy =
(rX | Y € 8(X),j € {1,...,p},Y # A}. Of course, for dd(X) = 0 we had

o=p=1,X=X,5=G, and 0¥ =1r¥.

4. The modified distinguished values ja{;( and jrf/z depend on the defect coinci-
dence ideal G, hence on G.

So in particular, for X’ € emb(X) with dd(X’) < i we assume that sets Si,
S5 have the form described above.

First let X = X{X1(X]) @ - ® X,,(X)} € emb(X) be such that dd(X) =
i+1, i.e. X indicates an outermost occurrence of an embedded set attribute with
a component union attribute. Using properties 7(d)-(e) and 8(a)-(c) of Theorem
10 G induces a defect coincidence ideal G on 8§(X). Let It = {i € {1,...,n} |
Xip{A\} € Gt and I- = {i € {1,...,n} | X(;3{A\} ¢ G}. We now distinguish
three subcases:

L X, €Gand Xi-{A} ¢ §;
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2. Xq1,..{A} € Gand X;-{\} € G;

In subcase 1 we obtain a partition It = I, UT_ U T, _ with X;/{\} € G for
all I' with I' NIy # 0 and X7 os{\} € Giff X;{\} € Gforall JC I UI, _
and all J_ C I_. Taking I, and I_ maximal with these properties gives rise to
the following properties for the counter-attributes in §(X):

- Xp{\} € G, whenever I' NI, # 0.

Xp{\} €6, whenever I' C I_.

Xr{\} ¢ G, whenever I’ C I~ due to X; {\} ¢ G, the definition of I~ and
property 4(a) of Theorem 10.

— Xp{\} € Giff Xpaa, vi-{M} € Gforall I' C I UI; UI_ due to
property 6(a)iii of Theorem 10.

— Xpup{A\} ¢ G, whenever I’ C I, UI_ and § # J’ C I~ hold. Otherwise, if
for i € I,_ we had X{i}uJ/{)\} € Gforall J/ C I, then also X{i}uy{)\} €g
for all J C I~ UI_ due to property 6(a)iii of Theorem 10. Then due to
property 6(a)ii of Theorem 10 we get X-{\} € G for all I’ with i € I’, which
means we could add i to I contradicting the maximality of 1. Therefore,
for each i € I,_ there exists some J; C I~ with X{;07,{\} ¢ G. Then
property 4(d) of Theorem 10 implies Xy {A} ¢ G for all I’ C I, _ and
( # J C I, so finally the claimed property follows from property 6(a)iii of
Theorem 10.

These properties of counter-attributes are illustrated in Figure 4. Further-
more, due to property 4(a) of Theorem 10 we get whenever X ;{\} € § for
J C I, then also X,/ {\} € G for all J' C J.

Take Jy,...,Jy C Iy maximal with X7, {\} € §. Then also X (X, {X/ },...

X5 X)) € G for J; = {j1,...,ju}. Then for i =1,..., ¢ define

of ={(Xj:v) |5 €I YU{(X; :vy) |j € Lh— — Ji}

and o; = {(Xj : vj) | j € I+——J;} using arbitrary fixed values v; € dom(X})
forjel,_UI".

Now consider X+ = X'(Xil{X{l}, con Xa AXG ) for Ipo= {i, ik} Tg-
noring that this is equivalent to X{X; (X ) @ --- ® X;, (X )}, i.e. ignoring
counter-attributes, we have dd(X ™) < 4. Furthermore, §* = {Y € G | X+ >
Y,Y not a counter-attribute} is a defect coincidence ideal on §(X ).

By induction we find Sf = {%o5* | YV € S():() —{A}Lg e {1,...,0}}
dom(X*) and S = {/rX | Y € G—{\},j € {1,...,p}} with {a () | 7 €

N
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Figure 4: Counter Attributes for X = X{X1(X])®---® X,,(X})} with dd(X) =
1741 1in case 1

_ _ X X X!

S} ={n¥"(r) | 7 € S§}iff Y € GF. In particular, as ]TX;{{)\}]} ={ir, 7} #0,
. Xij{X,{,,.} X+ ‘ +

Iy 7 =0 and Iy # 0, we also get {mg ., (7) | 7€ 57} = {{T}} =

{W)):g;{)\}(’r) | 7€ S} for all I’ C I,. Now define

(G=1)LigX :jggfugzr (forj=1,...,0;i=1,...,0)

G=D-ED)FHEX — X o (for j=1,...,pi=1,...,0)

and

(jfl)'(4+1)+17——§ = irX (forj=1,...,p).

Let X € 8(X) result from X by replacin X by~):(. Let G C G be the defect

coincidence ideal on §((X)) that induces G on §(X). Without loss of general-
ity we may assume that there is no other embedded attribute X’ € emb(X)
with degeneration depth i 4+ 1, and all embedded attributes X € emb(X) with
dd(X") # 0 are embedded attributes of X — otherwise we have to simultane-

ously replace X' by X', and use similarly constructed distinguished values g l

. - . P
and 975X as defined above or by one of the remaining cases. Define Jo5f and I75%

for Y € 8"(X) using properties 3-6 of Definition 14 and the values 955 , 97X
constructed above, then take S = {oX | Y € 8(X),Y # N\ je{l,....,0-{}}
and Sy = {'rff |Y €§ Y £N\je{l,....p-((+1)}}.

For Z € §(X) the projected values 73 (‘o5 ) and w5 (jIT});) involve 5 (%55 )
j/7"§), respectively, with Z € G iff Z € G.

or 7T§(
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1. Let Z = X(Y1,...,Y,). Then Z € Giff Y; = A foralli € [—, {j € I,_ |
Y; # A} C J, for some z € {1,...,¢} and X(V;,,...,Y;,) € G*. Then for
Y; = X;{Y]} we get

NI

- ((j71)£+i5§) _

T+ Cx X!
7Ti('((y,; Y,.k)(JUé) U{(X;: 7TYJ/J(

1o tig

vi)) |j €I ULi-)— J;,Y; # A}
and
W%?((jfl)(éﬂ)ﬂﬂﬂg/?) _

N s X! ,
7"'))’g(y,- Y; )(jT}%()U{(Xj :foj(vj)) |j €l —Ji,Y; # A}

1o lig

For Z € G these values are equal. Furthermore,

ey . _ > *+ . > Ty ,/7 i— >
wg(@ 1)(e+1)+17§) — W?)'g(Yil,--mk)(]Té) — W%(((J 1)é+ U%()
. . g+ % <+ P X
iff {j € L+ | Y; # A} € J and ”))’gml,.u,m yUog) = ”icgml,...,m)(%é)'

2. Let Z = X{\}. If INI; # (), then we have already seen that {W)Z?(jaf—:()} =
{T}} = {7 ()}, and in this case Z € § holds.
If NIy =0, but I NI~ # 0 holds, then X;{\} ¢ G. In this case
W%?((jﬂ)(eﬂ)ﬂfg) = (), but W%?(j’ﬁé) £ for all /.
Now let I C I,_ UI_. Then X;{\} € Gif INI,_ C J; for some i €
{1,...,¢}. For this i we get

W)Z’(((jq)uiag) — = W)Z?((jfl)(lJrl)JriJrlﬂgj() —

NI

((jfl)(ZJrl)Jrlfé),

while for any i’ # i we have

NI

T ((jfl)EJri 5_%() _ {T} _ ﬂ_%(((jfl)(lJrI)Jri +17_—12f()'
If no such i exists, we have ﬂg((j’l)”i'&é) = {T} for all ¢/, while still

X ((=DEHDHEE) — ) holds.

In subcase 3 we must have X;- {\} ¢ G due to property 4(a) of Theorem 10
and in particular I~ # ). Furthermore, X;{\} ¢ G, whenever I NI~ # {) follows
from the same property. If we now partition I™ into I, I, and I_ according
to property 6(a) of Theorem 10, then we get immediately I = 0 due to 6(a)ii.
Furthermore, we must have X {\} € G, whenever I’ C I_ and X {\} € G iff
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Figure 5: Counter Attributes for X = X{X1(X])®---® X,,(X})} with dd(X) =
141 in case 3

)_(I/n1+_ {A\} € Gforall I' CI_UI,_. These properties are illustrated in Figure
5.

As in subcase 1 take Ji,...,J; C I, maximal with X;,{\} € G. Then for
i=1,...,0 define 53 = {(X; :vj) | j € IT}U{(Xj :vj) | j € [+— — J;} and
R ES {( i 1 v;) | j € 11— — Ji} with arbitrary v; € dom(X}) for j € I4_UI_,
and 1T§‘ = (Z) As before extend these values usmg propertles 3-6 of Deﬁn1t1on
14 to define the distinguished values * O'Y and %X . Then define S; = {5 | Y €
S(X)z-l LOY # X and So={F | Y €Gi=1,....0+1,Y #\}.

