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Abstract: This article continues the study of computable elementary topology started
in [Weihrauch and Grubba 2009]. For computable topological spaces we introduce a
number of computable versions of the topological separation axioms Ty, 71 and T>.
The axioms form an implication chain with many equivalences. By counterexamples
we show that most of the remaining implications are proper. In particular, it turns
out that computable T} is equivalent to computable T> and that for spaces without
isolated points the hierarchy collapses, that is, the weakest computable Ty axiom WCTq
is equivalent to the strongest computable T5 axiom SCTs. The SCT>-spaces are closed
under Cartesian product, this is not true for most of the other classes of spaces. Finally
we show that the computable version of a basic axiom for an effective topology in
intuitionistic topology is equivalent to SCTs.
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1 Introduction

This article continues with the study of computable topology started in
[Weihrauch and Grubba 2009]. For computable topological spaces (as defined
in [Weihrauch and Grubba 2009]) we define a number of computable versions
of the topological Ty-, T1- and Th-axioms and study their relation. We will use
the notation and results from [Weihrauch and Grubba 2009] some of which are
mentioned very shortly in Section 2.

In Section 3 we introduce a number of axioms for computable separation of
points in Ty-, T1- and T-spaces. We show that the axioms are logically equivalent
for equivalent computable topological spaces, where two computable topologi-
cal spaces are equivalent, if they induce the same computability on the points
[Weihrauch and Grubba 2009, Definition 21].

In Section 4 we prove all the implications between these axioms. They form
a linear hierarchy with several equivalences. Surprisingly, computable 77 and
computable T5 are equivalent. The hierarchy collapses for spaces with no single-
ton open sets. We characterize the strongest axiom SCTy and give a sufficient
condition for it.

In Section 5 we give counterexamples for all the implications introduced in
Section 4 that are proper.

For Ts-spaces also compact sets can be separated by open neighborhoods. In
Section 6 we define some computable versions of separating compact sets and
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study their relation. We also introduce the computable version IT of a basic
separation axiom from intuitionistic topology and prove IT <= SCTs.

If some of the introduced axioms holds for a computable topological space
then it also holds for every subspace. The strongly computable Ts-spaces are
closed under Cartesian product, this is not true for most of the other axioms.
This is shown in Section 7.

Some computable separation axioms have been used in [Schréder 1998,
Grubba et al. 2007, Grubba et al. 2007, Xu and Grubba 2009], where, however,
for a computable topological space the basis sets must be non-empty. Some
results of this article have already been proved (as weaker versions) in
[Grubba et al. 2007, Xu and Grubba 2009].

2 Preliminaries

We will use the terminology and abbreviations summarized in
[Weihrauch and Grubba 2009, Section 2] and also  results from
[Weihrauch and Grubba 2009]. For further details see [Weihrauch 2000,
Weihrauch 2008, Brattka et al. 2008].

By X we denote a sufficiently large finite alphabet such that 0,1 € X. As
usual, X* is the set of finite words and X is the set of infinite sequences of
symbols from Y. Let X be a finite alphabet such that 0,1 € Y. By X* we denote
the set of finite words over X and by X“ the set of infinite sequences p: N — X
over X, p = (p(0)p(1)...). For a word w € X* let |w| be its length and let ¢ € X*
be the empty word. For p € X¢ let p<! € X* be the prefix of p of length i € N. We
use the “wrapping function” ¢ : X* — X*, i(araz...ar) := 110a;0a20. . .a;011
for coding words such that ¢(u) and ¢(v) cannot overlap properly. Let (i, j) :=
(i+7)(i+7+1)/2+ j be the bijective Cantor pairing function on N. We consider
standard functions for finite or countable tupling on X* and X denoted by (-)
[Weihrauch 2000, Definition 2.1.7], in particular, (u1,...,un) = t(u1) ...t (un),
(u,p) = v(w)p, (p,q) = (p(0)g(0)p(1)g(1)...) and (po,p1,...)(i,j) = pi(j) for
u, Uy, Uz, ... € X* and p,q,po,p1,... € X¥. For u € X* and w € X*U X% let
u < w iff ¢(u) is a subword of w and let @ be the longest subword v € 11X*11
of w (and the empty word if no such subword exists). Then for w,wq,ws € X*,
(u <K w Vu K wy) <= u <K WWs.

For Yp,...,Y, € {X* X“} a partial function f :C Vi x...xY, = Yp
is computable, if it is computed by a Type-2 machine. A Type-2 machine M
is a Turing machine withe n input tapes, one output tape and finitely many
additional work tapes. A specification assigns to the input tapes 1,...,n and the
output tape 0 types Y; € {X*, X“} such that the machine computes a function
fum: CY1 x...x Y, = Yy [Weihrauch 2000]. Notice that on the output tape the
machine can only write and move its head to the right.
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A notation of a set X is a surjective partial function v : C X* — X and a
representation is a surjective partial function § : CX“ — X. Here, finite or infi-
nite sequences of symbols are considered as “concrete names” of the “abstract”
elements of X. Computability on X is defined by computations on names. Let
v :CY: = X;, Y, € {¥*, X%} for i € {0,1} be notations or representations. A
set WC Xy is called yo-1.e. (recursively enumerable), if there is a Type-2 machine
M that halts on input yo € dom(vo) iff v0(yo) € W. A function h : CY; — Yj
realizes a multi-function f : X7 = X, iff 79 o h(y1) € f o v1(y1) whenever
fovi(y1)) # 0. The function f is called (71, 70)-computable, if it has a com-
putable realization. The definitions can be generalized straightforwardly to sub-
sets of X1 x...x X,, and multi-functions f : X3 x...xX,, = Xo ((71,...,vn)-T.€.,
(Y1, - - - s Yn, Y0 )-computable).

In this article we study axioms of computable separation for computable
topological spacees X = (X, 1,3, v) [Weihrauch and Grubba 2009, Definition 4],
where 7 is a Ty-topology on the set X and v : C X* — [ is a notation of a
base 3 of 7 such that dom(v) is recursive and there is an r.e. set SC(dom(v))3
such that v(u) Nv(v) = J{r(w) | (v,v,w) € S}. We mention expressly that
in the past various spaces have been called “computable topological space”. We
allow U = () for U € 8 which is forbidden in, for example, [Grubba et al. 2007,
Xu and Grubba 2009).

We define a notation v of the finite subsets of the base 8 by v™(w) = W
c = (Vo < w)v € dom(v) A W = {v(v) | v € w}). Then Jv* and v
are notations of the finite unions and the finite intersections of base elements,
respectively.

