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Abstract: We investigate the relationship between computable metric spaces (X, d, «)
and (X,d, ), where (X,d) is a given metric space. In the case of Euclidean space, «
and 3 are equivalent up to isometry, which does not hold in general. We introduce the
notion of effectively dispersed metric space and we use it in the proof of the following
result: if (X, d, ) is effectively totally bounded, then (X, d, ) is also effectively totally
bounded. This means that the property that a computable metric space is effectively
totally bounded (and in particular effectively compact) depends only on the underlying
metric space. In the final section of this paper we examine compact metric spaces (X, d)
such that there are only finitely many isometries X — X. We prove that in this case a
stronger result holds than the previous one: if (X, d, «) is effectively totally bounded,
then a and (B are equivalent. Hence if (X,d,a) is effectively totally bounded, then
(X, d) has a unique computability structure.
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1 Introduction

Let k € N, k > 1. We say that a function f : N* — Q is recursive if there exist
recursive functions a, b, ¢ : N* — N such that f(z) = (—1)°®) b(ax()ﬂ)_l, Vr € N*.
A function f : N¥ — R is said to be recursive if there exists a recursive function
F:N*1 — Q such that |f(z) — F(x,i)] < 27%, Vo € N* Vi € N.

A tuple (X,d,a) is said to be a computable metric space if (X,d) is a
metric space and o : N — X is a sequence dense in (X, d) (i.e. a sequence which
range is dense in (X, d)) such that the function N* — R, (i,5) — d(a;,a;)
is recursive (we use notation o = (a;)). We say that « is an effective sepa-
rating sequence in (X,d) (cf. [Yasugi, Mori and Tsujji 1999]). If (X,d, «) is
a computable metric space, then a sequence (z;) in X is said to be recur-
sive in (X,d, ) if there exists a recursive function F : N? — N such that
d(zi, apgr)) < 27% Vi,k € N and a point a € X is said to be recursive in
(X, d, @) if the constant sequence a, a, . .. is recursive. For example, if ¢ : N — Q
is a recursive surjection, then (R,d,q) is a computable metric space, where d
is the Euclidean metric on R. A sequence (z;) is recursive in this computable

metric space if and only if (x;) is a recursive sequence of real numbers and a € R
is a recursive point in this space if and only if a is a recursive number.

Let (X,d) be a metric space and let S be a nonempty set whose elements
are sequences in X. We say that S is a computability structure on (X, d) (cf.
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[Yasugi, Mori and Tsujji 1999)) if the following four properties hold:
(i) if (z:), (y;) € S, then the function N? — R, (i, ;) — d(z;,y;) is recursive;
(ii) if (zs)ien € S, then (24(;))ien € S for any recursive function f: N — N;

(iii) if (y;) is a sequence in X such that d(y;, Tr(r)) < 27% Vi k € N, where
F :N? — N is a recursive function and (z;) € S, then (y;) € S;

(iv) there exists (z;) € S such that (z;) is dense in (X, d).

Let (X, d) be a metric space. If « is an effective separating sequence in (X, d),
then the set S, of all recursive sequences in (X, d, @) is a computability structure
on (X, d). Suppose now that a and 3 are effective separating sequences in (X, d).
We say that « is equivalent to 3, a ~ 3, if « is a recursive sequence in (X, d, ().
It follows easily that a ~ (3 if and only if S, = Sg.

A closed subset S of a computable metric space (X,d, «) is said to be re-
cursively enumerable if {i € N | I, 1S # 0} is an r.e. set, where (I;) is
some effective enumeration of all open rational balls in (X, d,«) (by an open
rational ball we mean an open ball with rational radius and with center «;,
for some i € N), co-recursively enumerable if X \ S = |J;cn If(;), where
f : N — N is a recursive function and recursive if it is both r.e. and co-r.e.
([Brattka and Presser 2003]). It is not hard to see that if & ~ 3, then S is r.e.
(co-r.e.) in (X, d, @) if and only if S is r.e. (co-r.e.) in (X, d, 3) and consequently
S is recursive in (X, d,«) if and only if S is recursive in (X,d, ). Hence the
notions of recursive enumerability, co-recursive enumerability and recursiveness
of a set are examples of notions which depend only on the induced computability
structure and not on particular a which induces that structure.

If & and 3 are effective separating sequences in a metric space (X, d), then
a and [ need not be equivalent. For example, if ¢ € R is a nonrecursive number
and («;) a recursive sequence of real numbers dense in (R, d), where d is the
Euclidean metric, then (a; + ¢) is an effective separating sequence in (R, d), ¢ is
a recursive point in (R, d, (a; 4 ¢)) and c is not recursive in (R, d, («;)). Hence
(a;) and (o + ¢) are not equivalent.

Let (X,d, (o;)) be a computable metric space and f an isometry of (X, d).
By an isometry of (X,d) we mean a surjective map f : X — X such that
d(f(z), f(y)) = d(z,y), Vz,y € X. Then (X,d, (f(a;))) is also a computable
metric space and in general the sequences (a;) and (f(a;)) are not equivalent by
the previous example. Note that f “maps” the computability structure induced
by (a;) on the computability structure induced by (f(«;)), i.e.

Streny = {f (@) | (i) € S(an}-

In particular, if A is the set of all recursive points in (X, d, («;)) and B the set
of all recursive points in (X, d, (f(«;))), then f(A) = B.
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We say that effective separating sequences («;) and (5;) in a metric space
(X,d) are equivalent up to isometry if (a;) ~ (f(3;)) for some isometry f of
(X, d). It is easy to see that this relation is an equivalence relation on the set of
all effective separating sequences in (X, d).

A metric space (X, d) is said to be totally bounded if for each € > 0 there
exist finitely many points yo, ..., ym € X such that X = J,<,,, B(vi,c). Here
B(z,r) for z € X and r > 0 denotes the open ball of radius 7 centered at z. If
(X,d, a) is a computable metric space, then the sequence « is dense in (X, d) and
we have the following conclusion: the metric space (X, d) is totally bounded if and
only if for each k € N there exists m € N such that X = {J,,,, B(a;,27%). We
say that a computable metric space (X, d, «) is effectiveb_f Eotally bounded
if there exists a recursive function f : N — N such that

F(k)
X =|JB(a,27),
=0

Vk € N ([Yasugi, Mori and Tsujji 1999]).

Ezample 1. If S is a recursive nonempty compact subset of R", then there exists
a recursive sequence (x;) in S and a recursive function f : N — N such that
S € Uo<i<say Blai, 27k), Vk € N ([Zhou 1996, Weihrauch 2000]) and therefore
(S,d, (x;)) is an effectively totally bounded computable metric space, where d is
the Euclidean metric on S.

Example 2. Let w : N — Q be a recursive sequence which converges to a non-
recursive number v € R and such that w(0) = 0, w(i) < w(i + 1), Vi € N. It
is easy to construct a recursive sequence of rational numbers o which is dense
in [0,7]. Then the tuple ([0,7],d,«) is a computable metric space, where d is
the Euclidean metric on [0,v]. Suppose that ([0,7],d, «) is effectively totally
bounded. Then [0,7] = Uy<;< () Bleu, 27k), Vk € N, for some recursive func-
tion f : N — N.If h : N — Q is defined by h(k) = max{a; | 0 < i < f(k)},
k € N, then h is a recursive function and |y — h(k)| < 27%, Vk € N which con-
tradicts the fact that =y is a nonrecursive number. Hence the computable metric
space ([0,7],d, @) is not effectively totally bounded, although the metric space
([0,7], d) is totally bounded.

It is not hard to check that if o and ( are equivalent effective separating
sequences in a metric space (X, d), then (X,d, a) is effectively totally bounded
if and only if (X,d, ) is effectively totally bounded. Furthermore, if f is an
isometry of (X,d) and («;) an effective separating sequence, then (X,d, (a;))
is effectively totally bounded if and only if (X, d, (f(c;))) is effectively totally
bounded. This follows immediately from the fact that f(B(z,r)) = B(f(x),r),
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Vr € X, Vr > 0. Therefore, if o and § are effective separating sequences equiv-
alent up to isometry, then (X, d, «) is effectively totally bounded if and only if
(X,d, B) is effectively totally bounded.

There exist totally bounded metric spaces with effective separating sequences
nonequivalent up to isometry (Section 2). Nevertheless, the equivalence

(X,d, a) effectively totally bounded < (X,d, 3) effectively totally bounded
(1)
holds in general and that is a result which will be proved in Section 3 where
we introduce the notion of effectively dispersed metric space. In Section 2 we
also prove that each two effective separating sequence in Euclidean space R"™ are
equivalent up to isometry.