In order to show {75 (1) | 7 € S1} = {r53(7) | 7 € 52} iff Z € § we can
use the same argument as in subcase 1, so it suffices to show {n} (@3) | i =

S ={ry (R)i=1,...+1}if Z€§.

—IfZ=XY1,...,Y,), then Z € Giff Y; = X for alli € I and {j € I |
Y; # A} C J; for some i € {1,...,£}. As we have 7} (63) = 0 = 7 ("7'7)),
onlyif {jeI4_|Y; #)A} C Jz and Y; = A for all j € I, the claim follows
immediately.

—If Z=X;{)\}, then Z € Giff = JUI with I' CI_ and J C J; for some

i €{1,...,¢}, in which case 7TZ( 3) =0 =aF(""'7}) holds again.

This completes subcase 3.

In the remaining subcase 2 we also take a partition I = I, UI_UI,_ with
Xp{\} € Gforall I' with I' NI, # 0, and X;__s{\} € Giff X;{\} € G for all
JCI-UI;_ and all J_ CI_. Take Iy and I_ maximal with these properties.

Furthermore, due to property 4(b) of Theorem 10 we obtain a partition of 1~
into I; and I, with )_(I;{/\} ¢G (j=1,2), but X;{\} € G, whenever I’ C [~
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with I'NI7 # 0 # I’ N 15 . This gives rise to the following additional properties
for the counterattributes in 8(X) (these are illustrated in Figure 6):

- X {\} € G, whenever I’ C I_ holds — this is due to property 6(a)iii of
Theorem 10.

— Xp{\} ¢ G, whenever I' # () and I’ C I; or I' C I; holds.

— For each i € I, _ there exists some J; C I~ with X307, {\} ¢ § due to the
maximality of I, . Then also X7, {\} ¢ G due to property 4(a) of Theorem
10, and thus J; C I; or J; C I, .

Therefore, define I1_ = {i € I, _ | 3J; € I] . X(us,{\} ¢ G} and analo-
gously I2_ = {i €l [3); C I3 Xgus{A} ¢ G} Then X,ur{A} ¢ G,
whenever I' C I}, and 0 # J C I; (j = 1,2) due to property 4(d) of
Theorem 10.

Furthermore, for J' ¢ 117 (j = 1,2) we obtain X;ur{\} € G for all
K C I, K # (. This can be seen as follows: Suppose the statement were
false, say X ;/ux{A\} ¢ G. Then we also have X {\} ¢ G; otherwise property
4(a) of Theorem 10 would give an immediate contradiction to K C I~. So
K C I for j =1 or j = 2. For the same reason we get X{k}UK{A} ¢ G for
all k € J’, hence the contradiction J’ C Iif.

Figure 6: Counter Attributes for X = X{X1(X])®---® X,,(X})} with dd(X) =
1+ 1 in case 2



332 Sali A, Schewe K.-D.: A Characterisation of Coincidence Ideals ...

Now we consider two cases 2.1, in which X;, {A} ¢ § holds, and 2.2, in
which XI+7{>‘} € G holds.

In case 2.1, whenever XJ{)\} €g holds, then also X ;7{\} € G must hold for
all J' C J and even X (X, {X] },. X;,{X;, }) € g for J' ={j1,- -, Jp}. Now
take maximal J1,...,Jp C I4_ Wlth XJ {)\} € §. In particular, X Jinr {A\} €S
Then for i =1,... ,£ define

031 ={(Xj ) [jelim — (LN )Y U{(Xj:v) [jel™}
030 ={(Xj 1 0j) [ j € Lim = T} U{(X; :0j) [ €T}
03 ={(Xj 1)) |j € Lie = (LiNIE )} U{(X;v) | €17}

with arbitrary v; € dom(X}) for j € I~ U I_. Similarly, define

o1 ={(Xj:v;)|jel™}

0r ={(Xj:v) ljel— -1 YU{(X;:v)|jely}

o5 ={(Xjrv) i€l —IE_YU{(X;:05) [ j € L7}
03i1 = {(Xj1vy) |j€ L = T3 U{(X;:vy) [jel}
Osipe ={(Xj o) ljel——(JinIi_ )}U{(X': ) jely}
Osiqs ={(Xj o) el = (LNIF )}U{(X;:v) | je I}

Now deﬁne X+ and Gt asin subcase 1, so by induction we find St = {JUY |
Y e §(X )]—1, .,0} and S5 = {ir¥ |Y€9]—1 ..,p}w1th{7ry (1) |
Te St} = {7r§+( ) | 7€ Sf}iff Y € Gt We extend S;" and Sy, respectively,
to S1 and Sz analogously to subcase 1, i.e. we obtain 51 = {jcf{;( |Y € §(X),Y #
Nj=1,...,3 00 and So={I¥ | Y €G Y #XNj=1,...,3-p-({+1)} using

BU—DEHGY —JeX Ut (j=1,...,0,i=1,...,3() and

SU—DED+EX i X Yoo (j=1,...,p,i=1,...,30+3).

For Z € $(X) the projected values 7% (%025 ) and 7% (%) involve X (I f;( )
and 73 ( 5) respectively, and if Z € G, then also Z € G.

Flrst let Z = X(Y1,...,Y,). Then Z € G holds iff Y; = X for all i € I,
{j el _|Y; #A} C J, for some x € {1,...,¢} and X(Y;,,...,Y;,) € G* hold
(for I'™ = {41, ...,ix}). Then we get

T
X (Yiq s Yiy)

- . o + LS X’ . _ i
oy ((UTVGE) = 7k oy YU{(X;  myd (v) [ G € T7 VI 0,5 # A}

__J1+2 fOI"L'El(:‘)»)
for Y; = X;{¥}} and I} = 1r+ (J1+1 NI_) fori=2(3).
- (N I2_)  fori=0(3)
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Analogously, for i > 3 we obtain

W%’((s(jq)(ul)ﬂﬂg:() _

190

¢+ X/ . _ i
7Ti{'((y, Yi, (Ty)}u{( j W)/J??(vj))UeI(i)UIJ(:LY}?é)‘}

I- ifi=1(3)
with I5;) = ¢ I if i = 0(3)
I ifi=2(3)

0 ifi=1

For i < 3 we have to replace the definition of I(;) by I(;) =<1, — I_}__ ifi=2
I, —13_ ifi=3

These values are equal for Z € G. In case Z ¢ G we have either X(Y,,...,Y;,)

¢ G*, which gives inequality for the first components of the unions due to the
construction of S; and S5, or Y; # A for some i € I~, which implies that

(X;: W)}/(f (v;)) always appears in the projection of S1, but not so for Sz, or {j €

I._|Y; #A} € J, for all z = 1,...,¢, which implies that some (X : W;(,Jl (v5))
always appears in the projection of S1, but not so for Sy due to the deﬁni‘éion of
07 - So we get inequality in all cases.

Now consider Z = X;{\}. For IN1, # (), which implies X;{\} € G, we have
already seen the equality. Therefore, assume I NIy = (. If I NI~ # ), then
Xr{\} ¢ 9 iff INnly_ C I17 and INI- C I; for j = 1 or j = 2. In this case
we get 7rX {)\}( 1) = {T} for all 7 € Sy, but using either p; or g5 for j =1 or
j = 2, respectively, we obtain 7T§ {)\}( 7) = () for some 7 € Sy iff X;{\} ¢ S.

Therefore, we can further assume IN/~ = 0. Now X;{\} € Giff X;n7, {\} €
G, so we may even assume I C I, _. Then Xi{\} € G holds iff I C J,, for some
ze{l,...,0}.For J, = {x1,..., 3y} wehave X (X, {X] },.. X (X2, 1) € S,
SO we have already shown the equahty forI C J,.For I & J, for alz=1,...,¢
we obtain 7r§ {)\}( X) =0, but 7TX {)\}( 7) # () for all 7 € Sy, which shows the
desired inequality. ,

Next consider case 2.2, i.e. X7, {A} € G. In this case let g; = {(X; : T))((/) |

i€l }, o ={(Xi: TX’)|Z€I2}ﬂand92*{( TX/)|Z€I}

For I, = {jl,...,jq} let X1 = X(le{X'l} X;,{X;,}) and G4 =
(YEG| X, > V) ForY = X(Vi,...,Y,) < Xy let ind(Y) = {j | Y, £ A}.
Let YU ... Y be the maximal elements in G, _ such that Xk {A} € G holds
for all K C I,_ — ind(Y(')) (j = 1,...,%). Define of,, =

ji=1,.. %and91—TX+ Uog -

Xy
Y(J) U g, for
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Let K1,...,K, C I._ be maximal with X, {\} ¢ G. For j = 1,..., u define
o} = {(Xa: TX/)|04€I+7—K}U90 ;
9]1:{( « TX/)|Oé€I+_ (ijl}rf)}uzgli and
B ={(Xa:rys) o€l — (KN )} Uo; .