For the points of X we consider the canonical (or inner) representation
§:C XY = X; 0(p) = x iff pis a list of all ¢(u) (possibly padded with 1s)
such that « € v(u). For the set of open sets, the topology T we consider the in-
ner representation 6 : C X% — 7 defined by u € dom(v) if u < p € dom(h)
and 6(p) = U{v(u) | v <« p}. For the closed sets we consider the outer
representation ¢~ (p) := X \ 0(p). Finally, for the set of compact sets (of
Ty-spaces we consider the cover representation defined by u € dom(v®) if
u < p € dom(k) and k(p) = K iff p is a list of all ¢(u) such that KC|Jv™(u)
[Weihrauch 2000, Weihrauch and Grubba 2009].

3 Axioms for Computable Separation of Points

For a topological space X = (X, 7) we consider the following separation proper-
ties:
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Definition 1 (classical separation axioms).

To:(Vo,ye X, £ y)AWen)(z e WAy gW)V (z g W Ay e W))),
Ti:(Vz,ye X, z£y) AW ern)(ze WAygW),
Ty: (Vo,y€ X, o #£y) AU, Ver)(UNV=0AzeUAyeV).

For i = 0,1,2, we call X = (X,7) a T;-space iff T; is true. Obviously,
Ty = T3 = Ty, where the implications are proper [Engelking 1989]. To-
spaces are called Hausdorff spaces. We mention that (X, 7) is a Ty-space, iff all
sets {z} (v € X) are closed [Engelking 1989].

In this article we study computable topological spaces X = (X, 7, 8, v), which
by definition are Tp-spaces with countable base (also called second countable Tp-
spaces). First, we introduce computable versions CT; of the conditions T; by
requiring that the existing open neighborhoods can be computed. For the points
we compute basic neighborhoods (see Lemma 4.1 below).

Definition 2 (axioms of computable separation). For ¢ € {0,1,2} define
conditions CT; as follows.

CTy : The multi-function ¢, is (d, J, v)-computable where ty, maps every
(z,y) € X? such that x # y to some U € 3 such that

(xeUandygU)or (x ¢ U andy € U). (1)

CT; : The multi-function ¢; is (6, d, v)-computable, where t; maps every
(x,y) € X? such that x # y to some U € 8 such that 2 € U and y ¢ U.

CTs : The multi-function t9 is (6, , [v, v])-computable, where t3 maps every
(z,y) € X? such that x # y to some (U, V) € 32 such that
UNV=0,ze€UandyeV.

Obviously, CT; implies T;. We introduce some further computable T;-condi-
tions.

Definition 3 (further axioms of computable separation).
WCT) : There is an r.e. set HCdom(v) x dom(v) such that

(Va,y, = # y)(B(u,v) € H)(x € V(U) Ay €v(v)) and (2)
v(u) Nw(v) =

(V(u,v) € H) § vV () v(u) = {x}@(v) (3)

v (3y)v(v) = {ytCr(u).

SCTy : The multi-function ¢§ is (4, d, [V, v])-computable where ¢§ maps
every (z,y) € X2 such that  # y to some (k,U) € N x 3 such that
(k=lLzxzeUandygU)or (k=2,2¢ U and y € U).
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CT{ : There is an r.e. set HCdom(vy) x dom(v) x dom(v) such that
(Ve,y, x #y)(IHw,u,v) € H)(x € v(u) A y€v(v)) and (4)
v(u) Nv(v) =10
(V(w, u,v) € H) ¢ V on(w) = 1A (Bx) v(u) = {z}Cr(v) ()
Vo (w) =2 A @By)v(v) = {y}Cr(u) .
CT} : There is an r.e. set HCX* x X* such that
(Vi,y, o # 1) > ><xeu( )Ay€u(v) and (6)

(3(
=0
(7)
{ = {x}CV( )-
CT4 : There is an r.e. set H € X* x X* such that
(Va,y, @ # 9)(3(u,v) € H)(@ € v(u) Ay € v(v) and (8)
viu)Nuv(v) =0
H
o) €0 G000 ) - vt
SCTy : There is an r.e. set H € X* x X* such that
(Vz,y, = # y)3(u,v) € H)(x € v(u) Ay € v(v)) and (10)
(V(u,v) € H)v(u)Nv(v) =0. (11)
We do not consider the numerous variants of the separation axioms
where in some places the representations & of the points, # of the open

sets and 1~ of the closed sets are replaced by 6=, 6~ and T, respectively
[Weihrauch and Grubba 2009, Definition 5].

In contrast to CTy, in SCT( the separating function gives immediate infor-
mation about the direction of the separation. Also in CT{ some information
about the direction of the separation is included while no such information is
given in the weak version WCTy. CT{, CT} and CT} are versions of CTy, CT;
and CTaq, respectively where base sets are used instead of points (see Theo-
rem 5 below). The strong version SCT5 results from CTY by excluding the case
(3z)v(u) = {z} = v(v). Notice that SCT; results also from WCT,, CT{ and
CT] by excluding the corresponding cases. The following examples illustrate the
definitions. Further examples are given in Section 5.

Ezample 1. 1. (SCTs) The computable real line is defined by R := (R, 1r, 5, V)
such that 7 is the real line topology and v is a canonical notation of the set
of all open intervals with rational endpoints. R is a computable topological
space. The set H := {(u,v) | v(u)"w(v) = 0} is r.e. Therefore the computable
real line is an SCTs-space.

2. (Tp but not WCTy) The computable lower real line is defined by R« :=
(R, 7<, B<,v<) where v (w) := (vg; 00). R< is Ty but not T;. Suppose it is
WCT,. Then by (3) H = () since for any two base elements U and V', U is
not a singleton and U NV # (. But H # 0 by (2).
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3. (CTp but not T1) The Sierpinski space defined by Si:= ({L, T}, 7si, fsi, Vsi)
such that vg;(0) = {L, T} and vgi(1) = {T}. For p,q € X let f(p,q) :=
1 € X*. Then f realizes ty since for x # y, x € vgi(l) < y & vsi(1).

4. (T1 but not Ty or WCTy) Let X = (N, 7, 8,v) such that 7 = 8 is the set
of cofinite subsets of N and v is a canonical notation of 5. Then X is a
computable topological space. X is T; since singletons {z} are closed but
not not 75 since the intersection of any two non-empty open sets is not
empty. Suppose X is WCTy. Then by (3) H = @) since for any two base
elements U and V, U is not a singleton and U NV # (. But H # 0 by (2).

By the next lemma, in the above computable separation axioms the notation
v of the base can be replaced by the representation 6 of the open sets and the
axioms are robust, that is, they do not depend on the notation v of the base
explicitly but only on the computability concept on the points induced by it
[Weihrauch and Grubba 2009, Definition 21, Theorem 22].