In Section 4 we examine compact metric spaces (X, d) such that there are
only finitely many isometries of (X, d). We prove that in this case a stronger
result holds than (1): if « and g are effective separating sequences in (X, d)
such that (X,d, «) is effectively totally bounded, then o ~ 8. This implies the
following: if there exists an effective separating sequence « in (X, d) such that
(X,d, ) is effectively totally bounded, then (X, d) has a unique computability
structure.

1.1 Basic techniques

Let k,n € N, k,n > 1. By a recursive function f : N* — N" we mean a function
whose component functions fi, ..., f, : N¥ — N are recursive. In the following
proposition we state some elementary facts.

Proposition1. (i) Let T C N**" be a recursively enumerable set. Then the set
S ={xeN*|3yeN" (z,y) € T} is recursively enumerable.

(ii) Let S C N**" be a recursively enumerable set such that for each x € N*
there exists y € N™ such that (z,y) € S. Then there exists a recursive function
f:N¥ — N" such that (z, f(z)) € S, Vo € N*.

In the following proposition we state some elementary facts about recursive
functions N* — R.

Proposition2. (i) If f,g: N¥ — R are recursive, then f +g,f —g: N¥ - R
are recursive.

(ii) If f : N* — R and F : N**! — R are functions such that F is recursive
and | f(z) — F(z,i)| < 27%, Vo € N*, Vi € N, then f is recursive.

(iii) If f : N¥*1 — R and ¢ : N¥ — N are recursive functions, then
the functions g,h : N¥ — R defined by g(x) = maxo<;<y(a) f(i,2), h(z) =
ming<;<e(z) f(i, ), v € N*, are recursive.

(iv) If f,g : N¥ — R is a recursive function, then the set {x € N* | f(x) <
g(x)} is r.e.
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We say that a function @ : N¥ — P(N") is recursive if the function @ :
N*+" — N defined by

P(x,y) = Xa(a) (),

r € Nk y € N” is recursive. Here P(N™) denotes the set of all subsets of
N”, and xs : N — N denotes the characteristic function of S C N". A
function @ : N* — P(N") is said to be recursively bounded if there exists a
recursive function ¢ : N¥ — N such that &(z) C {0,...,¢(z)}", V2 € N* where
{0,...,0(x)}"™ equals the set of all (y1,...,yn) € N™ such that {y1,...,yn} C
{0,...,0(x)}.

We say that a function @ : N¥ — P(N") is r.r.b. if & is recursive and
recursively bounded. The proof of the following proposition is straightforward.

Proposition 3. If ¢, ¥ : N¥ — P(N") are r.r.b. functions, then the sets {x €
Nk | &(x) = ¥ (z)}, {x € N*¥ | &(z) C¥U(x)}, {v € N* | &(z) = 0} are recursive.

It is not hard to prove the following proposition.

Proposition4. Let & : N*¥ — P(N") and ¥ : N"t* — P(N™) be r.r.b. func-
tions. Let A : NF — P(N™) be defined by

M) = | ¥(z0),

2€P(x)
x € N¥. Then A is an r.r.b. function.

Example 3. If a, 3 : N¥ — N and f : N¥*1 — N™ are recursive functions, then
the function N¥ — P(N"), z +— {f(i,2) | a(x) <i < B(x)} is r.r.b.

It is not hard to prove the following lemma.

Lemmab5. Let & : N¥ — P(N¥) be r.r.b. and let T C N" be r.e. Then the set
S={reN*|d(zx) CT} is r.e.

Let 0 : N2 — N and  : N — N be some fixed recursive functions with the
following property: {(o(%,0),...,0(i,n(:))) | + € N} is the set of all nonempty
finite sequences in N, i.e. the set {(ag,...,a,) | n € N, ag,...,a, € N}. Such
functions, for instance, can be defined using the Cantor pairing function. We are
going to use the following notation: (7); instead of o(i,5) and ¢ instead of n(4).
Hence

{((@)o, ..., (1);) | i € N}

is the set of all nonempty finite sequences in N.

Lemma6. Let ® : N¥ — P(N") be an r.r.b. function and let f : N™ — R be
a recursive function. Then there exist recursive functions ¢, : N¥ — R such
that

p(r) = £§&> f(y), ¥(x) = [z f(y)
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for each x € N* such that &(x) # 0.

Proof. Let a : N — N" be some recursive surjection. Let I : N — P(N"™) be
defined by

I'i) =A{a((i);) |0 < j <i}.

Then I' is r.r.b. (Example 3). Note that each nonempty subset of N™ equals
I'(i) for some i € N. Therefore, for each z € N¥ there exists i € N such that
(@(x) = I'(i) or P(x) = 0.) By Proposition 3 and Proposition 1(ii) there exists a
recursive function A : N*¥ — N such that &(x) = I'(A\(z)) for each z € N* such
that @(z) # (). Now we define ¢ : N* — R by

p() = min_ fla((AMz));)), ¥(x) = max f(a((A(2));)),

0<i<N(x) 0<j<A(x)

x € N*. Then ¢ and v have the desired property (recursiveness of these functions
follows from Proposition 2(iii)). O

Lemma 7. There exists a recursive function ¢ : N? — N such that for all
m,p € N each finite sequence xq,...,x, in {0,...,m} is equal to (i)o,...,(i);
for some i € N such that i < {(m,p).

2 Computability structures on Euclidean space

Let n > 1 and let d be the Euclidean metric on R™. The main step in proving
that every two effective separating sequences in (R"™,d) are equivalent up to
isometry is the following proposition.

Proposition8. Let ag,...,a, be recursive points in R™ which are geometrically
independent (i.e. a1 — ag,...,an — ag are linearly independent vectors) and let
(x;) be a sequence in R™ such that (d(x;,ar))ieN s a recursive sequence of real
numbers for each k € {0,...,n}. Then (z;) is a recursive sequence.

Proof. For k € {0,...,n} let vy : N — R be the function defined by
v (i) = d(x;, ax), i € N.
Let ¢ € N. For k € {0,...,n} we have
(@i — aplz; — ar) = vy, (i)?, (2)

where (z,y) — (z|y), z,y € R", is the inner product. It follows from (2) that
for each k € {1,...,n} we have

2 2

(x; — aglr; — ag) — (xi — aolx; — ao) = vg(4)° — vo (i)
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which implies
<(Ei| — 2ap + 2a0) = ’Uk(i)Q — Uo(i)Q — (ak|ak) + <a0|a0>.
Hence there exist recursive functions si,...,s, : N — R such that

(zilar — ao) = si(i), (3)

Vi € N, Vk € {1,...,n}. For i € N let z;,...,27 € R be numbers such that
z; = (z}

R

,x"). Let A be the n x n matrix whose k — th row is the n—tuple

a; — ag 1‘11 Sl(i)

ax — ap, ie. A = : . It follows from (3) that A : | =

an — Qo xl $n(4)

The rank of the matrix A is clearly n, hence A is invertible and we have

T 51(4)

=A7 | (4)
In general, if B is an invertible matrix, then each element of B~! can be written
as the quotient of the determinants of matrices which consist of certain elements
of B. Therefore each element of A~ is a recursive number and it follows from (4)
that (z})ien, ..., (z1")ien are recursive sequences. Hence (z;)ien is a recursive

K]
sequence. (]

Proposition 8 is essentially a consequence of the fact that we can compute
each component of x; by certain formula which involves addition, subtraction,
multiplication and division of numbers d(z;, ag), ..., d(z;, a,) and components
of the points aq, ..., a,. It follows from Proposition 8 that for geometrically in-

dependent recursive points ag, . . ., a, in R™ and x € N the following implication
holds:

the numbers d(zx, ap), . ..,d(x,a,) are recursive = the point z is recursive.
(5)
However, in a general computable metric space it is not possible to find n € N
and recursive points a, . .., a, such that the implication (5) holds. This shows
the following example.

Ezample 4. Let p be the metric on R? given by p((x1,v1), (¥2,y2)) = max{|ze —
21, [y2 — v1|}. If (i) is a recursive dense sequence in R?, then (R2, p, (o)) is
a computable metric space and the induced computability structure coincides
with the usual computability structure on R2. Suppose (zo,%0),-- -, (Tk, Yx)
are any recursive points in R2. Let M > 0 be some upper bound of the set
{lzols|vol, - - - |zxl, lyx]}- Let a,b € R be such that a > 3M, |b] < M and such
that a is a recursive, and b a nonrecursive number. Then p((a,b), (zo,¥0)), - - -
p((a,b), (zx,yr)) are recursive numbers, but (a,b) is a nonrecursive point.
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The following corollary is an immediate consequence of Proposition 8.

Corollary 9. Suppose (R"™,d,a) is a computable metric space, f : R* — R"
an isometry and ag, . . ., a, Tecursive points in (R™, d, «) which are geometrically
independent and such that f(ag),..., f(an) are recursive points in R™ in the
usual sense. Then f o« is a recursive sequence in the usual sense.