For j € {1,...,pu} let Ji,...,J,, € K; be maximal with X7 {\} € G. For
i=1,...,; define

@9,1-={<Xa:r§§, Jlael-—J}ue

0 ={(Xa:T ) lae o — (NI )} Ve
G ={(Xa:73r) o€ I — (NI )}Ug;

o ={(Xa 7 )|a61+——Ji}U06a

0 ={(Xa:7 ,/) la€ly_ —(JinIi_)}Upg, and
057 = {(Xa: TX/ )laely —(JinIi_)}Ug -

As before, we now extend these complex values to values in dom(X). For
this define X*, G*, ;" and S as in the first subcase. Then, using X and § as
before, define

GDEADHEX —ipX ot (j=1,...,0 ,i=1,...,5¢+1)
and U0 X UG (= 1ip =24 D)

omitting in both cases those values, for which YUY ® ¢ G (or YUY (~1 ¢ G,
respectively). Next define

PGet3(= D) +3(- Do tlzX _ G X g

3
forj=1,...,p,i=1,...,pand x =0,...,2,

p(%+3u)+3(j—1)uuk+3(k—1)uk+3(i—1)+x+17—_§ _ jﬁ)/( U Qi,i

forj=1,....p,k=1,...,u,i=1,...;ur, and x =0,...,2,

and analogously

0(3+1)+3(j—1 +3(k—Dpr+3(i—)+z+1-X _ j_ X 1z
(1) 43— 1) ppr+3(k—1) e +3(i—1) oy =Joy Uo
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forj=1,...;0,k=1,...,p,i=1,...,upand x =0,...,2

First consider Z = X(V1,...,Y,). If Z € G, then Y; = X for all 4 € I~
So we can ignore the part in the definition of ]UY and ]TY that arises from o
(x = 0,...,2). This reduces the attention to ’7';(( ~ appearing with a complex
value in S1 and @7 (x=0,...,2, 7 =1,...,u) appearing only in values in S.
By induction for each j and Y there is a j" and a Y’ with 73 (JU{/() = 7r§ (4 T))/(/)
and vice versa.

First let Z € G be maximal. Then Z N X, _ is maximal in §;_, and from

Lemma 15(1.) we obtain 7r§|_|X (o) = §HX+ (g;q_l) in case ZMX,_ =Y,
Otherwise, there is some Z’ > Z M X,_ such that 7'X+’ = {(Xa : T))(i,":) |
a € Iy — K.} holds for some z € {1,...,u}, which implies 7TZHX (o) =
7T§m X, (02) due to Lemma 15(1.) Due to our construction this implies that for

each 7 =1,...,0 and each Y there exist ' € {1,...,p}, Y andi € {2,...,+
1} with T3 ((] 1)(3e+1)+1= X) =3 ((g —1)%+1,—17.X) or 7% ((g 1)(%+1)+1 X) —
T X (pret3(5" _1)”"’3(’ _1)+1T§,) for some i' € {1,..., u}. i

Further, ind(ZMX,._)NK; C J; for somei € {1,...,u;}, so W%(HX+_ (0F) =

§H X (lef), which gives the desired equality for all maximal Z € G, hence for
all Z € G.
If Z ¢ 9 holds, then assuming equality of the projected sets would im-
ply that 7TZ‘_|X (T))é___) equals either 7T§HX (7. Y(ﬂ ") for 5 € {1,...,5} or
X
§mx+,(TY+ ) with Y = X (X, {X) },..., Xa,{X] }) such that I+_—{a1, e
. ag}isone of Kj, K;NI{_ or K;NIZ_ for j e {1,. ..,,u} or J;, JiNIi_
or JiNI3_ fori e {1,...,p;}. On the other hand we have m Zl‘lX (T))((I_) =

W§HX+7(T§;)_(+7), so by Lemma 15(1.) we obtain YU) > ZnX, orY >
ZNX,_.

In the first of these two cases we have Y9) € G, | which implies the contra-
diction Z € G. In the second case we must have y > 1, so let I, = ind(ZMX,_).
If I; = I;_, then the projection of T, Y(t; contains () for all indices in K, but this
cannot happen for any 7 € S;. Hence we obtain the desired inequality in this
case. If I; # Iy, then X7, {A\} ¢ G, otherwise property 4(a) in Theorem 10 gives
Xi{\} ¢ Gforall I C I, with I; C I. In particular, we could take I to be one
Kj(je{l,...,u}),sol; = J;forsomei € {1,...,u;},but then ZNX;_ € G, _
due to property 4(a) of Theorem 10, which contradicts our assumption Z ¢ G.
Hence I; C K; for some j € {1,...,u} and Iy Z I,_ —ind(Y9)). Then the
projection onto Z M X _ yields one tuple with only @ for some 7 € S, while for
each 7 € 57 we always get at least one non-empty component. Hence the desired

inequality for Z ¢ G.
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Now consider Z = X {\}. If I N I+ # 0 and thus Z € G, then we already

know that 72 (JJY) ={T}=nm3 X(7'0,), which gives the desired equality in this
case. So we can assume IN1, = (Z) Due to the construction of S; and S5 and the
fact that Z € G holds iff X;_;_ {A\} € G holds, we may even assume I C I, _UI".

Assume IN I~ # (). Then Zeg§ iﬁIﬂLr, - I_{__ and INI~ C Ij_ hold for
j =1or j =2 In this case we get 7TX {)\}( 7) = {T} for all 7 € Sy, but using
either gj or_ gj for j = 1 or j = 2, respectively, we obtain 7TX. o)
TE Sy IHX]{A} §é G.

So finally we may assume I C I,_. Then X;{\} ¢ G iff I C K; for some
je{l,...,ptand I € J; for i = 1,..., ;. In this case we obtamﬂx {)\}( T)=10

(1) = 0 for some

for at least one 7 € Sy, but not so for S, while in case X;{\} € G we either
always obtain {T} or both {T} and (). This completes the proof for subcase 2.

Now let X = X(X1(X]) @ - @ X, (X)) € emb(X) with dd(X) =i + 1.
Using a similar construction as for the case above, where X was a set at-
tribute, we may assume without loss of generality that X = X{X} holds —
this avoids dealing with too many indices. Let § = {Y € 8§(X) | X{Y} € G}
be the defect coincidence ideal on §(X) induced by the defect coincidence ideal
G on §(X). As X = X(X1(X]),...,X,(X2)) holds, we may ignore the fact
that we have a multiset attribute — thus also ignore the corresponding counter-
attributes — and first consider defect coincidence ideals H = {Y € § | Y =
X(Yq,...,Y,) for some Y;,i € {1,...,n}} and H = {X{YV} € §(X) | Y € K}.
In doing so we get dd(X) = i, hence by induction there exist S;7, 5" C dom(X)
with the desired property for H. In particular, for X (X;, (\),..., X;, () € K
we have {Wi(—(il 11111 ik(}\>(7') B {Wi(—(il 11111 L (1) | 7€ S5}

We may modify all occurring mutlisets by choosing a suitable power of 2 for
each i € {1,...,n} such that whenever I # J holds, the pI‘OJeCthIlS ™

and 7r: X, 00 >( ) yields completely different multiplicities, and {7% T

X1(\) (
S # {7TXI<)\>( ) | 7 € SF} holds for I = {iy,...,ir} and X(X;

Xip(N) ¢ H. _ _ _

Now look at those I = {i1, ..., i} , for which X (\) € G holds, but X (X;, (\),

S Xi,(\) ¢ G. Let My = {|7r))—§1<)\> (7)| | 7 € ST USS} be the set of correspond-

ing multiplicities. Choose an unused v;, € dom(Xj,) and define t7* = ((X;, : v;,))

————

§§<><>
)|
(),

m times
for m € M;. Adding all 7" to SJr and 52 gives {7rX ) ( )| T € Sf} =
{ﬂ)—(l ) (1) | 7 € S5} without disturbing any of the other previously established
equalities and inequalities. Hence, doing this for each I for each I in question
we obtain the desired sets S; and Ss.