Lemmad4. 1. Foric€ {0,1,2} let CT; be the condition obtained from CT; and
let SCTy be the condition obtained from SCTy by replacing B and v by T
and 0, respectively. Then CT; <= CT; and SCTy < SCT,.

2. Let X = (X, T, 5, v) be a computable topological space equivalent to X =
(X,T,B,v) [Weihrauch and Grubba 2009, Definition 21]. Then each separa-
tion axiom from Definitions 2 and 3 for X is equivalent to the corresponding
axiom for X.

Proof: 1. CT; implies CT; since v < 6. For the other direction observe that
the multi-function h : X x 7 = 3 such that U € h(z,W) <= 2z € UCW is
(6,0, v)-computable. The argument is valid also for SCTy.

2. Since X and X are equivalent, there are computable functions g,g : C
I* — X% such that v(u) = o g(u) and T(u) = 6 o §(u). Furthermore, § =
Sand 0 = 60 by [Weihrauch and Grubba 2009, Theorem 22]. Since equivalent

representations induce the same computability, CT; <= CT i and SCTy <=
SCTy, hence by 1, CT; <= CT; (fori € {0,1,2}) and SCTy «<— SCT,.

CT{ for i = 0,1,2: Below we will prove CT; <= CT}. Apply 1. of this
lemma.

WCTy: Assume SCTy. Let H := {(@,7) | (3(u,v) € H)(T < g(u) A T <
g(v))}. Then @TO can be shown straightforwardly. By symmetry, S/C\rfg =
SCTs.

SCTs: Use the same argument as for WCT). O
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4 TImplications

In this section we prove the implications between the separation properties, in
the next section we prove by counterexamples that almost all the implications
are proper.

Theorem 5.

1. SCTy = CTy = CTy = WCT),
2. CTy <— CT), < CT; < CTj,
3. CTy < SCTy < CT{,

Proof: SCT; = CTy; — CT; = SCTy = CTy: Straightforward.
CTy = WCTy: Straightforward.

CTy = SCTy: The information wether x € U or wether y € U can be
obtained from z, y and U € to(x,y). If © # y then either z € U or y € U. Since
the relation “z € U” is (4, v)-r.e. we can answer the question by trying to prove
x € U and y € U simultaneously.

CT{ = SCTy: There is a machine that on input (p,q) € X« x X first
searches for (w,u,v) € H such that u < p and v < ¢ and then prints (w,u) if
vy(w) = 1 and (w, v), otherwise. Then f)s realizes the function to.

SCTy = CTj: By [Weihrauch and Grubba 2009, Theorem 11] there is a
computable function g : C £* — X¢ such that (v (w) = 6§ o g(w).

Let M be a machine realizing the multi-function tj. There is a machine N
that halts on input (w,u,v) € (X*)3 if and only if there are words r, s € dom (1),
some u; € dom(r) and some ¢ < min(]r|, |s|) such that M on input (r1*,s1%)
halts in ¢ steps with result (w,u1) and

u<g(Tu(ur)) Ao < g(s) if mw(w) =1,

{u < g(r) N vg(Eu(ur)) if vy(w) =2. }
Let H :=dom(fn).

For showing (4) assume 6(p) = ¢ # y = 6(q). Then there are ¢, w,u; such
that the machine M halts on input (p, ¢) in ¢ steps with result (w, u1) such that
either (vy(w) =1, x € v(u1), y € v(u1)) or (kn(w) =2, = € v(u1), y € v(uy)).
Suppose, vy(w) = 1. Let r := p<! and s := ¢<!. Then M also on input (r1%, s1¢)
halts in ¢ steps with result (w,u;). Since 6(p) = =, © € v(u1) and d(¢) = v,
r € Nv®(Fu(ur)) and y € N v(s) [Weihrauch and Grubba 2009, Section 2 and
Lemma 10], hence there are u,v such that u < g(Fe(u1)), = € v(u), v K g(s)
and y € v(v). Therefore, there is some (w,u,v) € H such that z € v(u) and
y € v(v). The argument is similar for vy(w) = 2. Thus (4) is proved.

For showing (5) let

(w,u,v) € H, vy(w) =1, z € v(u), y € v(u) Nv(v) and = # y.
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By the definition of H there are r, s,t and w; such that ¢ < min(|r|, |s|) and M
on input (r1%,s1%) halts in ¢ steps with result (w,u;) and v < ¢g(7¢(u1)) and
v < g(s). Therefore, x € v(u)CH[rX¥]Nv(ur) and y € v(v)CH[sX¥]. By (SCTy),
x € v(up) and y & v(uy). On the other hand, y € v(u)Cv(ui) (contradiction).
Therefore, if (w,u,v) € H, vyn(w) =1, z € v(u) and y € v(u) Nv(v), then z =y,
hence,

((w,u,v) € H, vn(w) =1 and v(u) Nv(v) #0) = (Fz)v(u) = {}Cr(v).

This shows (5) for the case vy(w) = 1. For the case vy(w) = 2 the argument is
similar.

CT; <= CT}: This is the special case of SCTy <= CT{ where
vn(w) =1 in all cases.

CT,;, — CTa3: Let M be a machine which on input (p, ¢) searches for some
(u,v) € H such that u < p and v < g and writes (u,v) if the search is successful
and diverges otherwise. Suppose d(p) =z # y = 6(q). By (8) on input (p, ¢) the
machine M finds some (u,v) € H such that z € v(u) Ay € v(v). By (9),
v(u) Nv(v) = 0. Therefore, fis realizes to.

CT), = CT5: Assume CT}. Since X is a computable topological space,
there is a computable function g such that v(u) Nv(v) = 6 o g(u,v). Let H be
the r.e. set from CT} . Let

Hy :={(u,?) | u < g(u,v"),v < g(u',v) for some (u,v),(u',v") € H}.

Hy is r.e since H is r.e. We prove (8) and (9) for Ho.

Suppose x # y. By (6) there are (u,v), (v/,v') € H such that z € v(u),
y €v(v), y € v(v) and z € v(v'). Since z € v(u) Nv(v') and y € v(u') Nv(v),
there is some (@, ) € Hy such that € v(u) and y € v(v). Therefore, (8) holds
for Ho.

Suppose (4,v) € Ha and v(w) Nv(v) # 0. Then there are (u,v), (v/,v') € H
such that v(7)Crv(u) Nv(v') and v(@)Cr(u') N v(v). Since v(@) N v(v) # 0,
v(u)Nv(v) # @ and v(u')Nv(v') # 0. By (7) for some z,y € X, v(u) = {z}Cr(v)
and v(u') = {y}Cr(v') , hence v(w)C{z} and v(v)C{y}. Since v(u) Nv(v) # 0,
v(u) = {a} = v(v). Therefore, (9) holds for Hs.