The next step in proving that every two effective separating sequences in
(R™,d) are equivalent up to isometry is the following lemma.

Lemma 10. Let ag, ..., a, be geometrically independent points in R™ such that
d(a;,aj) is a recursive number for all i,5 € {0,...,n}. Then there exists an
isometry f: R™ — R"™ such that f(ap),..., f(an) are recursive points.

Proof. By the Gram-Schmidt orthogonalization process there exists an orthonor-
mal basis {e1,...,e,} of R™ such that the sets {a1 — ag,...,a; — ao} and
{e1,...,¢;} span the same linear subspace of R™ for each j € {1,...,n}. Let
f:R™ — R"™ be the composition of the map g : R — R", z — x — a¢ and the
map h: R" — R"™, h(tie1 + ... +tnen) = (t1,...,tn), t1,...,tn € R. Then f is
an isometry and f(ag) = (0,...,0),

f(ak) E{(l‘,l,...,tk,o,...,())|t1,...,tk€R, tk;é()},

Vk € {1,...,n}. We prove now that f(aj) is a recursive point for each k €
{0,...,n}. This is clearly true for k = 0. For k € {1,...,n} let b},... . bf € R
be such that

flag) = (bF,...,b},0,...,0).

Suppose that f(ag),..., f(ax—1) are recursive points for some k € {1,...,n}.
Let us prove that f(ay) is recursive. For [ € {0,...,k — 1} let
ri = d(f(ax), f(ar)). (6)
Note that the numbers rg,...,rx_1 are recursive. It follows from (6) for [ = 0
that
(01)% + (05) + .. + (b)* = 1§ (7)

and for [ = 1 that
(0} = b1)> + (05)% + ... + (b)* =73, (8)

Subtracting (8) from (7) we get that b¥ is a recursive number. We get from (6)
for [ = 2 that

(b7 = 09) + (05 — 03)* + ... + (b)* =73
which, together with (7), now implies that b5 is recursive. Repeating this ar-
gument for [ = 3,...,k — 1 we obtain that b%,...,bf | are recursive. Now (7)
implies that bz is recursive and therefore f(ay) is a recursive point. We conclude
that f(ao),..., f(a,) are recursive points. O
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Proposition11. Let (o) be an effective separating sequence in R™. Then there
exists an isometry f : R™ — R™ such that (f(cy)) is a recursive sequence in R™.

Proof. Let ig,...,4, € N be such that o, ..., q;, are geometrically indepen-
dent points. By Lemma 10 there exists an isometry f : R™ — R”™ such that
f(aiy), ..., f(a;,) are recursive points. The claim of the theorem now follows
from Corollary 9. O

Note the following: if (x;) and (y;) are recursive dense sequences in R”,
then (z;) and (y;) are equivalent as effective separating sequences. This and
Proposition 11 imply the following.

Theorem 12. If « and [ are effective separating sequences in (R™,d), then «
and (B are equivalent up to isometry.

Euclidean space R™ is not totally bounded, but each open (or closed) ball in
R™ is totally bounded. We say that a computable metric space (X, d, «) can be
exhausted effectively by totally bounded balls if there exists z € X and
a recursive function F : N2 — N such that

F(k,m)
B@#m)C |J Ble,27%),
=0

Vk,m € N. It is clear that if such a function F exists for one & € X, then it exists
for each Z € X. It is obvious that each effectively totally bounded computable
metric space can be exhausted effectively by totally bounded balls. Furthermore,
if « is some recursive dense sequence in R"™, then (R",d, «) can be exhausted
effectively by totally bounded balls. It is easy to conclude from this and Theorem
12 that any computable metric space of the form (R",d,«) can be exhausted
effectively by totally bounded balls.

In the contrast to the fact that the equivalence (1) holds in general, which
will be proved later, the equivalence

(X,d, ) can be exhausted effectively by totally bounded balls
(i (9)
(X,d, 8) can be exhausted effectively by totally bounded balls

does not hold in general, as the following example shows.

Ezxample 5. Let the number v be as in Example 2. It is easy to construct a
recursive sequence of rational numbers o which is dense in (—o0,7|. Let d be
the Euclidean metric on (—o0,0] and let (x;) be some recursive sequence of
real numbers which is dense in (—o00,0]. Then the computable metric space
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({(—00,0],d, (x;)) can be exhausted effectively by totally bounded balls. On the
other hand, if & : N — (—00,0] is defined by a(i) = &/(i) — v, then « is an
effective separating sequence in ({(—00,0],d) and the computable metric space
({(—=00,0],d, ) cannot be exhausted effectively by totally bounded balls which
can be deduced from the fact that 0 is not a recursive point in this space.

The previous example also shows that effective separating sequences in a
metric space (X, d) need not be equivalent up to isometry; namely, it is easy to
see that the equivalence (9) holds when « and  are equivalent up to isometry.
The following two examples show that effective separating sequences in (X, d)
need not be equivalent up to isometry even when (X, d) is totally bounded.

Ezample 6. Let ([0,7],d, «) be the computable metric space of Example 2. Let
o : N — R be defined by o/(2i) = #, o/ (2t + 1) = —#, i € N and
let o : N — [0,7] be defined by o(i) = o/(i) + 3. Then o is an effective
separating sequence in ([0,7], d). Since the point 7 is recursive in ([0,4], d, o),
but not in ([0,7], d, ), and since 7 is a fixed point of each isometry of ([0,7], d)
(namely the only isometries are the identity and the map t — v — ¢, ¢t € [0,7]),

we conclude that effective separating sequences o and o’ are not equivalent.

FExample 7. Let S be the unit circle in R? and let d be the Euclidean metric
on S. Since S is a recursive set, there exists a recursive sequence (z;) in S
such that (5,d, (x;)) is an effectively totally bounded computable metric space
(Example 1). Let f : R? — R? be a rotation with the center (0,0) such that
f(1,0) is a nonrecursive point. Then (f(x;)) is an effective separating sequence
in (S,d) nonequivalent to (z;). Let A = {x; | ¢ € N} U {f(x;) | ¢ € N}, let
T={(z,y) €S|z <0or (z,y) € A} and let d’ be the Euclidean metric on 7T
Then (z;) and (f(z;)) are effective separating sequences in (T,d’) and it follows
easily that they are not equivalent up to isometry in this metric space.

3 Effective total boundedness and effective dispersion

Let (X, d) be a metric space. A nonempty subset S of X is said to be r—dense
in (X,d), where r € R, r > 0, if X = (J, g B(s,7). Note that a set S is dense
in (X,d) if and only if S is r—dense in (X, d) for all r > 0. We say that a finite
sequence o, . .., &, of points in X is r—dense in (X, d) if the set {zg,...,z,} is
r—dense in (X, d). Hence (X, d) is totally bounded if and only if for each € > 0
there exists a finite sequence of points in X which is e—dense in (X, d).

Let s € R. A nonempty subset S of X is said to be s—dispersed in (X, d)
if d(z,y) > s, Yo,y € S, x # y. A finite sequence xg, ..., x, of points in X
is said to be s—dispersed in (X,d) if d(z;,z;) > s, Vi,j € {0,...,n}, ¢ # j.
Note that if zg, ..., x, is an s-dispersed finite sequence, then {zg,...,z,} is an
s—dispersed set, while the converse does not hold in general.
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Proposition13. Let (X,d) be a totally bounded metric space and let s > 0.
Then the set A = {k € N | there exists a finite sequence x1, ...,z which is
s—dispersed in (X,d)} is finite.

Proof. Let yo,...,y, be an §—dense finite sequence in (X,d). Suppose that

a finite sequence z1,...,x is s—dispersed. For each i € {1,...,k} let j; €
{0,...,p} be such that z; € B(y;,, 5). If 4,9 € {1,...,k}, i # 4/, then j; # ji
since d(z;,xz;) > s. Therefore we have an injection {1,...,k} — {0,...,p},
hence k < p. This shows that A is finite. O

Let (X,d) be a totally bounded metric space. If S C X, S # 0, and s > 0,
then, by Proposition 13, the set {k € N | there exists a finite sequence x1, ..., zj
of points in S which is s—dispersed in (X, d)} is finite. We denote the maximum
of this set by A(S,s). If zg,...,z, is a finite sequence in X, then we will write
Azo, ..., xy; s) instead of A({zo,...,zn},s).

Ezample 8. With the Euclidean metric on [0, 3] we have A([0,1],s) = 1if s > 1,
1,3 <5,

A([0,1],5) =2if s € [3,1) and A(0,1,3;s) =4 2,1 < s <3,
3,0<s<1.