The case of X = X[X1(X])®---® X, (X])] € emb(X) with dd(X) =i+ 11is
handled analogously to the multiset case, i.e. first ignore the counter-attributes,
then manipulate the number of occurrences of elements in the sublists, finally



Sali A, Schewe K.-D.: A Characterisation of Coincidence Ideals ... 337

append lists with repeated entries of just one element. This completes the set
case.

For the multiset case we proceed almost analogously exploiting the construc-
tion of M; and M by using minimal elements in the filter H = 8" (X) — G and
Boolean algebras B(Y') C 8"(X) with top element Y € H. Again, we consider
one-by-one embedded set, multiset and list attributes with degeneration depth
i+ 1 starting with the set case.

Solet X = X{X1(X])®---®X,(X})} € emb(X) be such that dd(X) = i+1.
Using the same arguments as in the set case we can assume without loss of
generality that X = X (X) holds. Thus take § = {Y € G | X(Y)) € G}, which is
a defect coincidence ideal on §(X). We distinguish the following three subcases:

1. X{17n}{>\} S 9 and X[—{)\} ¢ 9,
2. )_({1}“"”}{/\} € G and X {\} e S;

In subcase 1 we obtain a partition IT = I, UI_ U I;_ with the following
properties:

— Xp{A\} € G forall I’ with I' N I # 0,
— Xy us{A} €S holdsiff X;{\} €Gforall JC I UI;_ and J_ CI_.

Taking I, and I_ maximal with these properties, we obtain (as in the set
case, subcase 1) the following additional properties of counter-attributes in §(X):

Xp{A}eGforall I' C I,

Xp{A\}¢Gforall I' C I,

Xpus{A} ¢ G, whenever I' C I, UI_ and () # J' C I~ holds,

X7{\} € G, whenever J' C J C I, and X;{\} € G hold.

These properties were already illustrated by Figure 4. Now take Jy,...,J, C
Iy maximal with X 7,{\} € G. For J; = {j1,...,j¢} we also get X (X5 {X},}, ...
. 7Xj£{X]l'e}) € §G. These Ji, ..., J, generate an ideal J in the Boolean powerset
algebra P(Iy_). Let J = P(I+—-) — T be the complementary filter, K1, ..., K,
the minimal elements in J and J; = K; | the corresponding principal ideals.
For K C I;_ define of; = {(X; :vj) | j € K}U{(X; :v;) | j € I}
and g = {(X; : v;j) | j € K} using arbitrary fixed elements v; € dom(X}).
For i = 1,...,p define My; = {0} | K € J; with odd distance to )} and
M = {0y | K € J; with even distance to (}. Further for j = 1,2 let M,
be the multiset union of all Mj; for i =1,...,p.
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For I = {i1,...,ix} consider again X+ = X(X; {X] },..., X;, {X] }). Ig-
noring the equivalenve arising from restructuring we get dd(X™*) < 4, so by
induction with respect to the defect coincidence ideal Gt = {Y € G | Xt >Y}
we obtain multisets M;", M, with (7@? ()| 7€ M) = <7r§+(7) | 7€ M) iff
Y € §* holds. Finally, for j = 1,2 define M; = (r* U7~ |77 € M}", 7~ € M;").

Now look at Z = X(Z) € $(X). First assume Z = X(Z1,...,Zy,). Then
Z € Gholds iff Z; = AN foralli € 7, {j € I — | Z; # A} C J; for some
i€ {l,...,v}, and X(Z;,,...,Z;,) € G* hold. Furthermore, 7r§(7'+ Ur-) =

Xy N . , >
W§(Zi1,~~~,2i,c)(7+) U WX?Zj1:~~~7Zjl)(T ) using I+— = {j1,...,j¢} and Xy_ =

X(X;,{X} }, ..., X;,{X],}). So all we need to show is <7T§E“Z_jl,__7zu)(7') | 7€

— X —\ .
M;) = <7T)'<2FZJ‘1,...,ZJ~/_,)(T) | e My) it {j € I4— | Z; # A} C J; for some
1 € {1,...,v}. This follows immediately from our construction of M ;» which
is the same construction as for the base case dd(U) = 0 applied to U =

X(le{)‘}a' -;7Xj£_{)‘})' B
Next let Z = X {A}. If I NI # 0 holds, we already have seen (77 (71)

|
e M) = { {\D )y = <7r§(7'+) | 7+ € M), hence also <7r§(7) | 7 €

| M| times
My =( {T} )= <7r§(7) | 7 € My). Therefore, we can assume I NIy = 0.
\anes B B B B
Due to our construction and the fact that X;{A} € G iff X;_; {A\} € G holds,
we may even assume I C I, UJI~. In case I NI~ # (), thus in particular
Xr{\} ¢ G, we have 7r§(7') # () for all 7 € M, while 7r§(7') = () for at least one
T € M, , so we have the desired inequality in this case. Finally, assume I C I _.
Then X;{A\} € G holds iff I C J; for some i € {1,...,v}, or K; € I for all
j=1,...,p Incase K; C I we obtain <7T§(T) | 7€ M) ={ {\T/i ), while

|My;| times
<7r§ (1) | 7 € Myj) = (B, {T} ) holds, which implies the desired inequality,
|M2J\-|/t-i/mes

and completes subcase 1.

In subcase 3 we must have X;-{\} ¢ G due to property 4(a) of Theorem
10 and in particular I~ # (). If we now partition I" into I, I, _ and I_ as in
the previous subcase using property 6(a) of Theorem 10, then property 6(a)(ii.)
of Theorem 10 and the fact that X;{\} ¢ G holds for I NI~ # § implies that
I, = (. Then we can apply the same construction as in the subcase 1 with the
only difference that we now have to take M; = M. The proof of the desired
equalities and inequalities remains the same.

So let us concentrate on the remaining subcase 2, in which we partition
I =1, UI_UI;_ with maximal I, and I_, so that we can establish the
following properties in the same way as in subcase 2 of the set case (illustrated
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in Figure 6):

X7 {\} € G holds for all I’ with I NI, # 0,

- Xy us{)} €Gholds iff X;{A\} € Gforall JC I~ UI; andall J_ CI_,

~ I~ =17 UI andforall I' C I~ we have X;{\} ¢ G iff 0 # I’ C I, holds
for j=1orj=2,

- I, = lef ﬁfif, and X {\} §§ Gholds for I' C I, UI~ with I'nN I~ #0
iff I' = Jy_UJ_ with J,_ CI{_ and JmC Iy forj=1orj=2.

Now we have to distinguish two more cases: )_(1+_ {A\} ¢ Gor )_(1+_ {\} €G.
In the first of these cases for K C I, _ define

kK ={(X;:v) e K}U{(X;:v)[jel™},
%:{( vj) |j €l = K}U{(X; :vj) | j € Iy}, and
ok ={(Xj ) [j €L = K}U{(X;:v)) | j€ [T}

Take Ji,...,J, C I, maximal with X;{\} € G, let J be the gener-
ated ideal in P(I;_), and let § = P(I+—-) — I be the corresponding filter.
Let Ki,...,K, be minimal in J and define the corresponding principal ide-
als J;, = K; |. Define My; = {ox | K € J; with odd distance to @} and
My, = {ox | K € J; with even distance to 0}, and then define M, as the
multiset union of all My; fori=1,...,u and <91+——Ii,’ Ql+——f«2+7>’ and My as
the multiset union of all Ms; for i = 1,..., and <Q}L , g?i).

As in subcase 1 we obtain M;" and M inductively for I, = {i1,..., iz},
Xt = XX {X]}... ... X {X[ 1) and GF = {Y € § | XT > Y}, so we
define M; = (rTUr™ |77 € M7, 77 € M),

Now look at Z = X(Z) € §(X). First assume Z = X(Z1,...,Z,) € G,

so we have 7rZ( T UTT) —W))g(zm } %)( )Uﬂ));(*z’u ,ZJ[)(T’) using I, =
{j1,---,je} and X4_ = X(X;,{ ]1}, ...... XG4 M})

Using the same arguments as in the case of degeneration depth 0 we obtain
("%iz (1) |7 €M) = (5iy ., (1) | 7€ My)iff {je L | J; #

X(Zjy5e0Z5) X(ZjysesZ
Ay C T, holds which follows from Z € G. For Z=X(Z1,...,Z,) ¢ G we must
have {je I _ | J; # A} € Jyforalli=1,...,vor Z; # X for some j € I~ or
X(Ziy,...yZi,) ¢ Gt In all three cases the desnred inequality is obvious.