CT{y = WCTy: Obvious.

The remaining implications follow by transitivity. O

Surprisingly, computable 77 is the same as computable T5. The hierarchy
between WCTy and SCTs collapses for spaces without isolated points.

Corollary 6. If {x} is not open for all x € X then WCTy = SCTy

Proof: If {z} is not open for all x € X then WCT) is equivalent to SCTy. O
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The space R« from Example 1.2 is not T3 since every pair of non-empty open
sets has non-empty intersection. By Corollary 6 the space R« is not even WC'Tj.
The outer representation §~ : CX“ — X of points is defined by §~ (p) = ¢ <~
0(p) = X \ {x} [Weihrauch and Grubba 2009, Definition 5]. The 2nd statement
below has been proved in [Xu and Grubba 2009] for spaces with non-empty base
elements.

Theorem 7. For computable topological spaces X,

1. X is SCTy, if X is To and {(u,v) | v(u) Nv(v) = 0} is r.e.,
2. X is SCTy iff v #y s (6,0)-r.e..

3. X is SCTy iff 6 <™.

Proof:

1. Let H := {(u,v) | v(u) Nv(v) =0}.

2. =: By (10,11), for all z,y € X, z # y <= (3(u,v) € H)(z €
v(u) A y € v(v)). Since “x € v(u)” is (§, v)-r.e. [Weihrauch and Grubba 2009),
x #yis (6,0)-r.e.

<=: By [Weihrauch and Grubba 2009, Theorem 11] there is a computable
function g such that (v®(w) = 6 o g(w) for all w € dom(v™). Suppose that
x # y is (0,0)-r.e. Then there is a machine M that halts on input (p,q) €
dom(d) x dom(d) iff §(p) # d(q). There is a machine N that halts on input (u,v)
iff u,v € dom(r) and there are ug,vy € dom(v®) such that M halts on input
(upl¥,vp1*) in at most min(|ugl, |vo|) steps and u < g(ug) and v < g(vg). Let
H := dom(fn). We must show (10) and (11).

Suppose that x # y. There are p,q such that = 6(p) and y = 6(¢). Then
M halts on input (p, q), hence there are ug < p and vy < ¢ such that M halts
on input (ugl?,vp1%) in at most min(|ug|, |vg|) steps. There are u < g(up) and
v < g(vg) such that = € v(u) and y € v(v). By definition, N halts on input
(u, v). This proves (10).

Suppose (u,v) € H. Then there are ug, vg € dom(v™) such that M halts on
input (ugl®, vgl*) in at most min(|ug|, [vo|) steps and u < g(ug) and v < g(vo).

If v(u) = 0 or v(v) = 0 then v(u) Nv(v) = 0. Assume z € v(u) and y € v(v).
Then z = 6(up) and y = d(voq) for some p,q € . Since M must halt also on
input (uop, voq), © # y. Therefore v(u) Nv(v) = @. This proves (11).

3. For every open set W,

WNB=0 < WnNB=1. (12)

Suppose SCT. Since §(p) € v(u) is r.e. [Weihrauch and Grubba 2009, Theo-
rem 13.1] and H isr.e. by assumption (Definition 3), there is a computable func-
tion h: C X% — X such that for all p € dom(6), v < h(p) iff (3u) (6(p) € v(u)
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and (u,v) € H). Suppose 6(p) = x. For every y # x there is some (u,v) € H
such that z € v(u) and y € v(v). Therefore, § o h(p) = X \ {z}.
By (12), o h(p)CX \ {z}CX \ {z} = Ooh(p), hence 6~ oh(p) = . Therefore,
the function h translates 6 to §.
On the other hand let h be a computable function translating from ¢ to §.
Let 6(p) = = and 6(¢q) = y. Since X is Tp,
xty <= AWen)(zeW AygW)or GWeTt)(adW A yeW).
Since y ¢ W <= WCX \ {y} by (12), and 6~ o h(q) = v,
EWen(zeW AygW) < @AW en)(zeW A WCX\{y})
— reX\{y}) :
< 4(p) €bohlq)
and correspondingly (3W € 7)(x ¢ W A y € W) <= 04(q) € 00 h(p).
Since x € V' is (6, 6)-r.e. [Weihrauch and Grubba 2009, Corollary 14], there is a
machine that halts on input (p,q) iff 6(p) # d(¢). By (2) of this theorem, the
space is SCT5. O

5 Counterexamples

We show by counterexamples that a number of implications for the computable
separation axioms for computable separable spaces are not true in general. A
topological space is discrete iff every singleton {x} is open iff every subset BC X is
open. Every discrete space is T; for ¢ = 0, 1, 2. Let “D” be the axiom stating that
the topological space is discrete. In the following examples let (a;)ien, (bi)ien, .-
(e:)ien be injective families with pairwise disjoint ranges and let {0,1,...,7}CX.

Ezample 2. (D but not WCTy) Let X := {a;, b;,¢i,di,e; | i € N} and let 7 be the
discrete topology on X. For all i € N let v(0'5) = {¢;}, v(0°6) = {d;}, v(0°7) =
{e;}. Let ACN be some non-r.e. set and define v(0°1), ...,2(0%4) by the following
table.

‘V(Oil) v(0'2) v(0°3) v(0%4)

1€ A {ai} {bl} {Cl‘,di} {di,ei}
i & Al{ci,di} {di,ei} {ai}  {b}

The function v defined so far is a notation of a base of the discrete topology
on X. In order to make intersection computable we extend v by adding names
of intersections for 2 and 3 different names defined so far. For all i € N and all
k,l,me {1,...,7} suchthat k # I, k # m and | # m let v(0'kl) := v(0°k)Nv(0%)
and v(0°klm) = v(0'k) N v(0°1) N v(0°m). Let B := range(r). Since for each i
the intersection of this kind of more than 3 elements can be reduced to the
intersection of 3 elements, X := (X, 7, 8, v) is a computable topological space.

Suppose X is WCTy. Let HCdom(v) x dom(v) be an r.e. set such that (2)
and (3). By (2) for i € A there must be some (u,v) € H such that a; € v(u)
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and b; € v(v). Then u = 0'1 and v = 0?2, hence (0°1,0'2) € H. For i ¢ A,
v(0'11) = {¢;,d;} and v(0°2) = {d;,e;}. Since (3) is violated, (0'1,02) ¢ H.
Therefore, i € A iff (0°1,0°2) € H. Since H is r.e., the set A must be r.e.
Contradiction. O

Ezample 3. (D + WCTp but not CTy) Let ACN be some non-r.e. set. Let X :=
{a;,b; | i € N} and let T be the discrete topology on X. Below we will define
sets B, C, DCN such that {4, B,C, D} is a partition of N. Define a notation v
of a basis 8 of the topology as follows.