Lemma 14. Suppose (X,d) is a totally bounded metric space, s > 0 and n =
A(X,s). Let xo,...,xn—1 be a finite sequence which is s—dispersed in (X,d).

Then xq,...,Tn_1 15 2s—dense.

Proof. Let a € X. Then the finite sequence a, zq, ..., T,—1 is not s—dispersed
and since zg, ..., x,—1 is s—dispersed, there exists i € {0,...,n — 1} such that
d(a,x;) < s. Hence the finite sequence xg, ..., z,_1 is 2s—dense. a

Now, let o and 8 be effective separating sequences in (X, d) such that the
computable metric space (X, d, «) is effectively totally bounded. In order to prove
that (X, d, §) is also effectively totally bounded, it would be enough to prove that
for each k € N we can effectively find the number A(X, 27%). Namely, in that case
for any k£ € N we can effectively find i1, ...,4, € N such that the finite sequence
Biys- -, B, is 27 *+D _dispersed, where n = A(X,2~(*+1)) and then this finite
sequence of points (and consequently the finite sequence fo, . .., Bmax{i,,....in})
must be 27%—dense. However, the number A(X,27%) cannot be found effectively
in general, as the following example shows.

Ezample 9. Let (\;) be a recursive sequence of real numbers such that A; > 0,
Vi € N and such that the set {i € N | A; = 0} is not recursive ([Pour-El and
Richards 1989]). We may assume \; < 47% Vi € N. Let t; = 47 + )\;, i € N,
X ={t; | i € N}U{0} and let d be the Euclidean metric on X. Then (X, d, (¢;))
is an effectively totally bounded computable metric space. Let i € N. It is
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straightforward to check that A(X,47%) =i+ 1if \; =0 and A(X,47%) =i +2
if \; > 0. Therefore the function N — N, i — A(X,27%) is not recursive.

A totally bounded metric space (X, d) is said to be effectively dispersed
if there exists a recursive function s : N — Q such that s; € (0,27%), Vi € N
and such that the function N — N, i — A(X, s;) is recursive.

If X is a set and p € N let FP(X) denotes the set of all functions = :
{0,...,p} — X (hence FP(X) is the set of all finite sequences in X of the form
x0, ..., Tp). Of course, for € FP(X) and ¢ € {0,...,p} we will denote (i) by
x;. If © € FP(X), then we say that the finite sequence x has length p and we
write p = length(z).

If (X,d) is a metric space and € FP(X), p > 1, let p(z) denotes the real
number defined by

p(x) = min{d(z;, z;) | i, € {0,...,p}, i # j}.

Let (X,d) be a metric space and let A be a nonempty bounded set in this
space. For each n € N we define the real number C,,(A) (see [Kreinovich 1977))
by

Cn(A) = sup{e € R| 3z € F"T!(A) such that z is & — dispersed}.

Note that
Co(4) = sup{p(a) | = € (A},

Lemma 15. Let (X,d) be a metric space, let A and B be nonempty bounded
sets in this space and let € > 0 be such that for each a € A there exists b € B
such that d(a,b) < € and for each b € B there exists a € A such that d(b,a) < €.
Then for each n € N

|Crn(A) — Cr(B)| < 2e.

Lemma 15 can be proved easily using the following lemma, which is an immediate
consequence of the triangle inequality in a metric space.

Lemma16. If (X,d) is a metric space, a,b,a’,b' € X and e,7 > 0 such that
d(a,b) > r, d(a,d') <e and d(b,V') < e, then d(a’,b') > r — 2¢.

Lemmal7. Let (X,d,«) be a computable metric space. For 1 € N let afl] de-
notes the finite sequence oy, - - -, o) - Then there exists a recursive function
f:N — R such that

for each 1 € N such that length(a[l]) > 1 (i.e. 1 > 1).
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Proof. Since N — P(N?), [ — {(i,5) € N? | i # j, 0 < i,j < [}, is clearly
an r.r.b. function and N* — N2, (1,4,5) — ((1),(l);), is a recursive function,
Proposition 4 implies that the function N — ’P(NQ),

L () (D)) i # 3, 0<d,j <1}

is r.1.b. If we apply Lemma 6 to this function and the function N? — R, (i, j) —
d(a;, o), we get the claim of the lemma. O

Corollary 18. Let (X,d,a) be a computable metric space and let (si)ken be a
recursive sequence of real numbers. With notation of the previous lemma we have
that the set

D = {(I,k) € N? | a[l] is s, dispersed}

is recursively enumerable.

Proof. For all x € FP(X), p > 1, and r > 0 we have that x is r—dispersed if and
only if p(x) > r. Therefore,

(1,k) € D if and only if p(a[l]) > s or [ = 0.

The claim of the corollary now follows from Lemma 17 and Proposition 2(iv).
O

Proposition19. Let (X,d,a) be a computable metric space. For m € N let
Ay ={ag,...,am}. Then the function N? — R,

(n,m) — Cn(An),

1S recursive.

Proof. For i € N let us denote by afi] the finite sequence a;),, ..., ()-.
For all n,m € N we have
ColAm) = max  plz). (10)

z€FH1(A)

Let ¢ be the function of Lemma 7. Then each element of F"*1({0,...,m})
is of the form ()o, ..., (i); for some i < {(m,n + 1).
Let @ : N2 — P(N) be defined by

d(n,m) ={i <{(m,n+1)|i=n+1and (i); <m, Vj € {0,...,i}}.

Clearly, @ is r.r.b. Let n,m € N. We have that the set of all finite sequences
(i)o, - - -, (i)7 for i € B(n,m) equals F"T1({0,...,m}). Therefore

{ali] | i € B(n,m)} = F"(Am)

and, by (10),

Cn(Am) = e plafi]).

The claim of the proposition now follows from Lemma 17 and Lemma 6. O
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Theorem 20. Let (X, d) be a totally bounded metric space. Let o be an effective
separating sequence in (X, d). Then the following statements are equivalent.

(i) the computable metric space (X, d, ) is effectively totally bounded;
(ii) the function N — R, n — C,(X), is recursive;
(iii) the metric space (X, d) is effectively dispersed.

Proof. Suppose that (i) holds. For m € N let A,, = {ag,...,amn}. Let ¢ : N —
N be a recursive function such that X = Uf:(g) B(a;,27F), Vk € N. Then, by

Lemma 15,
Cn(X) = Cr(Apy)l < 2-27%,

for all n, k € N. Therefore (ii) holds (Proposition 2(ii)).

Suppose now that (ii) holds and let us prove (iii). If X is finite, then (iii)
clearly holds. Suppose X is infinite. Then 0 < Cp41(X) < Cp(X), Vn € N. We
also have lim,,_,», C,,(X) = 0, otherwise there exists s > 0 such that C,,(X) > s
for each n € N which contradicts Proposition 13.

Let r : N — Q be a recursive function whose image is dense in R. Now, for
each k € N there exists 7,n € N such that

r < 2% and Cn+1(X) <r < Cn(X)

By Proposition 2(iv) and Proposition 1(ii) there exist recursive functions ¢, 1) :
N — N such that To(k) < 2-% and Cw(k)Jrl(X) < Tyk) < Cw(k)(X), Vk € N.
This, by definition of the numbers C,,(X), n € N, implies

A(Xa rcp(k)) = w(kj) + 2,

Vk € N. Therefore (X, d) is effectively dispersed.
Finally, let us prove that (iii) implies (i). Let s : N — Q be a recursive
function such that 0 < s; < 27%, Yk € N and such that

k— A(X,sk), k€N, (11)
is a recursive function. Let £ € N. Then there exist a finite sequence 1, ...,y
which is sp—dispersed in (X,d), where p = A(X, sg). Since the sequence «
is dense in (X, d), we easily conclude that there exist i1,...,4, such that the
sequence Q. .., q;, is sp—dispersed.

For I € N let us denote by a[l] the finite sequence o, ..., a(y).. Hence for

each k € N there exists [ € N such that
all] is sp—dispersed and [ + 1 = A(X, sy). (12)

The fact that (11) is a recursive function, Lemma 18 and Proposition 1(ii) imply
that there exists a recursive function A : N — N such that for each k € N (12)
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holds when ! = A(k). Now Lemma 14 implies that a[A(k)] is 2sj dense for each
k € N.
Let f: N — N be defined by

F(k) = max{(\(k +1)); | 0 <i < Ak +1)}.

Clearly, f is recursive. It is obvious that the sequence ao, ..., ) is 2+ spy1—
dense in (X,d) and since 2 - sp41 < 2 - 2-(k+1) — 9=k this sequence is also
2~k _dense. Therefore (X, d, ) is effectively totally bounded. O

Let (X, d,a) be a computable metric space. By Theorem 20
(X,d, ) is effectively totally bounded < (X,d) is effectively dispersed.