Next look at Z = Xr{\}. If IN Iy # 0 holds (hence Z € §G), the desired
equality follows from the construction of M;" and M. So let us assume I C
I,_UI~ — asin the previous subcase we may again ignore I_. For TN I~ # ()
WegetZ¢SlﬁIﬁI+_ CIj_andIﬁlf CIforj=1lorj=21In

J

this case only 77 X(o i ) = () holds, which yields the desired inequality. Finally,
i
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for I C 7I+, we may concentrate on the multisets Mj;. For Kiig I we obtain
that (7 (1) | 7 € My;) only contains non-empty sets, while (75 (1) | 7 € Ma;)
contains one empty set.

Now address the other case: X;, {A} € G. Here we use

Xi_— = X(Xil{Xt{l}’ s 7Xik{Xz{k}7Xj1 {X]/'1}7 s 7Xje{Xj,'g})

and 91_ ={Y € G| X* > Y} ignoring counter-attributes. So, inductively
we obtain multisets M;" and M, with (mX(r)| 7€ M) = (wX(r)| 7€ M) iff
Z e 917 Thus, M 1+ and M2+ are sufficient for the desired equalities and inequal-
ities with respect to all subattributes that can be written as record attributes.
However, for I C I, with Z = X;{\} € G, but X (X5 {X} ) X5, (X0, )
for I = {ji,...,j¢} we still have (75 (1) | 7 € M{") # (x¥(r) | 7 € M),
but we need equality here. Note that the sets I with this property form a filter
J in P(I1-) due to property 4(a) of Theorem 10. If T is minimal in J, then
define M;; = {ox | K C I with even distance to I} and My = {ox | K C

I with odd distance to I}, where px = {(X; : TX,) | j € I — K}, then add

My and Mo to Mfr and M2+ (or the other way round), respectively, as many
times as necessary to equalise the occurrences of §) in <7r§ (r) | 7e M j+> for
j = 1,2. This is possible, because M, adds exactly one such occurrence. In
doing so, none of the previously established equalities and inequalities will be
destroyed, and we can continue the procedure with the filter § — {I}. Finally,
replace 7 € M;~ (or My, respectively) by 7 U {(X, : v;) | 7 € I}, and define
M, = M{" v <(QI+__Ii7, QI+__IJ2F7> and My = M, & <Q11 , g%i) as in the previ-
ous subcase. This gives the necessary equalities and mequalities for Z = X{\}
with I NI~ # () thereby completing subcase 2.

Now let X = X(X1(X]) @ - @ X,,(X))) = X(X1(X}),..., X (X)) with
dd(X) = i + 1. Without loss of generality we may assume again X = X(X),
so we take G = {Y € §(X) | X(Y) € G}. As in the base case with dd(X) =0
we consider the filter 3 = §(X) — G. Basically, we apply the same construction
as for the base case, i.e. for j = 1,2 we construct M; as the multiset union of
M;j; for i = 1,...,v, where My; and Mpy; are determined by a principal ideal
J; = Z; | with Z; € H; however, we adopt the following modifications:

1. For Zy,...,7Z, we take all elements in H, not just the minimal ones. This
does not do harm to the construction.

2. 1f Z; = X(X;, (A), ..., X;, (\)) holds with X;,

i, "
the construction such that <7T§I<)\ ()| 7€ Mh>
holds for all I.

(A )6 G, then we modify
= (7%, (7) | 7 € M)

3. 0f Zi = X(Xj,(N), ..., X, (N\) holds with X, ;. (\) ¢ G, then we modify
the construction such that <7T§I N (1) | 7 € My;) = <7r§(—([<)\> (1) | 7 € Ma;)

¢
holds for all I except {ji,...,Ju}
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As the claimed properties 2 and 3 follow from Lemma 16 below, this com-
pletes the proof for this case.

Finally, let X = X[X;(X]) & --- ® X,,(X})] with dd(X) = i + 1, and
without loss of generality assume X = X(X). Then take § = {Y € §(X) |
X(Y) € G}. First constructing multisets using the extended ideal Gext = G U
{X(X;,[Al, ..., X, [A])} we may ignore all counter-attributes and obtain induc-
tively multisets M{* and M5 with (r¥(7) | 7 € M) = (nf(r) | T € Mg iff
Z € Geoxt holds.

Secondly, we ignore the order and treat X, as if it were a multiset attribute
instead of a list attribute. Then the previous case gives us multisets M. 1<> and M2<>
with the desired properties except for subattributes of the form X[X;, (Y},) @
-+ ® X, (Yj,)]. We concatenate the elements in MJ<> according to the order of
the indices. Then <7T§(T) |7 e M1(>> = <7T§(T) | 7€ M2(>> holds iff either Z € G
and Z # X[X,,(V,) @ - & X, ()] or Z = X[X,,(¥;)) & - & X;,(%,)
and X(X;,[;,],..., X;,[¥;,]) € §. Hence, taking M; = M{ & My (j = 1,2)
completes the proof for this case and hence the theorem.

We still have to show the following lemma.
Lemma 16.

1. For each k > 2 there exist finite multisets My, Mo of k-tuples in N* such
that the following properties hold:

— (mp(r) | 7€ My) ={my(7) | 7€ Ma) iff I #{1,...,k};
—(1,...,)er|TeM)={((1,...,1)e7 | T € My).

2. For each k, € € N with { < k there are finite multisets My, My of k-tuples in
NF such that the following properties hold:

— (mr(r) | 7€ My) = {(my(7) | 7€ Ma) iff {1,...,0} L I;

(.. ) em(r) | 7€ My) = ((1,....,1) em(7) | 7 € Ma) iff I #
{1,....0}.

Here e denotes the standard scalar product.

Proof. For the first statement we use the symmetric group Si+1 and the alter-
nating normal subgroup A1 to define

My ={(c(1),...,0(k)) | 0 € Ag41) and
My ={(c(1),...,0(k)) | 0 € Spt1 — Ap41).

For I # {1,...,k} there is some j ¢ I. If (o(1),...,0(k)) € My, then using
T=00(j,k+1)¢ Agyq1 gives o(i) = 7(i) for all i« ¢ {j,k + 1}, hence the first
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property. The second property follows immediately from (x1,...,2x) € My iff
(:cg,:cl,:cg, . ,:Ck) € Ms.

For the second statement we may without loss of generality construct mul-
tisets of k-tuples in Z* with the desired properties. Adding a sufficiently large
positive constant ¢ to all values then gives the desired tuples in N*.

We use induction on k& — £. So for the base case let k = ¢+ 1. Let Ay and By
be the sets of 0, 1-tuples of length ¢ with odd or even, respectively, occurrences
of 1. We embed Ay and By into k-dimensional space yielding

A%_H ={(z1,...,2¢,0) | (x1,...,2¢) € Ay} and
By ={(z1,...,26,0) | (21,...,20) € Be}.

Then define
A} =B}, +(=1,....,-1,0)and Bf,; = A}, + (—1,...,—1,0),
respectively, and Agpy = Ay, UAZ, |, Bey1 = By, UBj, ;.

1L As(=1,...,=1) ey, n (A1) =71, 03 (Beg1), we obviously have (m7(7) |
T € Apg1) # (mr(7) | T € Bega) for {1,...,¢} C I

2. For I with {1,...,¢} € I we may take I = {2,...,k} without loss of gen-
erality. For (0,29,...,2¢,0) € A}H we get (1,z2,...,2,0) € B}H, and

for (1,zo,...,2¢,0) € A}, we get (0,z,...,2,,0) € By, . Similarly, for
(0,2z2,...,20,0) € A?_H we must have (1,z2+1,...,2,+1,0) € Bl}+17 hence
(0,22 +1,...,2¢+1,0) € Aj,, and (=1,22,...,2,¢) € B} ;. Analogously,
(=1, 29,...,24,¢) € Afﬂ implies (0,z2,...,2¢,£) € Bfﬂ and vice versa.

This shows (77 (7) | 7 € Aet1) = (m1(7) | 7 € Begq) for I with {1,..., 0} Z I.

3. Due to 2 we already know ((1,...,1)em;(7) | 7 € A1) = {(1,...,1)emr(7) |
T € Byyr) for T # {1,...,4} and I # {1,...,k}. Each (1,...,1) ¢ 7 with
T €A} 41 gives an odd number with 7 occurring (f) times. The same holds
for Bfﬂ, as (1,...,1)e(=1,...,—1,£) = 0. The analogue with even numbers
holds for A7, and B}, , so we obtain equality also for I = {1,...,k}. For
the remaining I = {1,..., ¢} we obtain —¢ = (1,...,1)em; _ »(7) for some
T € Agy1, but not so for Byyg.