‘ 01 02  0%3 012 013 0723

i€ AUD| {a;} {b;} 0 0 0 1]
i€B | {a;} {ai,bi} {b:} {a;i} 0 {b;}
i€C Haibi} {bi} {ai} {b:i} {ai} 0

Then v(u) Nv(v) = vog(u,v) for some computable function g, since v(0%k) N
v(0°m) = v(0'%km) for k # m. Therefore X := (X,7,53,v) is a computable
topological space. Let H := {(0%,071) | i,5 € N; k,l € {1,2}; (i #jVk#1)}.
Then H satisfies (2) and (3) for the space X. Therefore, X is a WCTy-space.

We will define B and C' such that X is not SCTy. Let [,r € X* such that
vn(l) = 1 and vy(r) = 2. We assume w.l.o.g. that vy is injective. For ¢ € N let

S; == {(1,01), (r,03), (1,0°12), (r,0°23)},
T; := {(r,0%2), (1,0%3), (r,0"12), (I,0°13)}.

Suppose, the function f : C X% x X“ — X* realizes the separation function ¢
for X. If 6(p) = a; and &(q) = b; then

S;if ieB
rwae{ i ice (13)

since v(u) must be either {a;} or {b;} if f(p,q) = (w, u). Notice that S;NT; = 0.

For all i € N define p;,¢; € X by p; := ¢(0°1)4(0°1)¢(01) ... and ¢; :=
1(092)4(0%2)2(0%2) . ... Let F be the set of all computable functions f : C X% x
XY@ — X* such that f(p;,q;) exists for all i € A. Consider f € F. Then [’ : i+
f(pi, q;) is computable such that ACdom(f’). Since A is not r.e. and dom(f’)
is r.e., dom(f’) \ A is infinite. Since F' is countable, there is a bijective function
g : E — F for some ECN such that i € dom(g}) \ A for all i € E (g; := g()).
Then AN E = (). Notice that g;(p;, ¢;) exists for all i € F.

For each i € E we put i to B or C in such a way that g; does not realize the
separating function t§ for SCTy. Let

B:={ic E|gi(pi.q;) & Si},

C = {Z € F | gi(pi,qi) S Sl}, (14)
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and D := N\ (AUBUQC). Since ANE =0, E=BUC and BNC =),
{4, B,C, D} is a partition of N.

Suppose some computable function f realizes ¢{. Since §(p;) = a; and §(g;) =
b; for i € A, f(pi,q;) exists for all i € A, hence f = g; for some i € E.

Since g; realizes t§, ¢;(pi,q;) € S; <= i € B by(13). On the other hand,
9i(pi,qi) € S; <= i & B by the definition of B (14). From this contradiction
we conclude that X is not SCTy. By Theorem 5, X is not C'Tj. O

Ezample 4. (D and CTy but not CT1) Let ACN be some non-r.e. set. Let X :=
{a;,b; | i € N} and let T be the discrete topology on X. Below we will define
sets B,C, DCN such that {A, B,C, D} is a partition of N. For ¢ € N define
v(0%1),...,(0%4) as follows.

‘011 0i2 03 04

i€ AUDH{a;} {b:i} 0 0
ieB |{ai} {a;,bi} 0 {b;i}
ieC [{ai} {ai,bi} {b;} 0

For k,m € {1,2,3,4}, k # m, define v(0°%km) = v(0'k) N v(0'm). Let 8 :=
range(v). Since for each i and pairwise different k, [, m, v(0°k)Nv(0'm) v (0'm) =
0, X := (X, ,3,v) is a computable topological space. Let P; := {0k, 0°kl | k,l €
{1,2,3,4}}. If §(p) = x, then = € {a;,b;} for some i € N, hence u € P; for all
u <K p, since by definition u € p <= z € v(u).

We show that the space X is CTy. There is a machine that on input
p,q € X¥ searches for words u < p and v < ¢. If w,v € P; for some i then
the machine writes 0'1, if u € P; and v € P; for some i # j, then it writes u.
Suppose d(p) # d(q).

Case: w,v € P; for some 4: Then {d(p),d(¢)} = {ai,b;i}, hence
§(p) € v(01) = {a;} or 6(q) € v(0°1) = {a;}. Therefore, (§(p) € v(u)
and 0(q) € v(u)) or (0(p) € v(u) and d(q) € v(u)).

Case: w € P, and v € P; for some ¢ # j: Then d(p) € v(u)CT{a;,b;} and
3(g) € v(v)T{aj,b;}. Therefore, 6(p) € v(u) and d(q) & v(u).

In summary, X is CTy.

We show that X is not C'T,. For all ¢ € N define p;, g; € X“ by
pi := 1(071)0(01)2(0°1) . ..
¢ := 1(0°2)1(0%2)4(0°2)
Let F' be the set of all computable functions f : C X% x X“ — X* such that

f(pi, qi) exists for alli € A. Consider f € F. Then f' : i — f(p;, ;) is computable
such that ACdom(f’). Since A is not r.e. and dom(f’) is r.e., dom(f") \ A is
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infinite. Since F' is countable, there is a bijective function g : £ — F' for some
ECN such that ¢ € dom(g}) \ A for alli € E (¢; :== g(i)). Then AN E = ) and
9i(pi,qi) € X* exists for all i € E.

For each i € E we put i to B or C in such a way that g; does not realize the
separating function ¢y for CTs. For i € F let

i€ B:+= —(Fuc X ve{04,024})g;i(pi, ;) = (u,v), (15)

C:=FE\Band D:=N\ (AUBUCQC). Then {A, B,C, D} is a partition of N.

Suppose there is some computable function f that realizes the separating
function to for CTs. Since d(p;) = a; and §(q;) = b; for i € A, f(ps, i) exists for
all i € A. Therefore, f = g; for some i € E, hence g¢;(p;, ¢;) exists.

There are wy,we € X* such that g;(pi, ¢;) = gi(w1p, waq) for all p,q € X«.

Suppose i € B. There are p, q such that 6(wip) = a; and §(waq) = b;. Since
f = gi realizes ta, there are u,v € X* such that g;(pi, ¢:) = gi(w1p, waq) = (u,v)
and v(v) = {b;}, hence v € {0%4,0'24}. But then i ¢ B by (15). Contradiction.