Corollary 21. Let « and (8 be effective separating sequences in a metric space
(X,d). Then (X,d,«) is effectively totally bounded if and only if (X,d, ) is
effectively totally bounded.

A computable metric space (X,d,a) is said to be effectively compact
(cf. [Yasugi, Mori and Tsujji 1999)) if (X, d, «) is effectively totally bounded and
(X,d) is complete. If o and (3 are effective separating sequences in a metric
space (X, d), then, by Corollary 21, (X,d, «) is effectively compact if and only
if (X,d, ) is effectively compact.

We will say that a metric space (X, d) is effectively compact if there exists
a such that (X, d, a) is an effectively compact computable metric space. Corol-
lary 21 says that (X,d, 3) is an effectively totally bounded computable metric
for every effective separating sequence § in an effectively compact metric space
(X,d).

Note that a compact metric space (X, d) is effectively compact if and only if
it is effectively dispersed and it has at least one effective separating sequence.

4 TIsometries and effective compactness

We have seen in Section 2 that each two effective separating sequences in R"
with the Euclidean metric are equivalent up to isometry. Examples 5, 6 and 7
show that this property does not hold in general. Note, however, that metric
spaces constructed in these examples are not effectively compact. In contrast
to Example 6, every two effective separating sequences in [0,1] with the Eu-
clidean metric are equivalent up to isometry, moreover they are equivalent as
the following example shows.

Ezample 10. Let (a;) be a recursive sequence of rational numbers such that
{a; | i € N} = QnN[0,1]. Let d be the Euclidean metric on [0, 1]. Then («a;)
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is an effective separating sequence in ([0,1],d). Let 3 be an effective separating
sequence in ([0,1],d). We claim that § ~ a.

Choose ig € N so that 3;, < %. For each k € N there exist i, 7 € N such that
d(B;, B5) > 1 — 27 +2) d(B;, B;,) < 3. Therefore there exist recursive functions
@, : N — N such that for each & € N these two inequalities hold when
i =w(k), j =1(k). So for each k € N we have

_ 1
1By — Bury| > 1 =272 18,0 — By | < 7

from which we easily conclude that B,y < 272 Hence d(0, By(r)) < 272,
Vk € N, which means that 0 is a recursive point in the computable metric space
([0, 1], d, ).

In general, it is easy to see that if (X,q,7) is a computable metric space
and z a recursive point in this space, then N — R, i — ¢(z,;), is a recursive
function.

Therefore, the function i — d(0, 3;), ¢ € N, is recursive, i.e. (5;) is a recursive
sequence in R and (o) ~ (5;).

Example 10 says that [0, 1] with the Euclidean metric has a unique computability
structure. On the other hand, the unit circle S* in R? with the Euclidean metric
is effectively compact, but it has nonequivalent effective separating sequences
(Example 7), hence it has more than one computability structure. One obvious
difference between these metric spaces is that there are infinitely many isometries
S1 — S1, but only two isometries [0,1] — [0, 1].

As we will see in this section, the property of an effectively compact metric
space (X,d) that there are only finitely many isometries X — X implies that
(X,d) has a unique computability structure, not just for those (X, d) which are
metric subspaces of Euclidean space, but in general.

The idea how to prove this is in certain sense similar to the idea used in
Example 10. As we noticed in that example, if =,y € [0, 1] are such that d(z,y)
is close to 1, then = and y are close respectively to 0 and 1 or to 1 and O.
Let us now observe this situation in the case of a compact metric space (X, d)
and let us, for simplicity, take that (X, d) is such that there exists exactly one
isometry X — X (the identity). The question is this: if zg,...,z, and yo, ..., yp
are finite sequences in X and if the number d(z;,x;) is close to the number
d(yi,y;) for all 4,7, what can be said about the distances between the points
Zg,...,Zp and yo,...,Yyp respectively? As we will see in Proposition 26, under
certain conditions the point z; must be close to the point y; for each i. Using
this fact, it will be possible to prove that effective separating sequences « and
0 in (X, d) are equivalent (under assumption that (X, d) is effectively compact):
we can effectively find numbers vy, ..., v, and wo, ..., w, such that d(a,,,a,;)
is close to d(fBuw,, Buw,) for all 4,5 € {0,...,p} and then it follows that f3,, is an



lljazovic Z.: 1sometries and Computability Sructures 2585

approximation of «,, for each 7; if we ensure that each «y is close to some a,,,
then each ay can be effectively approximated by some (i and this means that
the sequences a and ( are equivalent.

As we will see, the described idea can be generalized to the case when (X, d)
has more that one isometry onto itself (but finitely many) and this will give the
desired result.

First, we need some facts about finite sequences in a metric space.

Let X be a set. Let G(X) be the set of all sequences (v*)gen in U;io FP(X)
such that

length(v*) < length(v**1), Vk € N.

If v = (vV¥)ren € G(X), then clearly any subsequence of v is also an element of
G(X).

If (v¥)gen is a sequence in U;io FP(X), then for k,i € N, i < length(v¥),
we denote (v*); by vF.

Let (X, d) be a metric space. We say that (v¥)ren € G(X) is [—convergent
in (X,d), Il € N, if for each I’ € {0,...,I} the sequence k — vll,/Jrk,k € N,
converges in (X, d) (note that the fact (v*)reny € G(X) implies length(vF) >
k,Vk € N).

Lemma 22. Let (X,d) be a metric space and xo € X. If (v¥)ren € G(X) and

l € N are such that the sequence k +— vlkH,k' € N, converges to xqg, then for

each subsequence (W*¥)ren of (V¥)ken the sequence k +— wlkH, k € N, converges

to xq.

Proof. If (w*)gen is a subsequence of (v*)ren, then w* = v#*) Vi € N, where
¢ : N — N is some increasing function (i.e. ¢(i) < ¢(i + 1),Vi € N). Therefore
for each £ € N we have

k+l _ vf(kH) _ vl("’(kH)_lHl

wy
from which we conclude that k +— wlkH7 k € N, is a subsequence of k +— vlkH, ke
N, and the claim of the lemma follows. O

Lemma 23. Let (X,d) be a compact metric space and suppose v = (vF)ren €
G(X) is l—convergent in (X, d) for somel € N. Then there exists a subsequence
of v which is (I + 1)— convergent in (X, d).

k+(l+1), k € N. Since (X, d) is compact,

I+1
there is an increasing function ¢ : N — N such that k — vﬁ]f)ﬂl“), ke N, is

a convergent sequence. Now, let w = (w*)zen be a sequence defined by

Proof. Let us observe the sequence k +— v

wh = pPEHHL
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k € N. Then w is a subsequence of v, w € G(X) and for each k¥ € N we

k+l+1 _  o(k+i41)+1+1 k+1+1 :
have w; [ = v/} , hence the sequence k — w7,k € N, is a

subsequence of k +— vﬁ?”“,k € N, and therefore is convergent. For I’ €

{0,...,1} the sequence k — wlk,H/ ,k € N, is convergent by Lemma 22. Hence w

is (I + 1)—convergent. O

Let (X,d) be a metric space. If z,y € FP(X), then we denote the number
maxo<i<p | — ;| by d(z,y). The function X x X — R, (z,y) — d(z,y), is a
metric on FP(X).

Let 2,y € FP(X). We say that x and y are isometrically equivalent and
we denote that by & ~iso y if d(xi, ;) = d(ys,y5), V4,5 € {0,...,p}. Similarly,
sequences (z;) and (y;) in X are said to be isometrically equivalent, (x;) ~iso (¥i),
if d(z;, ;) = d(yi,y;5), Vi, j € N.

If z,y € FP(X) and r € R, then we say that z and y are r—isometrically
equivalent, x ngsg y, if

|d(xz7xj) - d(y’ia y_])| S T, \V,Z,j S {07 R 7p}a
and we say that z and y are strictly r—isometrically equivalent, z ~ y, if
|d(zi, x;) — d(yi, ;)| <7, Vi, 5 €{0,...,p}

If @ = (;)ien is a sequence in a set X and p € N, then we denote the finite
sequence o, . . ., 0y by a<p.

Lemma 24. Let (X,d) be a compact metric space and let « = (o;)ien be a
dense sequence in this metric space. Suppose v = (v¥)ren € G(X) is such that

vk ~iso (aglength(vk)) ,Vk € N.

Then there exists a sequence (7y;) in X such that the following two properties are
satisfied:

(1) () ~iso (@)

(ii) for each ¢ > 0 and each q € N there exists | € N such that length(v') > ¢
and
d(vi,vl) < e, Vi€ {0,...,q}.