Now assume the claimed properties hold for £ < k — 1, so we can assume
multisets M{, M) with the desired properties. We first define

My = {(z1,...,7k-1,0) | (z1,...,20%-1) € M]) &
<(J,‘1 —1,..., 01 —1,k—1) | (ml,...,xk_l) €M£>
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and

Mg' = <((E1,...,:Ck,1,0) | (xl,...,xk,l) c M£> ]
{((z1—1,... ;251 — Lk—=1) | (21,...,25_1) € Mj)

similar to the base case.

1. The first property holds by induction for all I with & ¢ I. However, as
(m1(7) | 7€ M) = my(r) | 7 € M) ff (my 3 (7) | 7 € M) = (mr_qay (7) |
T € M}), which by induction is equivalent to {1,...,¢} € I — {k}, it even
holds for all I.

2. The second property holds by induction for all I with k ¢ I. According
to the construction of My and M the equality immediately extends to all
TU{k},unless I ={1,...,¢} and { < k — 1.

3. For I={1,...,4} and ¢ < k — 1 define

M{JZ <($1,...,$k_1,]€—1—€) | (xl,...,xk_l) EMD }
<(J,‘1 —-1,...,21 —1,6) | (ml,...,mk_l) €M2/>

and

Mé): <($1,...,$k,1,/€—1—£) | (xl,...,xk,l) €Mé> ]
(w1 —1,..., 251 — 1,0) | (w1,...,25-1) € M7),

for which we can apply the same arguments to show properties in 1 and 2.
Consequently, M; = M¢® W M? and My = M$ & M& will satisfy the desired
properties, if we can prove the second property for I = {1,...,¢, k}. For this
I we obtain

((Q,...,0)emy(7) | 7€ My) =
(L., emy (1) | 7€ M)W
((1,....,0)emyy  p(r)+(k—-1-0)|T€ M) w
(1,...;,0) ey p(r)+(k—-1-0)|T€ M) w
(AQ,..., 1) emy (1) | 7€ M) =
((1,...,1)em(7) | T € My).

This completes the proof of the lemma.

The result in Theorem 12 covers the case, for which structural induction in
the proof of Theorem 17 breaks down. We can now show the main result of this
section.
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Theorem 17 (Central Theorem). Let F C 8(X) be an ideal for the nested
attribute X € N such that the union constructor appears in X only directly
inside a set-, list or multiset-constructor, and the properties in Theorem 10 are
satisfied. Then F is a coincidence ideal.

Proof. We may assume F # $(X) without loss of generality. Then use structural
induction on X, the case X = A being trivial.

For a simple attribute X = A we can only have F = {\}, so we take t; = a
and to = o’ with arbitrary a,a’ € dom(A) satisfying a # o’.

For record attributes let X = X (X7,..., X,,) with X{\}, X (\), X[)\] ¢ S(X),
i.e. not all X; are set, multiset or list attributes, in which case X would be
equivalent to (or a subattribute of) a set, multiset or list attribute with a union
attribute as the component attribute — we deal with these cases separately. For
i=1,...,nlet F; = {Y; € 8(X;) | X(\,..., N\ Y, A, ..., ) € F}, which by
property 7(a) of Theorem 10 is a coincidence ideal on 8§(X;). So by induction

there exist complex values t;; (i = 1,...,n, j = 1,2) with 7rff (ti) = 775 (ti2)
iff Y; € F;. Defining t; = (t1;,...,tn;) for j = 1,2 gives 7T§(Y1 ...Yn)(tj) =
(m3 (t1), - - - Ty (tng)), hence Xy = Ty (t2) i Y € T

for al ¢ = 1,...,n iff X(Y1,...,Y,) € F, as for ¢ # i the subattributes
X AN Y o ) and X(A, ..., A\ Y, A\, ..., A) are reconsilable.

For list attributes let X = X[X'] with X’ not being a union attribute — this
case will be dealt with separately. For ¥ = {A} take ¢t; = [v] with any value
v € dom(X’) and t; = [|. Then obviously 7T§(([)\] (t1) =[T] £ = 7T§(([)\] (t2)
holds. In case F # {A} take the embedded coincidence ideal (by property 7(b)
of Theorem 10) § = {Y € 8$(X’) | X[Y] € F}. By induction there are ¢],t, €
dom(X') with mX (t)) = 7 (t,) iff Y € G. Now define t; = [ti] ( = 1,2), which
gives W))g[y] (t;) =[x (t;)] for all Y € §(X'). Hence we get W))g[y] (t1) = W))g[y] (t2)
ifftY e Gifft X[Y] e &

Analogously, for a set attribute X = X{X’} with X’ not being a union
attribute we can choose t; = {v} with any value v € dom(X') and ¢t = ) in
case F = {\}. In case F # {\} take the embedded defect coincidence ideal (by
property 7(d) of Theorem 10) § = {Y € 8(X’) | X{Y'} € F} on 8(X’). Using
statement 1 of Theorem 12 there exist ¢, ty € dom(X) with {7 (1) | 7 €t} =
{rf'(7) | T €t} I Y €, Le. mX 1y (1) = 7% vy (F2) iff X{Y} €T

Analogously, for a multiset attribute X = X (X’) with X’ not being a union
attribute we can choose t; = (v) with any value v € dom(X’) and t2 = () in
case F = {\}. In case F # {\} take the embedded defect coincidence ideal (by
property 7(e) of Theorem 10) § = {Y € 8(X’) | X(Y) € F} on 8(X’). Using
statement 2 of Theorem 12 there exist ¢, ty € dom(X) with (x5 (1) | 7 € t1) =
(X' (1) | Tety) iff Y €8, ie. 7T))§<Y> (t1) = 7T))§<Y> (t2) iff X(Y) € 7.

Now let X = X{X1(X])® - & X, (X))} = X(X1{X]},..., X, {X},}). For
F={A}taket; = {(X1 : v1),...,(Xp : v,)} with arbitrary values v; € dom(X])
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fori =1,...,n and t2 = (). This gives W))gl{/\}(tl) # 0 for I # () and ﬂ))gl{/\}(tQ) =
() for all I, from which the claim follows immediately. So it is sufficient to consider
F # {A}, for which we define It = {i € {1,...,n} | X;;33{\} € F} and I~ =
{ie{l,...;n} | X;s{\} € F}. Then we consider the following three cases:

1 X {A €F and X, (A} ¢ 5
2. X1 m{\} €Fand X, {\} € F;

Figure 7: Counter Attributes for X = X{X1(X]) @ --- ® X,,(X})} in Case 1

In case 1 we immediately obtain the following properties for counter at-
tributes X{\}:

— If I C I", then X{\} € F. This follows immediately from property 5(a) in
Theorem 10 and the definition of I'.

— If I C I, then X;{\} ¢ F. Otherwise property 4(a) of Theorem 10 would
imply X (X, {X},}, ..., X {X] }) € F for I = {i1,...,ix} and further
X(Xi;{\}) = Xi;{\} € Ffor j = 1,...,k by property 2 of coincidence
ideals. However, this contradicts the definition of 1.

Furthermore, we can partition I into I;” and I defining I}t = {i € It |
3J; C I X0 {\} ¢ F} and I = I — I} Due to property 4(c) of Theorem
10 we have I7 # (. This leads to the following two properties:
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— For each non-empty J C I~ and I C I} we must have X;,7{\} ¢ F. From
property 4(d) of coincidence ideals in Theorem 10 it follows immediately that
Xrur-{A} ¢ F holds. If we had Xrys{A} € F for some J C I~, then property
4(a) of Theorem 10 would lead again to the contradiction X¢;;{A} € F for
jeJ.

— For each J C I~ and each I C I} with I NI} # () we obtain X;,;{\} € 7.
First, X¢pus{A} € FforieIn I} follows from the definition of I, then
Xr—{iy{\} € F and property 5(a) imply the claimed property.

Figure 7 illustrates the various combinations of indices in I™ and I~ and the
impact on F.

For I, = {i1,...,i,} define the subattribute X * by X = X (X; {X/ },...