Suppose i € C = E \ B. Again there are p,q such that 6(wip) = a; and
d(waq) = b;. Also, since f = g; realizes ta, there are u,v € X* such that
9i(pi, ¢i) = gi(wip,w2q) = (u,v) and v(v) = {b;}, hence v € {0%3,0°23}. But
then i € B by (15). Contradiction.

From this contradiction we conclude that X is not C'T,. By Theorem 5, X is
not CTj. O

Ezample 5. (D and CTs but not SCT;) Let ACN be an r.e. set with non-r.e.
complement. Define a notation v by
v(0°1) := {a;}, v(0°2) := {a;} for i € A,
v(0°1) == {a;}, v(0%2) := {b;} fori ¢ A
for all < € N. Then v is a notation of a base (3 of a topology (the discrete topology)
7 on a subset X CN such that X = (X, 7, 8, v) is a computable topological space.
The space X is Ty since it is discrete. It is C'T> but not SCTy: The set H :=
{(0°k,091) | i,j € N, k,l € {1,2}} satisfies CT%. By Theorem 5 the space is CTy.
Suppose SCTy. Let H be the r.e. set for SCTy. By (10), i ¢ A = (0%1,0°2) € H
and by (11),i € A = (0"1,0'2) ¢ H. Since H is r.e., the complement of A must
be r.e. (contradiction). Notice that  # y is not (0, d)-r.e., see Theorem 7.2. O

We summarize the counterexamples as follows.
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Theorem 8. For computable topological spaces,

Ty #= WCTy (Exzample 1.2) (16)

T, #/= WCTy (Exzample 1.4) (17)

D &= WCT, (Exzample 2;) (18)

D + WCTy #= CT, (Example 3) (19)
D+ CTy #= CT, (Example 4) (20)
D+ CTy &= SCT, (Exzample 5) (21)

Since D = Ty = T1 = Ty, (16), (17) as well as Ty #= CT5 follow from
(18) by Theorem 5. Further results can be obtained in the same way.

Ts

Ty

To

'S

SCT, ———= CT CTy =———= CTy =——— WCT,
D D D

Figure 1: The relation between computable Ty-, T3-, and Th-separation.

Figure 1 visualizes the relations between the computable versions of T; for
i =0,1,2 from Definitions 2 and 3 we have proved. “A — B” means A = B,
“A #/— B” means that we have constructed a computable topological space for
which AA =B, and “A 7£> B” means that we have constructed a computable
topological space for which (AAC)A—B. Remember that SCTy < CT(y <=
CTf and CT; < CT} < CT; < CTj.

6 Separation of Compact Sets and Intuitionistic Separation

In a Hausdorff space not only different points but also disjoint compact sets can
be separated by open neighborhoods [Engelking 1989]. For each of the axioms
CT;, and SCTs we introduce generalizations for separating points and compact
sets and for separating compact sets and compact sets.

Definition 9.
CT5®: The multi-function t°° is (4, &, [v, |J*])-computable, where tP¢ maps
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every € X and every compact K such that z ¢ K to some pair (U, W)
of disjoint open sets such that z € U and KCW.

CT$° : The multi-function ¢ is (k, &, [J v, |J v])-computable, where t°° maps
every disjoint pair (K, L) of non-empty compact sets to some pair (V, W)
of disjoint open sets such that KCV and LCW.

SCTY® : There is an r.e. set H € X* x X* such that

(Vx € X)(V compact K) such that © ¢ K N
{Glurn £ 10 v A KUty | ™0 @)
(V(u,w) € H) v(u)nUr(w) =0. (23)
SCTS¢ : There is an r.e. set H € X* x X* such that
(V compact K, L) such that K N L = () an
Gy 2Oty LUy | ™™ (24
(Y(u,v) € H) Uv™(u) nUrP(v) = 0. (25)

For the above computable separation axioms the notation v of the base and
the notation |J»® of the finite unions of base elements can be replaced by the
representation 6 of the open sets, and the axioms are robust, that is, they do not
depend on the notation v of the base explicitly but only on the computability
concept on the points induced by it [Weihrauch and Grubba 2009, Definition 21,
Theorem 22].

Lemma10. 1. Let CTy and CT, be the conditions obtained from CT5® and
CTS, respectively, by replacing v and |JU™ by 0. Then CTy <<= CT5®
and CT, <= CT¢°

2. Let X = (X, T, E, v) be a computable topological space equivalent to X =
(X, 7,B,v) [Weihrauch and Grubba 2009, Definition 21]. Then the separa-
tion azioms SCTY® and SCTSE for X is equivalent to the corresponding aziom
for X.

Proof: Straightforward, see the proof of Lemma 4. O

The computable T, axioms are related as follows:

Theorem 11.
1. SCT§ «= SCTY® <= SCTy; = CT§ = CTY* = CT,

2. The space X from Ezample 5 is CTs but not CTSC.

Proof: 1. SCTy — SCT%® : Since intersection on open sets is computable
[Weihrauch and Grubba 2009, Theorem 11], there is a computable function g
such that 0 o g(v) = Mv™(v). Let HCX* x X* be the r.e. set satisfying (10)
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and (11) from Definition 3. Let H’ be the set of all (u,w) € X* x X* such
that for some finite set NCH and some word v, v (v) = pr; N, v(w) = pryN
and u < g(v). The set H' is r.e. Suppose, K is compact and = ¢ K. By (10)
for each y € K there is some (u/,v’) € H such that € v(u'), y € v(v') and
v(u') M) = 0. Since K is compact, there are a finite subset NCH of such
pairs and words u,w such that v%(v) = pr; N, v (w) = pry N, z € v (v) and
KCJv®(w). Finally, there is some u such that z € v(u) and u < g(v). By
definition, (u,w) € H'. This proves (22).

Suppose (u,w) € H'. Then there are some finite set NCH and some word v
such that v®(v) = pry N, v®(w) = pryN and u < g(v). Since v(u') Nv(v') =0
for all (u/,v") € N, Nv®(v) NJv*(w) = 0 and hence v(u) N|Jv*(w) = () since
v(u)C N v#(v). This proves (23)

SCTE® = SCTSC : There is a computable function f; such that |Jv®(w) =

0 o fi(w) [Weihrauch and Grubba 2009, Lemma 10]. Then the function fa :
t(v1) ... (o)
— (1", fi(v1),..., fi(vn)) is computable. By [Weihrauch and Grubba 2009,
Lemma 11.1] there is a computable function f3 such that (6%(g) = 0 o f3(q).
Therefore, for the computable function f := fyo fo, Jr*(v1)N...NYUVSw,) =
Bo f(e(vr)...t(vn)).