Proof. Observe the sequence in X defined by k +— v&,k € N. Compactness
of (X,d) implies that there exists an increasing function ¢ : N — N such
that k — vy (k), k € N, is a convergent sequence. Let a(0) be the subsequence
(v?")).en of v. Then a(0) is a 0—convergent element of G(X). By Lemma 23
there exists a subsequence a(1) of a(0) which is 1—convergent. Repeating this
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argument, we obtain a sequence a(0),a(1),...,a(l),...in G(X) such that a(l) is
[—convergent and a(l + 1) is a subsequence of a(l) for each [ € N.

For [ € N let ; be the limit of the sequence k — a(l)é”'l, k € N. We claim
that (7;)ien is the desired sequence. Note that, by Lemma 22, for all [,I" € N,
" > 1, the sequence k — a(l’)f”, k € N, converges to ;. If [ € N, then, using
notation a(l) = (a(l)¥)ren, we have that for each k € N the finite sequence a(l)*
is isometrically equivalent to c<,, for some m € N, namely a(!) is a subsequence
of v, hence a(l)¥ = v*" for some k' € N.

Let 7,5 € N. Let [ € N be such that [ >4, [ > j. Then ; = limj_.o a(l)F*!

A i
f“, k € N, is a subsequence of k — a(l)f“, k € N, we have

ket ket
j

and since k — a(l)

vi = limg_,00 a(1);"". In the same way we get v, = limy_.o a(l);™". Now

d (a()i*, a()M*!) = d(ai, 05),Vk €N,
implies d(7;,7;) = d(, oj). Hence (i) ~iso (v3).

Let € > 0 and ¢ € N. For each i € {0,...,q} we have v; = limy_,o a(q)
For i € {0,...,q} let k; € N be such that d('yi,a(q)fﬂ) < &,Vk > k;. Let

k = max{ko,...,kq}. Then d(v;, a(q)f+q) <& Vie{0,...,q}. Let I € N be such
that a(q)**? = v'. Then d(v;,v}) <e,Vi €{0,...,q}. O

k+q
i

Lemma 25. Let (X,d) be a compact metric space, p € N, a € FP(X) and
(vM)nen a sequence in FP(X) such that v™ NiSS?N a, VN € N. Then there
exists w € FP(X) such that w ~iso a and such that d(w,u) > r whenever
u € FP(X) and r > 0 are such that d(v™,u) > r,VN € N.

Proof. Using the fact that (X,d) is compact, it is easy to conclude that there
exists a subsequence (vNF)gen of (v7V)yen such that (v)*)xen is a convergent
sequence in (X,d) for each ¢ € {0,...,p}. Let w € FP(X) be such that w; =
limg—, o0 vZN’“, Vi€ {0,...,p}. For alli,j € {0,...,p} we have

|d(v]\*, v}*) — d(a;, a;)| <27V, Vk € N,

and therefore d(w;,w;) = d(ai,a;). Hence w ~iso a. Actually the sequence
(v™Vk)pen converges to w in FP(X) with respect to metric (z,y) — d(z,y).
So d(w,u) < r for some u € FP(X) and 7 > 0 implies d(vV*,u) < r for some
keN. 0

Proposition 26. Let (X,d) be a compact metric space such that there exist ex-
actly n isometries X — X (n € Nyn >1). Let @ = (a;)ien be a dense sequence
in this metric space. Then for each € > 0 and each ¢ € N there exist N,p € N,
p>q, and u,. .., uy € FP(X) such that u; ~iso 0<p, Vi € {1,...,n}, and such
that the following implication holds:

veFPX), v~

iso

a<p = d(v,u;) < e for somei € {l,...,n}. (13)
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Proof. Let f1,..., fn be all isometries X — X. Let ¢,5 € {1,...,n},i # j. Since
fi # fj and « is dense in (X, d), there exists k € N such that fi(a) # fj(ow).
From this we conclude the following: there exists pg € N and gy > 0 such that

d((fi o @)<pys (fj 0 @)<py) > €0,Vi,j €{1,...,n},i #j.

(Of course, g o« for g : X — X denotes the sequence (g(a;))ien.)

Let us suppose that the claim of the proposition is not true. Then there exist
e > 0 and ¢ € N such that there exist no N,p and uy,...,u, with the stated
property. Let kg = max{pg,q} + 1. Let k € N. For i € {1,...,n} let

i = (fi 0 )<k

Then each u; is isometrically equivalent to a<gyr,. From this and the fact that
k + ko > g we conclude that for each N € N the implication (13) does not
hold (with p = k + ko). Therefore for each N € N there exists vV € Frktko(X)
such that vV ~52 " a<pyr, and d(v,u;) > ¢ for each i € {1,...,n}. Tt follows
from Lemma 25 that there exists w € F¥T*0(X) such that w ~iso @<kik, and
d(w,u;) > €.

We have the following conclusion. For each k € N there exists w®e Frko(X)
such that w ~ig <tk and

d(w", (fio a)<kin,) > &, (14)

Vi € {1,...,n}. By Lemma 24 there exists a sequence v = (y;) in X such that
~ ~iso @ and such that for each » > 0 and each g € N there exists k¥ € N such that
k+ko > q and d(v;, wF) < r,Vi € {0,...,q}. Suppose that (v;)ien = (fj(c:))ien
for some j € {1,...,n}. Then the sequence (y;) is dense. Choose r > 0 so that
3r < € and ¢ € N so that the finite sequence <, is r—dense. Let £ € N be such
that k 4+ ko > ¢q and

d(yi,wk) < r, (15)

Vi €{0,...,q}. Leti' € {g+1,...,k+ko}. Then there exists i € {0,...,q} such
that d(y;, wh) < r. It follows

d(wf’vwf) < d(wfu%‘) +d(’yiaw£€) <r4r=2r
Now d(vi,vir) = d(cvi, o) = d(wk, wh) < 2r and so
d(w},~ir) < d(wly, i) + d(viy i) <7+ 2r =3r <e.

hence d(wk,vi) < e. This and (15) imply that d(wF,~;) < & holds for each
i€{0,....,k+ko}. But v; = fi(a;),Vi € N, therefore d(w”, (f; o ) <kik,) < €.
This is in contradiction with (14). Therefore

(vi)ien # (fj(s))ien, (16)
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Vie{l,...,n}.

Now we define a map g : X — X in the following way. If x € X, then
r = lim; o ay(;), where ¢ : N — N. The sequence (a,(;)ien is therefore
Cauchy which, together with v ~is «, implies that the sequence (v,(;))ien
is Cauchy. We define g(z) to be the limit of this sequence. (The metric space
(X,d) is complete since it is compact.) This definition does not depend on the
choice of the function ¢ : if ¢ : N — N is such that z = lim; o ay;), then
lim; o0 d(cvp(i), ap(iy) = 0, therefore lim; oo d(Yp(i), Ve(i)) = 0, which implies
hmi*,oo ’)QP(,L-) = hml*,oo ’)/w(i).

If z,y € X and ¢,% : N — N are such that x = lim; .o ap@i), ¥ =
1imi_,oo aw(i)a then

d(z,y) = Jim d(ag iy, (i) = Jim d(Ye(iy Yos) = d(g(x), 9(y))-

Hence g is an isometry (that g is surjective can be deduced from the compactness
of (X,d), see [Sutherland 1975]). Note that g(a;) = 75, Vi € N, hence (v;)ien =
(9(ai))ien. It follows from (16) that g # f;,Vj € {1,...,n}. But this contradicts
the fact that fq,..., f, are all isometries X — X. O

Let (X,d) be a metric space, & = (a;) a dense sequence in this space and
AC X.Let p e N, r,e >0 and uy,...,u, € FP(A), where n € N, n > 1.
We say that uq,...,u, is a (p,r,e)—basis for A in (X,d, ) if u; ~3 a<, for
each i € {1,...,n} and if the following holds: whenever v € FP(A) is such that
v ngsg a<p, then d(v,u;) < € for some i € {1,...,n}. A (p,r,e)—basis uy,...,up
for A in (X,d, ) is said to be a proper (p,r,e)—basis if u; ~is a<, for each
i €{1,...,n}. Note: if u, ..., u, is a proper (p, r,e)—basis for A, then uq, ..., uy
is also a proper (p,r’,£)—basis for A for each v’ < r.

Proposition 26 says that if (X, d) is a compact metric space such that there
exist exactly n isometries X — X, then for each € > 0 and each ¢ € N there
exist p, N € N, p > ¢, and a proper (p,2~ ", ¢)—basis uy,...,u, for (X,d,a)
(i.e. for X in (X, d, a)).

Suppose now that « is an effective separating sequence in (X, d). Is it pos-
sible, for given k,q € N, to find effectively numbers p, N, p > ¢, and numbers
i(l),...,izl,, oy 0050y so that uy = (aié,...,aié), ey Uy = (aig,...,ai;) is
a (p,27N,27%)—basis for (X,d,a)? We will see later that this is possible if the
computable metric space (X,d, «) is effectively compact. The idea which will

n

be used in the proof of this fact is to reduce the search for such a basis to a
finite subset of X of the form {ao,...,an}, m € N. In that sense, the following
lemma and Lemma 29 will be useful.