XX D=X{X;\,(X])® - oX, (X[ )}and Tt ={Y e F| XT >V}
Then F+ is a coincidence ideal on $(XT). As for all I C I we have X {\} €
F, properties 4, 5 and 6 of Theorem 10 follow immediately, while the other
properties 1, 2, 3 and 7 follow from the corresponding properties of F. As in the
record case above define F; = {Y; € S(X;; {X] }) | X(A,..., A YA ... A) €
Ft} for j =1,...,k. Due to property 7(a) of coincidence ideals in Theorem 10
F; is a coincidence ideal on 8(X;; {X; }). By induction there exist complex values

X {X]
tize € dom(X;,{X] }) for j =1,...,k and £ = 1,2 such that 7rij{ -7}(tij1) =

WXij{X{j}(t' ) holds iff Y; € ;
Y; 152 J Ve

Define t = (ti,z,. .., tie) € dom(X ) for £ = 1,2, which can be identified
with ¢/ = {(Xy, : 73,) | 7, € ti;e,5 € {1,...,k}} € dom(X). Then we obtain
7rff+ th) = 7rff+ (t3) iff Y € FF, because subattributes X (\,..., A\, Yj, A, ..., \)
and X(\,...,\,Yj,\,...,\) for j # j" are reconsilable, F* contains all counter
attributes X;{\} with I C I and X (X;, {\},..., X;, {\}) € F.

Finally, select arbitrary values v; € dom(X]) for i € I~ and define t; =
{(X;:v) |i €I}, ty =t] Ut] and ty = t5. Then we obtain the following:

1. For Y = X(Y17 )Eff"wemusthaveY—)\forallzel and YT =
X(Y;,,...,.Y,) € 3"* This gives 73 (t1) = myes L) = Tyt L (tF) = ¥ (t2) as
desired.

2. For Y = X(\1,...,Y,) ¢ F we must have either Y; # X for some ¢ € I~ or
Yt =X(,,,...,Y;,) ¢ F* in case this does not hold. In the first case we
have Y > X {A} with i € I~ and from Wi(({”{)\}(tl) #£0= wigm{)\} (t2) we
obtain 75X (t1) # s (t2) as desired.

3. For Y = X;{\} € F we must have I C I;” or INI; # (. In the first case we

have 73X (t1) = () = m5* (t2), while in the second case due to the non-emptiness
of t and t; according to Theorem 12 we have w5 (t1) = {T} = 755 (t2).
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4. For Y = Xr{\} ¢ T we must have I NI = ) and I NI~ # (). Due
to the second property we have mss (t1) # (), while the first property gives
X
Ty (tg) = @

Taking these four cases together we have mss (t1) = mss (t2) iff Y € F, which
solves our claim in case 1.

In case 2 we immediately obtain the following properties for counter at-
tributes X;{A}:

— If I C IT, then X;{\} € F. This follows immediately from property 5(a) in
Theorem 10 and the definition of I™.

— There is a partition of I~ into I; and I; such that X;{\} ¢ F for all non-
empty I C I; or I C I, , whereas X;{\} € F for ¢ C I~ with I NI #
() # I, . This follows directly from properties 4(b) and (a) in Theorem 10
together with the definition of 1.

Figure 8: Counter Attributes for X = X{X1(X]) ®--- @ X,(X])} in Case 2

As in the previous case we partition /T into I;” and I, defining I;” = {i €
I |3J; €I Xj00{A} ¢ F} and I7 = I'™ — I}, This leads to the following
properties:

— For each non-empty J C I~ with X;{\} ¢ F and I C I we must have
Xrus{A} ¢ F. This follows immediately from property 4(e) in Theorem 10.

— For each J C I~ and each I C I} with I NI} # () we obtain X;,;{\} € 7.
This follows from the definition of I} and property 5(a) in Theorem 10.
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Figure 8 illustrates the various combinations of indices in /™ and I~ and the
impact on F.

As in the previous case define the subattribute X by X+ = X (X; {X] },...

X {X] }) = X{X;,(X])®---®X,,(X] )} and the coincidence ideal Ft =
{Y € F|] XT >Y} on §XT), which allows us to use induction to obtain
complex values 7, tf with 7 (t]) = w5 (tF) iff Y € F+. Then select arbitrary
values v; € dom(X]) for i € I~ and define t; = {(X; : v;) | ¢ € I] } and
ty ={(Xi:v)|ie€ Iy} Finally, take t; = t;r Ut; for j =1,2. Then we obtain
the following:

1. For Y = X(Yl, )eﬁ"wemusthaveY—)\forallzél and Yt =
X(Y,...,Y,) € fr”‘ This gives 75 (t1) = w5, (1) = w5, (1) = 75 (t2) as
desired.

2. For Y = X(Y1,...,Y,) ¢ F we must have either Y; # A for some i € I~
or Yt = X(V;,,...,Y;,) ¢ Tt — in case I = () the second case does
not occur. In the first case we have ¥ > X{z}{)\} with ¢ € I~ and from
7rX{ ! (t1) £0 = 7rX{ }{)\}(tg) we obtain mir (t1) # i (t2) as desired.

3. For Y = X;{\} € F we must have either NI # O or I C I or INI] #
() # INI, if none of these two hold. In the first case we have 735 (t1) = {T} =
i (t2) due to the non-emptiness of t{ and 5 according to Theorem 12. In
the second case we immediately get 75 (t1) = () = m5s (t2) from the definition
of t; and t. In the third case we have again m5s (t1) = {T} = 75t (t2) due to
the definition of ¢; and t; .

4. For Y = X;{\} ¢ F we must have INL7 =0, I € I}" and either INI~ C I}
or INI~ C I;. This implies w55 (¢;) = 0 for exactly one j =1 or j = 2.

Taking these four cases together we have mss (t1) = msx (t2) iff Y € F, which
solves our claim in case 2.

In case 3 we must have X;-{A} ¢ F, otherwise property 4(a) of Theorem 10
would lead to a contradiction. Furthermore, for ¢ € I there must exist some
Ji C© I~ with X j,ug3{\} ¢ F for the same reason. Hence we obtain X;{\} € F
iff I C I't, which is illustrated in Figure 9. Obviously, I C I implies X;{\} € F
because of property 5(a), while X;{\} ¢ F for I C I~ follows from X;-{\} ¢ F
and property 4(a). The remaining case I = I’ U J’ with § # I’ C I™ and
0 #£ J C I leads to Xi{A\} ¢ F due to property 4(d) of Theorem 10.

Now choose arbitrary values v; € dom(X]) for i € I~ and define ¢t; = {(X
v;) | i € I7} and to = (). Then we get the following:

1. We have Y = X(V1,...,Y,) € Fiff ¥; = A for all ¢ € I, which gives
ik (t1) =0 =mis (t2) for Y € F, and m5s (t1) # 0 = 755 (t2) for Y ¢ F.



Sali A, Schewe K.-D.: A Characterisation of Coincidence Ideals ... 349

¢F edF

Figure 9: Counter Attributes for X = X{X1(X]) @ -+ ® X,,(X])} in Case 3

2. We have X{\} € Fiff I C I', which gives m5s (t1) = 0 = 755 (t2) for Y € &,
and 755 (t1) # 0 = w55 (t2) for YV ¢ F.

Both cases together give w5 (t1) = mis (t2) iff Y € F, which solves our claim
in case 3.

Now let X = X(X1(X{) @ - & X,,(X))) = X(X1(X1),...,Xn(X])). For
F = {A} take t; = ((X1 : v1),..., (X, : vp)) with arbitrary values v; € dom(X])
fori=1,...,n and ty = (). This gives 77§I<)\>(t1) #() = 7r§1<)\>(t2) for all I # 0
and hence 75X (t1) = mis (t2) iff Y = . So it is sufficient to assume F # {A}.
For this define I = {i € {1,...,n} | X;3(\) € Fyand I~ = {i € {1,...,n} |
Xy (A) € T} Due to property 5(c) of Theorem 10 we have X7(\) € J for all
I C I'". Furthermore, for I C I and J C I~ we have X, (\) € Fiff X;(\) € F
due to properties 5(c) and (e) of Theorem 10.

For It = {iy,...,ir} define the subattribute X+ as X+ = X (X; (X] ),...
X (XD ) = XX, (X))@ @ X (X[ ) and FT = {Y € F| Xt >
Y}. As FT contains all counter attributes Xr(\) with I C It it must be a
coincidence ideal on §(X ™). In particular, due to property 7(a) of Theorem 10
all Fj = {Y; € S(X; (X7 ) | X(A, .. A YA M) € Ft}forj=1,...,k are
coincidence ideals on S(Xij (Xi,)), respectively.

By induction there exist complex values t;,, € dom (X, (X {J)) forj=1,...,k

Xi; (X7 ) Xy (X0, .
and ¢ = 1,2 such that 7ryjj T (ti1) = 7ryj’ 7 (ti;2) iff Yy € Fj. Define

t; = (tie, . tipe) for £ = 1,2, which can be identified with ((X;, : 7;,) | 73, €
ti;e,j =1,...,k) € dom(X). For these values we obtain 7rff+(tf) = 7rff+(t§r) iff
Y € F* analogously to the set case above.