Let HCX* x X* be the r.e. set satisfying (22) and (23) from Definition 9.
Let H' be the set of all pairs (u,v) of words for which there are some n, and
pairs (u1,v1), ..., (Un,v,) € H such that u = ¢(uq)...¢(uy) and v is a prefix of
f(e(vy)...e(vy)). We show that (24) and (25) are true for H'.

Let K, L be disjoint compact sets. Then by (22) for every y € K there is
some (u,v) € H such that y € v(u) and LC|Jv®(v). Since K is compact there
are (ug,v1), ..., (Un,v,) € H such that KCv(uy) U...Uv(u,) = JvS(u) for
w=1(uy)...t(u,) and LCYvS(v)N...AUvS(vn) = 0o f(1(v1) ... 1(v,)). Since
L is compact there is some prefix v of f(¢(v1)...t(v,)) such that LCJv®(v)
Cf(u(v1)...t(vn)). Therefore, (u,v) € H', KC|Jv®(u) and L € |Jv®(v). This
proves (24).

Suppose, (u,v) € H'. Then there are (uy,v1),...,(un,v,) € H such that
w = t(uy)...t(u,) and v is a prefix of f(c(v1)...t(v,)). Then (v(ui) U...U
v(un)) N (UvS(v) NN UvBw,) = 0. Since JvSu) = v(w) U... U
v(un), UrSv) n...nUvSw,) = 0o f(u(v1)...t(vy,)) and v is a prefix of
Fle(vr) . .ot(vn)), UrBS@)Cf(e(vr) ... t(vy)), hence | JvS(u) NUv™(v) = 0. This
proves (25).

SCTS® = SCT, : Let HCYX* x X* be the r.e. set satisfying (24) and
(25) from Definition 9. We observe that every singleton {z} is compact and
{x}CJvB(u) iff 2 € v(u') for some v’ < u. Let H' be the set of all (u/,v’) such
that ' < v and v' < v for some (u,v) € H. The H' is r.e. and (22) and (23)
are true for H'.
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SCTg® = CTg® : A k-name of a compact set K is a list of all u € X*
such that KC|Jv™(u). Let HCX* x £* be the r.e. set satisfying (24) and (25).
There is a machine M that on input (p,q) searches for u,v € X* such that
u < p,v << qand (u,v) € H. Then the function fy; realizes the function ¢°°.

CT5¢ — CT5° : The function z — {z} is (4, k)-computable and the multi-
function (x,U) 2 V mapping every z € X and U € range(|J ™) such that z € U
to some V € 3 such that z € V is (8, v, v)-computable. The multi-function
tP¢ is obtained from t°° by composition, hence it is computable.

CTS® = CTs : By the same argument as above.

2. Suppose, there is a machine M such that the function fj; realizes the
function tP¢ from Definition 9. For i € N let p; = ¢(0°1)c(0°1)... and let
¢; be a list of all w € dom(|Jv™) such that 02 < w. Then for all i & A,
§(p;) = a; and k(q;) = {b;}, hence far(pi,q:) = (0°1,v;) for some v; such that
0'2 < v; (such that {b;}CJv™(v;)). Let C be the set of all i € N such that
far(pi, qi) = (0°1,v;) for some v; such that 02 < v;. Since C is r.e. and A°CC
there is some k € C'N A. Let ¢t be the number of steps the machine M operates
on input (pg,qr) until it halts. Let w be the prefix of ¢; of length ¢t. There
is some ¢’ € X* such that k(wq’) = 0. Also on input (pg,wq’) the machine
will halt in ¢ steps after writing (0%1,v;) such that 0*2 < vy, Since k € A,
{arx} = v(0*2)CUv™(vx). But v(0F1) N JvS(vr) = {ar} N U v*(vx) should be
empty, since {ax} = d(px) € w(wq’). Contradiction. Therefore, the space X is
not CT5°. O

In [Xu and Grubba 2009] SCTy = (CT$® A CTY® A CT3) has been proved
under the (unnecessary) assumption U # ) for all U € 8. We do not know
whether the two remaining implications SCTy = CT§® and CT§® — CT5®
are proper.

Axioms of separation are studied also in Intuitionistic Analysis
[Troelstra 1966] and Constructive Analysis [Bishop and Bridges 1985]. In
[Waaldijk 1996, Page 50| a topological space is called effective iff

Vee X)(VU, ze U)Vy e X)[ye UV @V)(z e VAy V).
In our framework this axiom corresponds to:

Definition 12.

IT: The multi-function ¢ mapping every z,y € X and U € (3 such that « € U to
(1,U) or to (2,V) for some V € § such that y € U if the result is (1,U)
and (x € V Ay ¢ V) if the result is (2,V) is computable (more precisely,
(0,9, v, [vn, v])-computable).

Theorem 13. IT < SCT,

The proof is given in the next section.
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7 Subspaces and Product Spaces

For a computable topological space X = (X,7,8,v) and BCX the subspace
Xp = (B,78,08,vB) of X to B is the computable topological space defined
by dom(vp) := dom(v), vp(w) := v(w) N B, see [Weihrauch and Grubba 2009,
Section 8]. The separation axioms from Definitions 2 and 3 are invariant under
restriction to subspaces.

Theorem 14. If a computable topological space satisfies some separation axiom
from Definitions 2, 8 and 9, then each subspace satisfies this axiom.

Proof:

CTy : Suppose, there is a computable function f : C X¥ x Y“ — X* that
maps every pair (p,q) € dom(d) x dom(d) such that §(p) # §(q) to some u
suh that (1) € 1) A 3() & (1) ox (6()  v(0) 0 8) € V(): Suppos
(p,q) € dom(dp) x dom(dp). Since §(r) = dp(r) for all r € dom(dp), f(p,q) =
such that (6(p) € v(u) Ad(q) & v(u)) or (0(p) & v(u) Ad(q) € v(u)). Smce
vp(w) == v(w)NB, (55(p) € vp(u) Adn(g) & vi(w)) ot (55(p) & vp(u) Adn(g) €
vp(u)).

SCTy,CTq,CT5 : Similar to CTy.

WCTy : Suppose, the r.e. set H satisfies (2) and (3) for the space X. By
(2), for all z,y € B there is some (u,v) € H such that x € v(u) and y €
v(v), hence x € vp(u) and y € vp(v). Therefore, (2) is true for Xp. Suppose,
vp(u) Nvg(v) # 0. then v(u) Nv(v) N B # 0. By (3) there is some z € X
such that v(u) = {x}Cv(v) or some y € X such that v(v) = {y}Cv(u). In
the first case, if + ¢ B then vp(u) = v(u) N B = @ (contradiction), hence
x € B and vp(u) = {z}Crp(v). Correspondingly, in the second case y € B and
vp(v) = {y}Cvp(u). Therefore, (3) is true for Xp.