Lemma 27. Letp € N and let r,e > 0 be such that 5§ < e. If A is a 7—dense set
in (X,d) and uy, ..., up is a (p,r, 5)—basis for A in (X,d, ), then uy, ..., u, is
a (p, §,€)—basis for (X,d,a).
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Proof. Let v € FP(X) be such that v NISSOE a<p. Since A is 7—dense, there exists

a € FP(A) such that d(v,a) < . Let 4,5 € {0,...,p}. Then

|d(vi,vj) — d(as, aj)] < 5. (17)

N3

Since |d(v, vj)—d(as, a;)| < d(vi, a;)+d(vs, az), we have |d(vi, v;)—d(as, a;)| < 5.
This and (17) imply
|d(ai, a;) — d(e, ;)| <.

Hence a NISS; a<p and therefore there exists i € {1,...,n} such that d(a, u;) < 5.
This, together with d(a,v) < 7 < 5, implies d(v,u;) < e. Hence uy,...,u, is a
(p, 5,€)—hasis for (X,d,a). |

Lemma28. If (X,d) is a metric space, 6 > 0 and x,y,z € FP(X) such that

d(z,y) < 8 and y ~iso 2, then © ~32 2.

180

Proof. Let i,j € {0,...,p}. We have d(y;,z;) < 6, d(y;,z;) < 0, |d(zi,z;) —
d(yi, y;)| < d(zs,yi) + d(z;,y,) and therefore |d(z;, z;) — d(z;, ;)| = |d(zi, ;) —
d(yi,y;)| < 26. Hence x ~32 2. -

10

Lemma29. Let ui,...,u, be a proper (p,r,e)—basis for (X,d,a), where 5 <
€. Suppose A is an 5—dense set in (X,d). Then there exists a (p,r,2¢)—basis
uhy .. ul, for Ain (X, d, «).

Proof. Since A is §—dense, for each i € {1,...,n} there exists uj € FP(A) such
that d(u;,u;) < §. Then, for each i € {1,...,n}, Lemma 28 and u; ~iso a<p
imply u} ~<7 a<,. Suppose v € FP(A) is such that v ~=" a<p. Then d(v, u;) < €
for some i € {1,...,n} which implies d(v,u}) < € + § < € 4+ ¢ = 2¢. Therefore
uy, ..., ul, is a (p,r,2¢)—basis for A in (X, d, a). O

It is easy to prove the following lemma.

Lemma 30. Let (X,d) be a metric space.

(i) Let v > 0, let A be an r—dense set in (X,d) and let f: X — X be an
isometry. Then f(A) is also r—dense.

(i) If z,y € FP(X) and € > 0 are such that y is e—dense and d(z,y) < €,
then x is 2e—dense.

Theorem 31. Let (X,d,«) be an effectively compact computable metric space
such that there exist only finitely many isometries of the metric space (X, d). Let
0 be an effective separating sequence in (X, d). Then 3 ~ «.

The rest of this section is the proof of Theorem 31.



lljazovic Z.: 1sometries and Computability Sructures 2591

Let f1,..., fn be all isometries X — X, f; # fj, ¢ # j. As in the proof of
Proposition 26 we conclude that there exist a positive rational number 9 and
po € N such that

d((fi 0 a)<po, (fi © @) <pe) > 920, (18)
for all 4,5 € {1,...,n}, i« # j. Choose a1,...,a, € FP°({ay. | k € N}) and
bi,...,bp € FPO({fBy | k € N}) so that for each i € {1,...,n}

d(ai, (fi o a)<p,) < €0, d(bi; (fioa)<p,) < eo.
Clearly d(a;, b;) < 2e9, Vi € {1,...,n}. It follows from Lemma 16 that
d(a;,aj) > Teg, d(b;,bj) > Teo, (19)
forall 4,5 € {1,...,n}, i # j.

Lemma32. Letx,y1,...,yn€ FPO(X) andm € {1,...,n} be such that d(z, ym)
< €, such that for each i € {1,...,n} there exists j € {1,...,n} such that
d(yi, (fj o &)<p,) < €0 and such that d(y;,y;) > 4eo for all i,5 € {1,...,n},
i # j. Then

(1) there exists L € {1,...,n} such that d(z,b;) < 320 and d(ym,ar) < 2o;

(i) if ¢,I" € {1,...,n} are such that d(z,by) < 3e¢ and d(yi,ar) < 2eq, then
T =m.

Proof. (i) There exists [ € {1,...,n} such that d(ym, (fi o ®)<p,) < €o. This and
d((fi o @)<py, 1) < €0 give d(yYm,a) < 2g¢. In the same way d(ym, b)) < 20
which, together with d(z,ym) < €o, gives d(z,b;) < 3eq.

(ii) Suppose i,I" € {1,...,n} are such that d(z,by) < 3eo and d(y;,ar) <
2¢p. Let [ be as in (i). Inequalities d(x,b;) < 3ep and d(x,by) < 3eg imply
d(by, b)) < 6eg and we conclude from (19) that [ ={’. Now from d(ym,, a) < 29
and d(y;,a;) < 2e9 we get d(ym,yi) < 4eg. Therefore i = m. O

Lemma33. Let y1,...,yn be a (p,r,e)— basis for (X,d,a), where p > py and
e <eg. Then

(1) foreachi e {1,...,n} there exists j € {1,...,n} such that d(y;, (fjoa)<p) <
&

(ii) d((yi)fpoa (yj)épo) > 760 fOT’ a'll Za.j € {17 s 7n}7 Z 7é .77

(iii) if a<p is e—dense, then the finite sequences y1,...,Yn are 2e—dense.
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Proof. (i) Let k € {1,...,n}. Since (fx © a)<p ~iso Q<p, there exists i €
{1,...,n} such that d((fx o @)<p,ys,) < e U k, k" € {1,...,n} and i} = iy,
then
d((fx 0 @)<p, (fir 0 @) <p) < 28 < 20

which, together with (18), implies k = k’. Hence {1,...,n} — {1,...,n}, k — i,
is injective and therefore bijective.

(i) Let 4,5 € {1,...,n}, i # j. By (i) there exist i’,j' € {1,...,n} such that
i' # 3" and d((fir o @)<p,yi) <&, d((fj» o @)<p,y;) < e. Then clearly

d((fi’ © a)S;Dov (yi)Spo) <g, d((f]’ o a)Spoa (yj)gpo) <e.

We have € < e¢, 50 d((¥i)<po, (¥j)<po) > T€o by (18) and Lemma 16.
(ili) Suppose a<j is e—dense. Let ¢ € {1,...,n}. By (i) there exists j €
{1,...,n} such that
d(yi; (fjoa)<p) <e.

The fact that y; is 2e—dense follows now from Lemma 30. O
Let i € N. By afi] we denote the finite sequence
Oé(i)o, a(i)l ey Oz(i)?.
Proposition 34. (i) Let D be the set of all (i,7,m) € N® such that i = j and

d(afi], alj]) < 2.

Then D is r.e.
(ii) Let A be the set of all (i,p, N) € N3 such that
ali] ~53" agy

Then A is r.e.
(iii) Let V be the set of all (m,p, N, k,v1,...,v,) € N"™ such that (v;); < m
for each i € {1,...,n} and each j € {0,...7;} and such that

alvr], ..., afv,] is a (p,27N,27%) — basis for {ag, ..., o} in (X,d a).
Then V is r.e.

Proof. (i) Let D = {(i,4,m,l) € N* | d(ag,,@),) < 2~™}. Proposition 2(iv)
implies that D is r.e. Let

D' ={(i,j,m) | (i,5,m,1) € D, VIl € {0,...,i}}.

It follows easily from Lemma 5 that D’ is r.e. Now D = {(i,j,m) € N | i =
JjN D’ hence D is r.e.
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(i) Let A = {(I, N,i,5) € N* | |d(aq),, aq),) — d(os, o5)] < 27V} By Propo-
sition 2(iv) Aist.e. Let A’ = {(I,p, N) € N® | (I, N,4,j) € A, Vi,j € {0,...,p}}.
Again, we conclude from Lemma 5 that A’ is r.e. and the claim now follows from
A={(l,p,N) e N3 |l =p}nA.

(iii) Let ¢ : N? — N be the function of Lemma 7. We have that each element
of FP({0,...,m}) is of the form (i), ..., (i); for some i < ((m,p).