Now let I~ = {j1,. .., j¢} and construct positive integers x,, y, (p =1,...,¢)
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such that for J = {ji,,...,Jm , } € I~ the equation

I Bl

E Tm, = E Ym,,
p=1 p=1

holds iff X ;(\) € F holds. For the selection of these z,, y, we can take the
following procedure:

forp=1,...,¢:
choose z,, Y, such that all equations and inequations containing
only z;, y; with 1 <i < p are satisfied;
replace zp, y, in the remaining equations and inequations by the
chosen values
endfor

Properties 5(c) and (g) of Theorem 10 ensure that this procedure always
produces a solution for the given equations and inequations. Then define

ty = <(XJ : vjl)? ) (ij : vjz» and ty = <(XJ : vh)a .- 'v(ij : ’Uj()>
— S—— N—— S——

5, -times zj,-times Yj; -times Yj,-times

with arbitrary values v; € dom(X]) fori e I™.
Finally, define ¢t; = ¢ W] and t» = tJ W, using multiset union ¥ that
adds multiplicities. For these values the following holds:

1. For Y < X+ we have 7 (t;) = ¥ (tf) for £ = 1,2, which implies 7% (t1) =
71'{/((152) iff Y € Ft.

2. For Y £ Xt we either have Y > X3 ()) for some j € I~ or Y = X ()\) with
I € I'*. In the first case we have Y ¢ F and W))g{j}o\) (t1) = W))g{j}o\) (ty) #
7T§{j}<)\> (ty) = W))g{j}o\) (t2), hence also msx (1) # w5 (t2).

We have m3s (t1) = s (t2) iff W))gml_ o) = W))gml_ (v (t2) in the second
case, as oo (t) = wX, o0 (B) = g (2) = wx L) (E2)
holds due to the construction of tf and t; . Due to property 5(e) of Theorem

10 we have Y € Fiff X;n;- () € F. Then due to the construction of t; and
ty we have Xrn;—(\) € Fiff W))gml_ () = Wi((mz— o (t2)-

Both cases together imply 755 (t1) = m5x (t2) iff Y € F, which completes the
case of a multiset attribute with a component union attribute.

Now let X = X[X (X)) & - & X,(X))] > X(X1[X{],...,X,[X]]). For
F = {A} take t1 = [(X1 : v1),..., (Xy : v,)] with arbitrary values v; € dom(X))
for i = 1,...,n and ¢y = []. This gives W§1[A](t1) # = W))gl[)\](lfg) for all I # 0
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and hence 755 (t1) = w55 (t2) iff Y = . So it is sufficient to assume F # {\}.
For this define It = {i € {1,...,n} | X(;[\] € T} and I~ = {i € {1,...,n} |
X¢iy[A] € F}. Due to property 5(b) of Theorem 10 we have X7[A] € F for all
I C I'*. Furthermore, for I C I'™ and J C I~ we have Xy [\ € Fiff X [\ € F
due to properties 5(b) and (d) of Theorem 10.

For I = {i1,...,ix} define the subattributes X+ = X[X;,(X] ) ®--- @
X (X )] and X = X (X;, [X] ], .., X5, [X] ]) with Xt > X and the coincidence
ideals F* = {Y e F | Xt > Y} and F={Y € F| X > Y} on §(X)
and 8(X), respectively. Due to property 7(a) of Theorem 10 all F; = {Y; €
S(Xi [X]) | XA s A YA A) € F} for j = 1,...,k are coincidence
ideals on 8(X;; [X] ]), respectively.

By induction there exist complex values ¢;,¢ € dom/(X, [X{J]) forj=1,...,k

and ¢ = 1,2 such that Ty, T (tin) = Ty, 7 (ti;2) iff Y; € F;. Now concate-

nate these lists ¢;,¢ in the order of the indices i; to define lists th,t3 € dom(X™),
respectively. For these values we obtain 775 (th) = 7@;( (t3) iff Y € F analogously
to the set case above.

For k <1 we have XT = X and F* = F, so we get 7r§+(tf) = 7r§+(t§r) iff
Y € F*. For k > 2 we will modify ¢] and #J to achieve this equivalence. We
exploit that the property just shown for ¢/ and 5 does not change, if for any j we
replace ¢;;1 and ¢;,2 by the concatenated lists #;,1 7 ¢;,1 and ;27" ¢;,1, respectively.
Now let K = {ki,...,kn} C It be maximal such that X[Xy, (X}, )@ - @
Xk, (X1, )] € 3. Then for k € I'" — K we must have X (X,,[X}]) ¢ T, otherwise
also X[ Xy, (X;,) @ @ X, (X, )®Xk(X},)] € F due to property 3 of Theorem
10 and the fact that the two subattributes are reconsilable. Therefore, K is
uniquely determined.

Now, if X (X;, [V ],... ,Xiu[Yi’#]) €J, but X[X;, (Y/)®--- @Xi“(y;'/“)] ¢,
then the uniqueness of K implies X (X;, [X] ],..., X;,[X] ]) ¢ F. Hence there
must be some ¢ € {i1,...,4,} with t,1 # t,2. We therefore replace ¢,1 and t,2 by
the concatenated lists ¢,; "t,1 and ¢,27t,1, respectively, changing tf‘ and t; ac-
cordingly. This gives Wi((&il (V)@ (V)] (t) # W‘))g[-;il(yill)@“'@x )l (t3)
without destroying previously established equalities and inequalities. This im-
plies ¥ (t7) = 7 (t3) iff Y € F+ as claimed.

Now let I~ = {ji,...,j¢} and construct positive integers zp, y, (p = 1,...,¢)
such that for J = {jm,,...,Jm , } 1~ the equation

iy

] ]

E Tm, = E Ym,,
p=1 p=1

holds iff X ;(\) € F holds. For the selection of these z,, ¥, we can take the
same procedure as in the multiset case above. Properties 5(b) and (f) of Theorem
10 ensure that this procedure always produces a solution for the given equations



352 Sali A, Schewe K.-D.: A Characterisation of Coincidence Ideals ...

and inequations. Then define

=X vy (X o)) and g = (X v), e (X 0g,)]
——— —_——— ——— —_———
zj, -times xj,-times Y, -times Yj,-times

with arbitrary values v; € dom(X]) for i € I". In both lists let the elements
appear in the order given by the indices.

Finally, define t; = t] ~t; and ty = tJ ~t, using list concatenation ~. For
these list values the following holds:

1. For Y < X+ we have 75 (t;) = (tf) for £ = 1,2, which implies 75¥ (t1) =
71'{/((152) iff Y € F+.

2. For Y £ X we either have Y > X;1[A] for some j € I~ or Y = X;[)\] with
I & I'". In the first case we have Y ¢ F and W))g{j}[)\] (t1) = Wi((m[)\] (t7) #

W))g{j}[)\] (t7) = W))g{j}P\] (t2), hence also mss (1) # w5 (t2).
In the second case we have m3s (1) = m5x (t2) iff 7T§I Y (ty) = 7T§I N (t5),

because 7T§Im+[)\] (t) = 7r§§m1+ 0 ) = 7r§§m1+ o (t3) = 77§Iml+[)\] (ta) due
to the construction of tf and t;r. Due to property 5(d) of Theorem 10 we
have Y € Fiff X;n;-[A] € F. Then due to the construction of ¢ and t5 we
have Xin;-[A] € F iff Wi((mr n () = ﬂing oy (2)-

Both cases together imply 75X (t1) = m5x (t2) iff Y € F, which completes this
final case of a list attribute with a component union attribute.

4 Conclusions

In this article we laid the foundations to complete our work on the axiomatisa-
tion of functional dependencies and weak functional dependencies on trees with
restructuring. These trees arise from constructors for complex values compris-
ing arbitrarily nesting of finite sets, multisets, lists, disjoint unions and records
and a “null” attribute. Restructuring, i.e. non-trivial equivalence between these
attributes are mainly due to the presence of the union constructor.

Our previous work in [Sali and Schewe, 2006] captured the case, where so
called counter-attributes were excluded. The generalisation in [Sali and Schewe,
2008] requires a very deep and very technical investigation of certain ideals in the
algebra of subattributes, which is what we presented in this article. We proved
the central theorem on coincidence ideals, which gives an exact characterisation
of sets of subattributes, on which two complex values coincide. This result is
essential for the completeness proof in [Sali and Schewe, 2008].

Thus, in a sense the work presented in this article is mainly a stepping stone
for continuing the work on dependency theory, but it may have other application,
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e.g. for research on the existence of Armstrong instances (see e.g. [Sali and
Schewe, 2006]).
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