CTy, CT},CT,,SCT> : Similar to WCTy.

CTS®, CT$® : This follows from [Weihrauch and Grubba 2009, Lemma 26]
and the fact that K CB is compact in Xpg iff it is compact in X. O

The product of two Tj-spaces is a Tj-space for ¢ = 0,1,2. This is no
longer true for some of the computable separation axioms. The product X; x
Xy, = X = (X; x Xo,7,3,7) of two computable topological spaces X; =
(X1,71,01,11) and Xo = (X2, 72, B2, 12), is defined by T(u1, ua) = v1(u1) Xva(us)
[Weihrauch and Grubba 2009, Section 8]. Let R be the computable real line from
Example 1.

Theorem 15.
1. The SCTs-spaces are closed under product.

2. If X1 x Xg is SCTy and X has a computable point, then Xy is SCTs.
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3. X x R is WCTy iff X is SCTs.

4. For every aziom T such that SCTy = T = WCTq the following state-
ments are equivalent:

— T <= SCT,,
— the T-spaces are closed under product,
— X x R is a T-space for every T-space X.

5. The WCTy-, CTy- CTy- and CTs-spaces are not closed under product.

Proof: 1. Suppose, X; and Xy are SCT,. By Theorem 7, x; # y; is (0;,0;)-
r.e. for i = 1,2, hence (z1,x2) # (y1,y2) is ([01,02], [01, J2])-r.e., hence again by
Theorem 7, X; x Xy is SCTo.

2. Let z = 02(p’) for some computable p’ € X*. By Theorem 7.2, on X7 x X»
the relation (z1,22) # (y1,y2) is ([01, 62], [01, d2]-r.e. Therefore, there is a machine
M that halts on input ((p1,p’),{(q1,p")) for p1,q1 € dom(d1) iff 6(p1) # 5(q1).
Since p’ is computable, there is a machine N that halts on input (p1,q1) iff
01(p1) # 01(q1), hence = # y is (91, 61)-r.e. By Theorem 7.2, X3 must be SCT5.

3. Suppose X xR is WCTy. An open basis set of X x R has the form U x (a; b)
with rational a < b. Therefore, no set {(x,y)} for (z,y) € X x R is open. By
Corollary 6, X x R is SCTs. By 2. of this theorem, X is SCT5. Suppose X is
SCT,. Since R is SCTy, X x R is SCT3 hence WC'Ty.

4. Suppose T <= SCTj;. Then T-spaces are closed under product by 1.
of this theorem. Then X x R is a T-space for every T-space X, since R is an
SCTs-space and hence a T-space. Suppose, X x R is a T-space for every T-space
X. Let Y be a T-space. Then Y x R is a T-space, hence a W(CTy-space. By 3.
of this theorem, Y is SCTy.

5. This follows from 4. of this theorem and Theorems 5 and 8. O

Since we do not know whether SCTy <= CT$¢ or SCTy <= CT5°, we
do not know whether the CTs-spaces and the CT}“-spaces are closed under
product. Finally, we prove Theorem 13.

Proof: (Theorem 13) By Theorem 15.4, it suffices to prove SCTy = IT —
WCTq and that the I'T-spaces are closed under product.

SCTy; — IT: Let H be the r.e. set from the Definition of SCT5 in Defi-
nition 3. There is a machine M that on input (p, ¢, u) tries to show u < ¢ and
simultaneously tries to find some (v,w) € H such that v < p and w < ¢. If
u < ¢ has been shown it writes (wy, u), and if (v, w) € H has been found it writes
(wa,v) (where vy(w1) = 1 and vy(w2) = 2). Suppose, §(p) =z € U = v(u) and
d(¢q) = y. The machine halts on input (p, ¢, u), since u < ¢ can be proved if x = y,
and some (v,w) € H can be found if x # y. If the result is (w;,u) then v < ¢
hence y € U. If the result is (w3, v) then there is some w such that (v, w) € H,
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x € v(v) and y & v(v). Therefore the machine realizes the multi-function ¢ from
Definition 12.

IT = CTy Since by our general assumption X is a Ty-space, for every
x,y € X such that = # y there is some U € (8 such that x € U and y € U or
y € U and « ¢ U. There is a machine that on input (z,y) applies the multi-
function ¢ to (z,y,U) and to (y,z,U) in turn for all U € S until some V €
is found such that ((2,V) € t(x,y,U) and € V) or ((2,V) € t(y,z,U) and
y € V) and then gives V as its result. This machine computes the multifunction
to from Definition 2.

The IT-spaces are closed under product: Let X; = (Xi,7,051,11)
and Xy = (X2, 72, B2,v2) be IT-spaces. Suppose (z1,22) € Uy x Uz and let
(y1,y2) € X1 x X2 be another point. For ¢ = 1,2 there is a machine that on
input (z;,y;, U;) produces (1,U;) or (2,V;) such that y; € U; if the result is
(1,U;) and (z € V; Ay € Vi) if the result is (2, V;). Combining both machines we
get a machine that on input ((z1,z2), (y1,y2), U1 X Us) yields

(1,U1 x Up) if the results are (1,U;) and (1, Us),
(2,V1 x Uy) if the results are (2,V7) and (1,U2),
(2,U; x Vo) if the results are (1,U;) and (2, V2),
(2,V1 x Vo) if the results are (2,V7) and (2, Va).

Obviously, this machine computes the multifunction ¢ from Definition 12 for
Xl X Xz. O

8 Final Remarks

There may be other interesting axioms T of computable separation between
WSCTy and SCT3. By Theorem 15 only the SCTs-spaces are closed under
product and, hence, are the most natural ones. We do not know whether the
implications CTY® = CT$® and CTS® = SCTy are proper. Several other ax-
ioms concerning compact sets instead of points have not been considered in this
article, for example CT{": The multi-function mapping each compact set K and
each point y such that y € K to some open set V such that KCV and y € V' is
(k, 8, |Jv™)-computable.

The computable topology developed here and in
[Weihrauch and Grubba 2009] is pointless topology. The “concrete objects” are
the names of base elements (v : CX* — () which are considered as “frames” or
“regions” that can be filled with points. Names of other objects are composed
from names of base elements (4, 0, k etc.) [Weihrauch and Grubba 2009,
Definition 5, Section 10]. No axiom requires the existence of points, non-empty
open sets etc., see Theorem 14.
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