Let

A={(l,p,N) € N? | a[l] is not 27 — isometrically equivalent to a<,}.
Then for all [,p, N € N we have (I,p, N) € A if and only if

1 #por (Hi,j € {0,...,p} such that |d(aqy,, a@),) — d(ai, a;)| > 2*N) )

J

The set of all (I,p, N) € N3 for which there exist i, € N such that
ld(aq),, a@),) — d(ai, ;)] > 27V and 4,5 € {0,...,p}

is r.e. by Proposition 2(iv) and Proposition 1(i). Therefore A4 is r.e.
Let V be the set of all (i, k,vy,...,v,) € N**2 such that

(i,v1,k) € Dor (i,v2,k) €D or ... or (i,vn,k) € D.

Then V is r.e. as the union of r.e. sets.

Let F be the set of all (i,m,p) € N? such that : = p and (i); < m
for each j € {0,...,i}. Clearly, F is recursive. We also have that the set
G = {(m,v1,...,v,) € N"™ | (v;); < m, Vi € {1,...,n}, Vj € {0,...v;}}
is recursive.

Finally, let us prove that V is r.e. We have (m,p, N, k,v1,...,v,) € V if and
only if (m,v1,...,v,) € G, (v1,p, N) € A, ..., (vn,p, N) € A and

" a<p, then d(afvj],z) < 27F for some j
(20)

Va € fp({am e 7am}) cifx NSQ_

However, (20) is equivalent to the following: for each i € {0,...,{(m,p)}
(i,m,p) & F or (i,N) € Aor (i,k,v1,...,v,) € V. (21)

Let V' be the set of all (m,p, N, k,v1,...,v,) such that (21) holds for each
i € {0,...,¢{(m,p)}. The fact that F is recursive and A and V r.e. implies,
together with Lemma 5, that V' is r.e. We have (m,p, N, k,v1,...,0,) € V
if and only if (m,v1,...,v,) € G, (v1,p,N) € A, ..., (Un,p,N) € A and
(m,p, N, k,v1,...,v,) € V'. Therefore V is r.e. O

For i € N let us denote by f[i] the finite sequence B;),, Bay, - - - B(i)--
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Lemma 35. Suppose ¢, : N — N are recursive functions such that for each
k € N the finite sequence afp(k)] is 2~ ¥ —dense in (X, d) and such that p(k) =

o(k),

d (Bl k)], alpk)]) < 27F,
Vk € N. Then a ~ 3.

Proof. Let i,k € N. Then there exists j € N such that d(a;, a@,u));) < 27k,

0 < j < (k). It follows from Proposition 2(iv) and Proposition 1(i) that there

exists a recursive function h : N> — N such that d(o, Ao (k)i ) < 27F and
0 < h(i, k) < ¢(k), Vi,k € N. Therefore for all i,k € N we have
—k
d (aivﬂ(w(k»w,m) <2270
It follows that « is a recursive sequence in (X, d, ), hence a ~ (3. O

We are now ready to prove Theorem 31. Let ¢ : N — N be a recursive
function such that X = Uf:(g) B(a;,27%), Vk € N. For k € N let

A =A{ao, -, Q) }-

Then Ay, is 2~ F—dense for each k € N. Let ky € N be such that 2750 < .

Let k € N. By Proposition 26 there exist p, N € N, where p > max{p(k +
ko),po}, and a proper (p,2~N,2-(Ftkot2) _bhasis uy,. .., u, for (X,d,a). Tt
is clear that then wuq,...,u, is also a proper (p,Z_N/,2_(k+k°+2))—basis for
(X,d,a) for each N > N. Thus we may assume that N > k + ko + 2.

The set Ay 2 is %—dense in (X, d) and we have % < 27N < 9~ (kthot2),

By Lemma 29 there exists a (p, 27V, 27 (F+ko+t1) _basis uf, ..., u/, for Anyo.
Since uf,...,u,, € FP(An42), there exist v,...,v, € N such that v} = afv1],

.., ul, = afvy,] and such that (v;); < (N +2) for each i € {1,...,n} and each
j€{0,...7;}.

Hence we have the following conclusion: for each k& € N there exist p, N, v1,
..., Up € N such that

p > max{p(k+ko),po}, N >k+ko+2, (vi)j < o(N +2), (22)
Vie{l,...,n}, ¥j €{0,...7;}, and such that
afvr], ..., afv,] is a (p, 27N, 27 kFkot D)) _ basis for Ay o in (X, d, ). (23)

Therefore, by Proposition 34(iii) and Proposition 1(ii), there exist recursive func-
tions p, N, 01, ...,0, : N — N such that for each k¥ € N (22) and (23) hold when

p=p(k), N=N(k), vy = 61(k), ..., vn =0 (k). (24)
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Let B be the set of all (i,p, N) € N3 such that
Bl ~32 " asy.

Then B is r.e. and we get this in the same way as we get that the set A in Propo-
sition 34(ii) is r.e. Since the sequence [ is dense in (X, d), we easily conclude
that for each k € N there exists ¢ € N such that

_N()+1
<2

5[2] iso aS;(k)' (25)

Therefore Proposition 1(ii) implies that there exists a recursive function ¢ : N —
N such that for each k € N (25) holds when i = (k).

Now we come to the crucial part of the proof. Let k € N. Let p, N, v1,..., v,
be defined by (24) and let ¢ = ¢ (k). Since (23) holds, Lemma 27 implies that

afvi],...,afv,] is a (p, o~ (N+1) 27(k+k0)) — basis for (X, d, a). (26)

Now (25) and (24) imply that

d(Bl(k)], afvm (k)]) < 27 ) (27)

for some m € {1,...,n}.
Since p > @(k + ko), a<, is 27 F+*0) _dense and by Lemma 33(iii) the finite
sequences afvy], ..., afv,] are 2- 2~ (ko) _dense. Now, if n = 1, i.e. if there are

no isometries X — X apart from the identity, then m = 1 and (27) together
with Lemma 35 gives a ~ 3. Of course, n can be greater than 1 and so we have
to determine somehow for which m € {1,...,n} (27) holds.

Using Lemma 33, we conclude from Lemma 32 that there exists I € {1,...,n}
such that

d(B[yp(F)]<po, br) < g0 and d(afom (k)] <p,, 1) < 2¢0.
For 7,5 € {1,...,n} let
Cjyr =A{z e N[ d(B[(2)]<po,b;) < 3e0 and d(afvj ()] <p,, a;) < 2€0}-

Hence, we have that for each € N there exist j,j' € {1,...,n} such that
x € C} ;. Since the set C; ;s isr.e. for all 7,5' € {1,...,n}, what we see similarly
as in the proof of Proposition 34, we easily get that there exist recursive functions
A, 7 N — N such that z € Cy(4),7(), V2 € N. For x = k we have k € Cy1) (k)
hence

d(ﬂ[’lﬂ(lﬂ)]gpo,b)\(k)) < 350 and d(a[v:\(;)(k)]gpo, a)\(k)) < 260.

It follows from Lemma 32 that 7(k) = m. So (27) implies
d(B[(k)], oo, (k)]) < 27 (F+ko)

and we conclude from Lemma 35 that a ~ . Hence Theorem 31 is proved.



2596 lljazovic Z.: 1sometries and Computability Sructures

Acknowledgements

The author would like to thank Professor Vladik Kreinovich for his valuable
comments and suggestions that helped to significantly improve the proof of the
main result of Section 3. Furthermore, the author is grateful to anonymous
referees for their useful suggestions and corrections.

References

[Brattka and Presser 2003] Brattka, V., Presser, G.: “Computability on subsets of met-
ric spaces”; Theoretical Computer Science 305 (2003) 43-76.

[Kreinovich 1977] Kreinovich, V.: “Constructivization of the notions of epsilon- en-
tropy and epsilon-capacity”; Proceedings of the Leningrad Mathematical Institute
of the Academy of Sciences, 1974, Vol. 40, pp. 38-44 (in Russian), English transla-
tion: Journal of Soviet Mathematics, 1977, Vol. 8, No. 3, pp. 271-276.

[Pour-El and Richards 1989] Pour-El, M.B., Richards, I., “Computability in Analysis
and Physics”, Springer-Verlag, Berlin-Heidelberg-New York, 1989.

[Sutherland 1975] Sutherland, W.A.: “Introduction to metric and topological spaces”,
Oxford University Press, 1975

[Weihrauch 2000] Weihrauch, K.: “Computable Analysis”; Springer, Berlin, 2000.

[Yasugi, Mori and Tsujji 1999] Yasugi, M., Mori, T., Tsujji, Y.: “Effective properties
of sets and functions in metric spaces with computability structure”, Theoretical
Computer Science 219 (1999) 467-486.

[Zhou 1996] Zhou, Q.: “Computable Real-Valued Functions on Recursive Open and
Closed Subsets of Euclidean Space”, Math. Log. Quart. 42 (1996) 379-409.



